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CHUONG 1. SAISO

1.1 Khai niém sai so, chit s6 c6 nghia, chit so chac

Muc nay néi vé nhiing khi niém co ban nhat clia giai tich s6, d6 12 sai sd
clia s6 gan ding. Tai liéu tham khdo: T. V. Dinh [6} §1.1].

Khi 1am viéc véi nhiing van dé thuc té, chiing ta thudng gap céc gia tri
gan dung (cling goi 12 gia tri xap xi) clia cc dai lugng. D6 12 céc gia tri ma
su sai khac so véi gid tri diing ctia dai lugng dang xét 1a nhé, c6 thé bb qua
ma khong lam anh huéng téi nhiing khia canh khac dang quan tam. Vi du,
dién tich clia mot méat ban hinh tron ban kinh 1m c6 thé coi mét cach gan
ding 14 3,14m?. D6 14 vi chiing ta 14y 7 x4p xi bang 3,14 (viét 7 ~ 3,14) va
coi mit ban 12 hoan toan tron. Sai léch clia né db6i véi két qua ding trong
truong hop nay la nhé va cé thé bd qua trong nhiing van dé don gian.

1.1.1  Sai sé thét su, sai s6 tuyét doi

oO»

N
S

u a 12 mot s6 gan diing clia mot dai lugng A c6 gia tri that su a*, thi hiéu

Oo»

€.;=a"—a (1.1)

goi 1a sai sb thdt su (actual error) ctia a. Nhu vay, gid tri diing bang tong
clia gid tri gan diing va sai so.

Chiing ta thudng quan tAm nhiéu hon dén do 16n ctia sai léch giita hai
gia tri ding va gan ding ma bo6 qua thong tin gia tri nao 16n hon. Do sai
léch nay cho béi gia tri tuyét dbi |e,| = |a* — a| clia sai s6, goi 1 sai s6 tuyét
doi (absolute error) clia a.

Théng thudng, chiing ta mudén tim mdt gia tri gan ding a ctia A khi gia
tri that a* khong thé hoic khé c6 thé tim dudc. Trong nhiing tinh huéng
4y, khong thé tinh dudc sai s6 that su va sai s6 tuyét d6i ctia a. Tuy nhién,
trong nhiéu truong hop, c6 thé tim dudc s6 duong A, sao cho

la*—al < A,. (1.2)

S6 A, théa man bat dang thiic cho mét danh gia sai s6 clia s6 gan
diing a dugc goi 1a sai so tuyét doi gidi han clia s6 gan ding. Nhu vy, sai
sfz tuyét dbi cia mot s6 gan diing khong vudt qua sai s6 tuyét doi giéi han
clia né.

Vidu 1.1. Do néng do NaCl trong nudc bién 14y tit mot viing bién mién
Trung, ngudi ta thu dugc két qua 1a 35g/1, véi sai s6 khong vugt qua 0,01
(g/1). Hay chi ra mot gia tri gan diing ctia nong do NaCl trong nuéc bién
néi trén cling véi mot sai so tuyét doi giéi han ctia né.

Loi giai
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1.1. KHAI NIEM SAI SO, CHU SO CO NGHIA, CHU SO CHAC

Trong vi du nay, ngudi ta da chi ra rang a = 35 1a gia tri gan diing clia nong
do6 NaCl trong nuéc bién véi danh gia sai sb |e,| < 0,01, c6 nghia la c6 thé
chon A, =0,01.

Luu ¥ rang, gia tri sai s6 tuyét d6i giéi han 1a do ching ta chon cho phit
hgp véi muc dich ctia ching ta, nhung phai thoa man udc lugng (1.2). Tuy
nhién, sai sb tuyét doi giéi han cang nho thi (I.2) cang tot. Vi vay, trong cc
diéu kién phi1 hop, chiing ta chon cac s6 A, > 0 bé nhét c6 thé théa man
dieu kién (T.2). ) )

Néu so0 gan dung a ctia mot dai lugng A c6 sai so tuyét doi giGi han A,
thi c6 thé viét

A=axA,.
C6 nghia 1a néu a* 1a gia tri thuc su clia A thi
a —A,<a<a +A,.

Vi du, hing s6 7 c6 mdt gia tri gan ding 12 3,14, v6i mot sai sb tuyét doi gi6i
han c6 thé chon 12 0,0016. Vay, chiing ta c6 thé viét

7=3,14£0,0016.
Néu khong chi 16 sai s6 tuyét doi gidi han, ching ta c6 thé viét 7 ~ 3,14,
docla “m xap xi 3,14”.
1.1.2  Saisb tuwong dbi
Dé danh gi4 sai s6 trong méi lién hé v6i d6 16n ctia ban than sé d6, chiing
ta c6 khai niém sai so tudng doi: Neu a la mot so gan dung ctia a* # 0 thi ti
)

_|a*—al

0,: (1.3)

|a*|
goi 12 sai so tuong doi (relative error) clia a.

Tt danh gi4 sai s6 tuong déi, c6 thé danh gia dudc sai s6 tuyét dbi. That
vay, béi bat dang thiic tam giac quen thudc clia ham gia tri tuyét doi, chiing
taco

la*|=|(a"—a)+a|<|a"—al+]al.
Do d6, chung ta c6
la”—al=06,4la’|<d,(la”—al+]al),
va vay thi
la”—al(1-6,)<lald,.

Bit déng thiic trén chi c6 ¥ nghia khi &, < 1. V6i gia thiét nay, ching ta cé

* 6&1
la —alslal(l_ﬁa). (1.4)



CHUONG 1. SAISO

Vé phai ctia (I.4) cho mét sai sb tuyét dbi gidi han clia mot s6 gan ding a
tinh qua sai so tudng doi ctia no.
Ngudc lai, néu A, 1a mot sai so tuyét doi giéi han cta a:

la*—al <A,

thi ta suy ra
5, <2 (1.5)
T al-A," '

v6i dieu kién A, < |al.

Vidu 1.2. Do mét géc A, ngudi ta thu dugc két qua la a =20°45'. Biét ring

sai s0 tuang doi ctia phép do khong 16n hon 0,15%. Hay tim mot sai so tuyét

doi gi6i han cta no.

Loi giai

Mot do tuong duong véi 60 phut (‘). Nhu vay, khi d6i ra don vi phuit thi
a=20°45" =20 x60"+45" =1,245".

Theo gia thiét 6, < 0,15% = 0,0015. Do dé,

0
Aa=|a|(1 “5 )51,245><(

—Ua

0,0015
1-0,0015

)~ 1,87031 ().

Vay, A=20°45"+1,87031".

Vi du 1.3. Ngudi ta dung hai thiét bi do, A va B, dé do nong do NaCl trong
mot dung dich. Thiét bi A cho két qua 98,82 (mg/1) va thiét bi B cho két qua
98,56 (mg/1). Biét két qua cho bdi thiét bi A c6 sai sb tuong dbi khong vugt
qua 0,5%.

1. Hay udc luong sai sb tuong dbi ctia két qua cho béi thiét bi B.
2. Néu mot thiét bi C cho két qua 1a 51,16 (mg/1) thi c6 thé néi gi vé sai
s0 tuong doi cua ket qua nay?
Loi giai
Goi a =98,82 va a* 1a gid tri dling ctia ndng do mudi NaCl trong dung dich
dé. Gia thiét vé sai s6 tuong doi ctia a c6 thé dudc viét lai la

_la*—al

<0,005, (1.6)

“a
Ching ta hay xét hai truong hgp sau day:
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1.1. KHAI NIEM SAI SO, CHU SO CO NGHIA, CHU SO CHAC

Truong hop 1. a* > a. XKhi d6, tu (L.6), ching ta thu dugc
a*—98,82=|a—a”| £0,005|a*|=0,005a",
va tit d6 két luan duoc

. 98,82
<a*< <99,32.
0,995

’

Vay, néu a = 98,56 1a két qua doc dudc tit B thi

_la'—al _a'—9856 _99,32-98,56

0, <
. la*| a 98,82

~0,00769 <0,77%.

Truong hop 2.0 < a* < a. Tuong tu nhu truong hop 1, chiing ta bé dau gia
tri tuyét doi trong (L.6) va giai bat phuong trinh thu dudgc dé c6
98,82
2 _
1,005

*

~ 98,328 > 98,32.

Chung ta lai chia lam 2 truong hgp con:
Truong hop 2(a): a* < a. Khi do,

la*—ad|=a—a* <98,56—98,32 =0,24.

Vay,

la*—a| 0,24
L= < " ~0,002441 < 0,25%.
la’|  ~ 98,32

Truong hop 2(b): a* > a. Khi do,

la*—d|=a"—a < 98,82—98,56 = 0,26.
Tl d6 suy ra
_la*—al _ 0,26
"~ la*] T 98,56
Nhu vay, chang ta két ludn a Xép Xi a* v6i sai sb tuong déi khong vugt qua
0,77%.

Goi a’ =51,16 1a két qua doc tit C. Trong trudng hop 1 6 trén, ta c6 danh
gia

A

a

~0,00264 <0,27%.

98,82—51,16 < 99,32—-51,16
9932 ~ ¥~ 9882
Tu day, sau khi quy tron, chiing ta thu dugc

48,00% < 0, < 48,74%.
Con trong truong hgp th hai, 98,32 < a* < 98,82, nén

98,32—51,16 98,82—51,16
o s
98,82 98,32



CHUONG 1. SAISO

Tu day, sau khi quy tron, chiing ta thu dugc
47,72% < &, < 48,75%.

Nhu vay, chiing ta két luan dudc sai sb tuong déi ctia @’ khong nho6 hon
47,72% va khong vugt qua 48,75%.

1.1.3  Chif s6 cé nghia, chit so chéc

Mbi s6 thuc a c6 mot biéu dién thap phan dang a,a,_; - ag,a_1a_, -, c6
nghia la
a=>a,10, a;€{0,1,2,...,9}. (1.7)
s<t
Vé phai clia (I.7) c6 thé 1a tong hitu han hoic 13 mot chubi vé han hoi tu
(c6 vo han a, v6i s 1a sO nguyén am). Vi du, mot so gan dung cua 7 1a so
a=3,1416 c6 thé viét 1a

3,1416=3x10°+1x 10" +4x102+1x10°+6x 107%,

ttc la c6 dang véiay=3,a_,=1,a,=4,a 3=1,vaa_,=6.

Trong biéu dién thap phan clia mot s6 gan ding, cac chii s6 ké tit chit
s6 khac khong dau tién tinh tit trai sang phai goi 1a cac chit s6 ¢ nghia
(significant digit). Vi du, cdc s6 3,14 va sb 0,00314 cling c6 3 chii s6 c6 nghia.
Ba chit s6 0 trong biéu dién ctia 0,00314 diing dé xac dinh vi tri diu thap
phan, nhung khong c6 nghia trong viéc xac dinh sai s6 tuong di ctia né.

Trong cach viét thap phan mot s6 gan ding a clia mot dai luong A véi
gia tri thuc su a*, “dd tin cay” clia mot chit s6 phu thudc vao kha ning
danh gia do chinh xac clia sb gan diing 4y, tiic 1a phu thudc vao mot sai s6
tuyét dbi giéi han da biét. Dé néi vé diéu nay, chiing ta c6 khai niém chit so
chdc (correct digit) cia mét biéu dién thap phan ctia mot s6 gan ding.

Pinh nghia 1.1:

Cho a 1a mét s6 gan ding c6 biéu dién (I.7) va sai so tuyét doi gidi
han A,,.

(i) Mot chiv sO a, trong biéu dién (I.7) 1a mot chir s0 chdc (theo
nghia hep) néu
A, <0,5%10°.

(ii) Mot chit s6 a trong biéu dién (I.7) 1a mot chi s6 chdc (theo
nghia rong) neu
A, <10°.



1.1. KHAI NIEM SAI SO, CHU SO CO NGHIA, CHU SO CHAC

Nhén xét 1.1. Luu ¥ rang mot chit s6 1a chic hay khong phu thudc vao mot
sai sb tuyét dbi ctia s6 d6 ma chiing ta biét dudc. Vi du, ching ta biét ring
7~ 3,14 v6i sai s tuyét d6i A, c6 thé chon 14 0,0016. Do A, <0,5x 1072 nén,
theo Dinh nghiachfr s6 4  hang phan tram 14 chit s6 chic theo nghia
hep. Hon nita, moi chit s6 c6 nghia nim vé bén trai ciia mot chit s6 chac
déu 1a chii s6 chac nén xap xi a = 3,14 ctia 7 ¢6 3 chii s6 chic.

1.1.4 Cdch viét sé gan diing

Nhu da néi 6 trén, chiing ta c6 thé viét s6 gan ding a véi sai sb tuyét dbi
giéi han A, cia mot dai lugng A nhu sau:

A=axA,.

Trong cach viét thap phan clia mét s6 gan ding, chiing ta viét theo quy
uéc “Moi chit s6 ¢6 nghia la chit s chdc (theo nghia hep)”. Khi d6, mot s6
gan ding thap phan c6 sai s6 tuyét d6i gi6i han khong I6n hon mot niia
don vi ctia chit s6 cudi ciing.

Luu y, véi quy udc nhu trén, biéu dién thap phan clia mot s6 gan ding
con chtia dung thong tin vé sai s6 tuyét doi clia s6 dé.

Vidu 1.4. Chiing ta cé thé viét s6 gan ding clia s6 7 v6i 3 chii s6 thap phan
1a chit s6 chac nhu sau:
T~ 3,142.

D6 1a vi chiing ta da biét rang
Ag 140 =|m—3,142| < 0,5x 107>,
V6i 4 chil s6 thap phan 1a chii s6 chéc, ta c6
m~3,1416.
Ta viét dugc nhu vay béi vi
Ag 1416 =|7—3,1416/ < 0,5x 10~*.

Vidu 1.5. Tinh sai s6 tuyét déi gi6i han clia cac s6 gan ding sau day, biét
rang trong biéu dién thap phan clia chiing, tit ca chit s6 c6 nghia déu l1a
cht so chac theo nghia hep.

(@ a=0,024 (b) b=0,3200

Loi giai
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(a) Biéu dién thap phan ctia s6 gan dling a c6 2 chit s6 chic trong d6 chi
s0 chac 6 hang bé nhat la chi so 4 6 hang 1073, Vi vay ta c6

A, <0,5%1073,

(b) Vi chit s6 chac 6 hang bé nhét clia biéu dién thap phan ctia b 1a chi
$0 0 3 hang 107 nén
Ap<0,5x107%

1.1.5 Quytron sé gan diing

Muc nay néi vé quy tron sb (hay lam tron s6), va sai sb ctia qua trinh do.
Tai liéu tham khao: T. V. Dinh [6} §1.3].

Khi lam viéc véi cac s6 thap phan, chiing ta thudng phai bo bét cac chit
s6 cho gon. Nhiing s6 hitu ti nhu 1/3, 1/7, nhiing s6 vo ti nhu rr, e, hoic v/3,
khong thé biéu dién dudc dudi dang sb thap phan cé hitu han cac chii s6.
Do d6, viéc bo di mét sb chit s6 trong biéu dién thap phan ctia chiing 1a
diéu khong tranh khoi. Viéc b6 bét cac chit s6 clia mot sb viét dudi dang
thép phén goi la quy tron 36, hay lam tron 56, hodc thu gon (round-off).
Hién nhién, viéc quy tron sO smh ra mot sai s6 mdi, goi la sai $0 quy tron
(round-off error), 1a hiéu cua s6 da quy tron va chua quy tron. Tri sb tuyét
d6i cia hiéu d6 goi la sal so quy tron tuyét doi.

Khi quy tron mot sb6 gan dung, nguoi ta thu0ng chon quy tic quy tron
thoa man diéu klen sau: “Sai so quy tron tuyét doi khéng I6n hon mot niia
don vi ctia hang cudi cing ctia s6 da quy tron.” Nhu viy, 4,014749 quy tron
t6i 4,01475. Trong truong hop chit s6 cubi la 5, ta ¢ hai su lua chon: quy
tron 1én, va quy tron xuéng. Trong trudng hgp nay, néi chung, ta quy tron
sao cho chii s6 6 hang ngay truc dé vé bén trai tré thanh chii s6 chan. Khi
d6, 4,01475 quy tron t6i 4,0148. Vi du nay ciing cho thay rang qua trinh quy
tron s6 khong c6 tinh bédc cdu: sb 4,014749 quy tron truc tiép thanh 4,0147.

Véi quy tic nay, néu mét sé gan ding a c6 biéu dién thap phan c6 moi
chit s6 c6 nghia déu la chit sb6 chac, thi moi quy tron ciia a ciing théa man
diéu kién nay. Vi du, cd sb ctia logarit tu nhién e c6 biéu dién thap phan vo
han khéng tuan hoan:

e~ 2,7182818.

Quy tron s6 xap xi nay ta ¢6 cic 6 quy tron 12 2,718282 (b6 bét 150), 2,71828
(b6 bét 2 chi s6), hodc 2,718 (bo b6t 4 chii s6).

Gia su a 12 mot sb xap xi ctia mot dai lugng A v6i gla tri diing a*. Néu
@ lamot s6 quy tron clia a vdi sai s6 quy tron tuyét déi |a — d| thi, boi bat
dang thtic tam gidc, ta c6

la*—d|=|la*"—a+a—ad|<|a"—al+|a—ad).
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Nhu vay, sai s6  tuyét dbi ctia s6 quy tron khong vugt qua tong clia sai s6
tuyét dbi ctia s6 ban dau va sai s6 tuyét dbi quy tron.

Vidu 1.6. Biét dai lugng A c6 gid tri gan ding a = 3,1388 v4i sai s6 tuong
dbi 6, khong vugt qué 3,5%. Quy tron s6 a dugc mot sb6 gan ding d clia A
v6i hai chit s6 sau dau thap phan. Hay tim mot sai s6 tuyét d6i giéi han clia
s6 quy tron 4.

Loi giai
Trudc hét, chiing ta hay tim mét sai s6 tuyét ddi ctia a: c6 thé lay

lalé, 3,1388x0,035
A, = = <0,1139.
1-6, 1—0,035

Quy tron sbé a, thu dudc a = 3,14, v6i sai s6 tuyét doi quy tron 1a
la—d|=|3,1388—3,14| =0,0012.

Sai s6 tuyét dbi gi6i han clia s6 quy tron ma ching ta c6 bang tong clia sai
s0 tuyét doi ctia s0 chua quy tron va sai so tuyét doi quy tron:

A;=A,+]a—al=0,1139+0,0012=0,1151.
Vi du 1.7. Biét rang so Archimedes 1 c6 mot xap xi
T~ 3,1415926535.

Mbt sb quy tron 7 can it nhét bao nhiéu chit s6 sau d4u thap phén dé sai
so tuyét doi khong vugt qua 0,3 x 10732

Loi giai

Néu xem 3,1415926535 1a mot s6 gan ding ciia 7 thi sai s6 tuyét doi clia
noé bé hon 10719, khéng dang ké so véi yéu cau dat dudc sai sd bé hon
0,0003 = 0,3 x 1073. V4y, chting ta hdy di tim mot s6 quy tron véi sai s6 quy
tron bé hon 3 x 1074

R6 rang s6 quy tron phai cé it nhat 3 chit s6 bén phai dau thap phan
bing véi cac chu s6 tuong ﬁng clia s6 ban dau. Vi vay, hay xét s6 quy tron
3,142. RO rang so quy tron nay c6 sai so6 quy tron Ién hon 0,0004, khong
thoa man yéu cau sai sd tuyet doi khong vugt qua 0,3-1073. Tu d6 suy ra
can phai quy tron véi it nhat 4 chit s6 sau dau thap phan.

Nhan thay rang s6 quy tron 3,1416 c6 sai s6 quy tron khong vugt qua
0,73465-10° théa man diéu kién sai s6 tuyét dbi giéi han bé hon 0,3-1073.
Vay, mot biéu dién thap phan ctia s6 gan ding clia 7 can 4 chii s6 sau dau
thap phan dé sai sb tuyét déi gi6i han bé hon 0,03%.
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1.1.6  Quy tron sé trong bét ding thitc
Gia st mot dai lugng A dugc danh gia nhu sau:
A<La,

Vv6i a c6 biéu dién thap phan c6 nhiéu chii s6 sau diu thap phan. Chiing ta
mubn quy tron s6 a dé thu dudc sb a véi it chit s6 thap phan hon sao cho
bat dang thic trén van ding. Néu khong c6 thong tin gi thém, bat budc
ching ta phai chon a > a. Tit day ching ta c6 quy tac quy tron lén: So quy
tron 1én 16n hon so ban dau va sai so quy tron tuyét doi bé hon don vi hang
cuoi cung.

Vi du 1.8. Quy tron sb gin diing trong vé phai clia bat dang thiic sau:

A<0,024674

dé dugc sb v6i 2 chit sé thap phan. Khi dé, chiing ta can quy tron 1én sb 6
vé phai dé thu dugc
A<0,03.
V6i bat dang thiic chiéu ngugc lai, A > a, khi quy tron a, ta can theo quy
tac quy tron xuong. Chi tiet danh cho ban doc.

1.1.7  Moi lién hé gitta quy tron sé va chit s6 cé nghia

Dua vao quy tron sb, ta c¢6 thé dua ra khai niém so xdp xi t6i k chit so c6
nghia. Khai niém nay thuong xuat hién trong nhieu sach khac nhau. Du6i
day, ta néu dinh nghia cu thé ctia né, nhu sau:

Pinh nghia 1.2:

Gia sti s6 gan dlng a cia s6 a* # 0 c¢6 hitu han chii s6 va k > 1. Chting
ta n6i a xdp xi a* tdi k chit s6 c6 nghia néu biéu dién thap phan ctia
a va a* quy tron vé ciing mot so6 thap phan cé k chii s6 c6 nghia véi
k 14 s6 nguyén duong I6n nhdt ma c6 tinh chat nhu vay.

Dé minh hoa, chiing ta tim hiéu hai vi du sau day.

Vidu 1.9. Xét a =3,14121 v a* = 7 ~ 3,1415926. Quy tron 7 t6i 4 chii s6 c6
nghia, chiing ta thu dudc 3,142. Quy tron a téi 4 chii s6 ¢6 nghia, thu dugc
3,142. Quy tron a va a* t6i 5 hoic 6 chii s6 c6 nghia, ta déu thu dudc hai sd
thap phan khac nhau. Vay, a xap xi 7 ti 4 chii s6 c6 nghia.

Vidu 1.10. Xét a =12,2502 va a* = 12,2496. Néu quy tron a va a* t6i 3 chit
s0 c6 nghia, ching ta lan lugt thu dudc cac so thap phan 12,3 va 12,2. Tuy

10
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nhién, quy tron a va a* t6i 5 chii sd c6 nghia, ching ta cting thu dugc
12,250. Nhu vy, a xap xi a* t6i 5 chii s6 c6 nghia.
Nhan xét 1.2. Néu a xap xi a* t6i k chit s6 c6 nghia thi c6 danh gia sau
vé sai s0. Chang han, gia st a* > 0 cho don gian. Khi d6, c6 duy nhét sb
nguyén r sao cho

a’=aj;x10",

v6i 1< a <10. Néu a xAp xi a* t6i k chii s6 c6 nghia thi c6 dénh gid sai s6
tuyét doi

leg] <1077 (1.8)
Vé phai clia ddnh gia nay phu thudc vao s6 nguyén r. Mit khéc,

B |6a| 10r—k+1 B 10—k+1

< — < 10—k+1
|a*| |a*| lagl

, do a;>1.

Hay
6, <107F 1, (1.9)

D6 12 mobi lién hé giita sai s6 tuong dbi va sb chii s6 c6 nghia.

Vidu 1.11. Tré lai Vi du|1.10| ching ta c6 a = 12,2502 va a* = 12,2496, trong
khi d6, k =5. Do do, tt Nhian xét ching ta két luan sai so tuong doi ctia
a phai nho6 hon 104, Diéu nay ciing c6 thé thay bang tinh toan truc tiép,

_la—a*|

5, =4,898119x 107° < 107>+,

ax*

nhu mong doi.

1.2 Sais6 phép toan

Gia st x;, X,,..., X, 1a mot s6 dai lugng ma chiing ta chi biét cac gia tri gan
ding ctia chiing cling véi cac sai sb tuong ting va u 13 mot dai luong phu
thudc vao x,..., x,, theo mot cong thiic da biét. Chiing ta muén tinh gan
ding dai lugng u va uéc luong sai s6 ctia u theo céc sai s6 ctia x;. Néi cach
khéc, chiing ta phan tich si lan truyén ciia sai so (error propagation) trong
qua trinh tinh toan.

Dé don gian, hay bat dau véi truong hop n =2 va gia st u 1a mot ham
so ctia hai bién x, y:

u=f(x,y),

trong mot sb trudng hop don gian ctia hAm f(x, y), bao gdm téng x + y va
tich xy.

11
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1.2.1 Saisb clia mét tong
Gia sti x va y 1a hai s6 xap xi clia dai lugng X, Y c6 gia tri thucla x* va y*,
tuong ing. Gia sii dai lugng U laténgclla X va Y: U = f(X,Y)=X + Y.
RO rang gia tri thuc ctia U 1a u* = x* + y*, va mot gia tri gan ding cta U la
u=x+y.Matkhac, tadate, =x*—x vae, = y*—y la cac sai so thuc su
ctia x va y. Khi do
€=U —u=(x"+y)—(x+y)
=(x"=x)+(y" =)
=€, +€,.
Do d6, theo bt dang thtic tam giac,
leul=l€x +Ey| <lexl+ Ieyl'
Vay ta c6 thé phat biéu thanh quy tic sau: Sai so tuyét doi gii han clia mot
tong hodic hiéu bang tong ciia sai so tuyét doi gici han ctia cdc s6 hang. Quy
tac nay ciing diing cho téng clia nhiéu s6 hang.
Nhan xét 1.3. Vi sai s6 tuong déi ctia u la
_ ey < lexl+leyl  |x*|o,+1y*10,

lus] ™ x4y |+ + y+

u

nén, khi x* va y* cing dau, thi |x* + y*| = |x*|+|y*| va ta c6 thé danh gia
|x*16+y*10,

] < Oxtoy (1.10)

u =

vadanh gia g,

Tuy nhién, néu x* va y* trai dau, thi |x* + y*| = ||x*|—|y*|
nhu (L.I0) khong con ding niia.

Dé minh hoa mét cach chi tiét hon, chiing ta hay xét vi du sau: Gia st
chting ta can tinh v/2022 — +/2020 va viét két qua dudi dang s6 thap phan.
Bang cach tinh gan ding cac cdn thiic bac hai v6i két qua 1am tron véi 4
chii s6 c6 nghia,

V2022~44,97,  V2020=44,94.
Stt dung cac két qua nay, chiing ta thu dugc xap xi +2022 — +/2020 ~ 0,03 v6i
chi mot chit s6 c6 nghia.

DE c6 két qua chinh x4c hon, bang cach khi cin thiic & ti s6, ta c6 thé
viét

2 N 2
V2022 + 2020 89,91
C6 thé kiém tra dudc két qué cubi cling 0,02224 c6 4 chii s6 c6 nghia la chit
s6 dang tin. Vi du nay minh hoa mot quy tac 13, trong thuc hanh, néu cé
thé chiing ta can tranh viéc trit cac s6 gan nhau.

v2022—+2020=

~0,02224.

12
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1.2.2  Saisb clia mét tich
Gia st dai lugng U la tich ctia hai dailugng X va Y, ticla U = X Y. Goi x*
va y* tuong Gng la cac gia tri thuc ctia X va Y. Cang gia st x va y tuong
ting la hai gia tri xap xi v6i sai so tuong tingla e, va e,. Khi d6, c6 thé coi
u=xy la mot gia tri gan dlng ctia gid tri thuc u* = x* y* clia dai lugng U.
Dé danh gi4 sai s6 ctia u, ta tinh toan truc tiép
€, =Xy —xy
= x*y* _(X* _ex)(y* _ey)
=x"€,+yTe —€ €.

Theo bt ding thtic tam giac,

le ) |x"€,+yTec—evey
lx* | lx* y+|
BN R
y* x* x* y*
Nhu vay
0,<0,+06,+06,0,. (1.11)

Néu cdc xap xi x va y da tot, thi §, va 6, laratnhd (6, < 1,5, < 1) nén
6,6, ratnho so véi 5, va §,. Khi do, tu ta c6 thé coi 5, +4, la mot
sai s6 tuong ddi clia x y. Nhu vay, ta c6 quy tac: Sai so tuong doi gidi han
clia mot tich xap xi bang tong cdc sai so tuong doi gidi han ciia cdc nhan tit.

1.2.3  Sai so clia mot thiiong

Giastt U = Y1, y va y* 1an lugt 1a mot gia tri gn ding va gia tri that su clia
dai lugng Y. Khi d6, u =y~ la mot xap xi ctia u* = (y*)~!. Chung ta chi xét
truong hop 6, < 1. Khi d6, d€ danh gia d6 chinh xdc clia u, ta xét

1 1 —y* —€
eu:u*—u:———:y Yo LA
vy vy y(yr—ey)
Do do,
le ) 1€yl €] 0,

lws| Iy =€yl = lysl=leyl  1-6,°
Néuxap xi y la dt tog, tiicla 6, < 1, thita cd thélay 6, ~4,.
Néu V = X/Y la mét thuong véi v* = x*/y* la gid tri ding va v = x/y la
gia tri xap xi, thi, bang tinh toan tuong tu nhu trén, ta c6 danh gia
_ l€, | < 0,+06,

=115,

(1.12)
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V6i 6, ratnhd, 1-6, ~ 1 vatac6 thélay 6, ~ 5, +§,. Tl d6 c6 quy tac: Sai
s tuong doi gidi han ctia mot thuong xap xi bang tong sai so ctia tii thiic va
mau thic.
1.2.4 Cong thifc téng qudt cho danh gid sai sé tich luy
Gia stt U 1a mot dai luong phu thuoc céac dai lugng X;, X, ..., X, viét 1a

U :f(Xl»XZ! -~-’Xn)y

v6i f lamot ma s6 clia n bién sb. D€ danh gid sai s6 ctia dai lugng U qua
céc sai s6 clia X, ta can gid thiét f kha vi lién tuc.

Néu x; la gid tri thyc su chia X; va x; la gid tri gan dung, thi theo
dinh 1i s6 gia gi6i ndi, c6 moét diém (c;, ¢, ..., c,) nam trén doan thang
néi(xl,xz,...,xn)Vél(xl*,...,x;) sao cho

* * - a
eu:f(xl,...,xn)—f(xl,...,x,,)=z%(Cl,cz,...,cn)exj.
j=1 J

Tt day, ta suy ra cong thtc sai s6 tuong d6i

leu) _~—| af .
u:ﬁ— - a_)(j(cl)CZ»nwcn) f(xlw-wxn) |€xj|
dlnf
~ (x], .. x| €|
<|ox;, f

Vidu 1.12. Néu u = x® v6i x >0 va hiang sé a >0 thi

N dlIn(x%)
T dx

dlnx
dx

€
Iexlzoz| «| =aéd,.

&
‘ Bl

|€x|=a’

Nhic lai ring, danh gia nay chi tot khi 6, rAt nhé: 6, < 1.

Nhan xét 1.4. Trong cong thiic tong quat, ta khong c6 dugc danh gid sai s6
mét cach chinh xdc, ma chi c6 dudc danh gia gan ding ciia sai s6. D6 1a vi
dao ham ctia ham s6 f tham gia trong biéu thtic, nhin chung, c6 thé phtic
tap ma chting ta khong thé danh gia dudc hét su anh hudéng clia né dén
két qua tinh toan.

1.3 Phan loai sai so

Trong viéc qua trinh tinh toan gan ding mot dai lugng thuc té, c6 nhiéu
giai doan dan dén sai so ctia ket qua cuoi cung, nhu sai so ti cac phép do
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trong thuic nghlem sai s tit phLIdng phap g1a1 va sai s6 khi tinh toan (bao
gdm sai s6 clia viéc quy tron s6). Van dé sai s6 trong phep do dac hodc thu
thap dii liéu khong nam trong khuon khé clia bai gidng. Duéi day, chiing
ta trinh bay so lugc vé sai s6 clia phuong phap giai va sai s6 khi tinh toan.

1.3.1 Saisb phitong phdp

Mot sb dai lugng dugc biéu thi bang cac cong thiic phiic tap, khong thé
tinh dugc chinh xac bang hitu han cac phép tinh. D& minh hoa cho van dé
nay, ta hay xét vi du sau (T. V. Binh [6, §1.5]).

(—1)"n3 (1.13)

M8

B=

Il
—

n

1a mot gia tri dugc dinh nghia béi mot chudi hdi tu: Vé phai clia co
vo han s6 hang.

Néu khéng c6 cong thiic don gian cho téng vo han B, thi dé tinh B,
ngudi ta c6 thé diing phuong phap chit chubi voé han: chon mot gia tri
nguyén duong m > 1 va dat

m
Z ) 1,78
n=1
B&i Vi lim,,_,c0 B, = B nén c6 thé lay
B, ~ B,
1a mot gid tri gan ding clia B.

Phuong phap nay sinh ra mét sai s6 A = |B,, — B|, goi 1a sai s6 phuong
phdp. Tuy nhién, chiing ta cé thé udc luong dudc sai s6 nay nhu sau:

[e°]

Z (_1)n—1n—3

n=m+1

A=|B,,—B|= <(m+1)3

Nhu vy, phuong phap chit déi véi chudi vo han trén sinh ra mét sai sd
dugc danh gia bdi (m +1)73. Sai s6 nay nho (tiy ¥) khi ta chon m 16n (tly
¥). Sai sb d6 goi 14 sai s6 phuong phap.

1.3.2  Sai s6 tinh todn

Tiép tuc néi vé vi du trong muc truéc, viéc tinh B,, dé xap xi B ciing gip
phai khé khan néu m 16n. Trong qua trinh tinh B,, ching ta ciing c6 chi
thu dudgc gia tri gan diang, va sai so trong phép tinh nay goi la sai so tinh
toan.
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Vi du, v6i m =6, ta tinh dugc

pog L, 1 1.1 1 194353
677 23733 43 55 63 216

x 1073,

Quy tron s6, chiing ta c6

194353 _3
Bg= x 107"~ 0,90,
216

v6i sai s6 Ag gy = 0,5 x 1072. Sai s6 quy tron nay la mét loai sai so tinh todn.
Mat khéc, sai s6 phuong phap 6 muc trudc cho ta

1
|IB—Bg| < — <0,3x1072.
73

Vay,
|B—0,90| < 0,4 x 1072,

V6i hai chit s6 sau dau thap phan la chii s6 chac, ta viét
B~ 0,90,

v6i sai s6 0,4 x 1072 14 tong hdp clia sai s6 phuong phap va sai sb tinh toan.

1.4 Gioi thiéu ngon ngw' lap trinh R

Phan mém théng ké R 1a mot céng cu manh mé dudc sit dung rong rai
trong cong dong nghién ctiu va phan tich dit liéu. Tuy nhién, R khong chi
1a mot phan mém tinh toan théng ké, ma con 1a mot méi truong tinh toan
ma& va mién phi, c6 kha ning ting dung trong tinh toan sb. Trong tai liéu
nay, chiing ta sé tim hiéu cach st dung R cho muc dich truc quan hoa (nhu
vé do thi) va thuc hién tinh toan tu dong theo cac thuat toan giai s6. Muc
tiéu chinh 6 day 1a minh hoa cach thiét 1ap cac chuong trinh may tinh don
gian tir li thuyét va giam thdi gian tinh toan trong cac vi du cu thé.

Tai liéu tham khao vé sit dung R: Bloomfield [3], Jones—-Maillardet—
Robinson [7].

Tai va cai dit R, ban doc c6 thé tham khao https://www.r-project.
org/

Cac tinh toan cd ban trong R

Phan mém thong ké R c6 thé stt dung nhu mét mdy tinh cam tay. N6 c6 thé
thuc hién cac phép tinh s6 hoc (cong, trit, nhan, va chia), phép luy thira,
ham logarith, ham lugng giac va hyperbolic, vd mot s6 ham Bessel hay
ham Lambert (g6i pracma). Cach diing R cho cac tinh toan co ban ciing rat
don gian. Chting ta c6 thé gan vao cac bién nhiing gia tri bang dau <-, hoic
d4u =, va sau d6 thuc hién cac phép toan trén cac bién doé.
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1.4. GIOI THIEU NGON NGU LAP TRINH R

CAS 1.1. Trong vi du sau day, chiing ta tinh xap xi biéu thiic

c=a+b=+v2+V100+2

trong R. Két qua nhu sau:

options(OutDec = ",")

a <- sqrt(2)
b <- sqrt(100 + a)
c<-a+b

print(c)

## [1] 11,48468

D6i v6i cac phép toan c6 nhiéu sb hang ma chiing cé quy tic tinh toan
chung, chting ta c6 thé lap chuong trinh dé tinh toan. Hay tinh gan ding
mot xap xi ctia s6 e 1am vi du. Bang cach viét e* du6i dang tong ctia mot
chuoi so hoi tu,

n

x_ o X -1 1, 134
e —Zom— +x+5x +§x +---,
n=

ching ta thu dugc
1 1
emeapprole+l—!+2—!+"'+ﬁ. (114)

CAS 1.2. Doan chuong trinh R don gian sau day minh hoa vong lap “while”
dé tinh téng & vé phai ctia (I.14).

e_approx <- function(n) {
partial_sum = 1
term = 1
count = 0

while (count < n) {
count = count + 1

17
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term = term / count
partial_sum = partial_sum + term

}

return(partial_sum)

n<-7
result <- e_approx(n)

print(result)

## [1] 2,718254

Két qua thu dudgc cé thé xem 1a mot xap xi clia co sb logarith tu nhién:
e~ 2,718254.

Tinh toan vGi cac ham so dac biét

Phan mém th6ng ké va ngon ngfi R ciing c6 thé tinh toan v6i mot s6 ham
s6 quan trong, nhu ham Bessel hay ham Lambert, v.v.

Hay ldy ham Lambert 1am vi du. Déi véi bién thuc x € R, hAm Lambert
c6 hai nhanh chinh 1a W, va W.,. Véi x >0, y = Wy(x) néu ye” = x, trong khi
d6, véie'<x<0thiy=Wy(x)néuye’=xvay>—1.Néuy<—1,ye’=x
thi y =W (x).

Ham Lambert xuat hién trong khi giai mot sé6 phuong trinh don gian
lién quan dén ham mii. Vi dy, xét phuong trinh x5~ =9. Dé giai gan ding,
chiing ta dit bién méi u = x In(5) va viét

x5 = ue”
5In5°

Tit d6, dua phuong trinh vé dang
ue" =451In(5).
Vay, u = W (45In(5)) va do do

W (451In(5))

X =
In5

D6 14 biéu dién nghiém diing clia phuong trinh, théng qua ham Lambert
wW.
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CAS 1.3. Dé tinh gan diing nghiém ctia phuong trinh x5! =9 duéi dang
s6 thap phan, chiing ta c6 thé diing géi pracma’|ctia R nhu sau:

library(pracma)

lambertWp (45 * log(5)) / (log(5))

## [1] 1,950202

Tinh todn véi sb phiic

Ve nhiing khdi niém va phép toan co ban trén sé phtic, ban doc cé thé tim
doc N. V. Khué-L. M. Hai-N. D. Sang [8, Chuong 1, tap 1].
Cac so phtic dugc viet dudi dang

z=a+bi.

Vi du, doan ma 1énh sau dua vao hai sb phtic va thuc hién cac phép toan
cd ban trén ching.

z <- 3 + 4i
w <- 5 - 8i

q<-z+ w2

print(q)
## [1] -36-761

Chuing ta thu dugc g = z + w? =—36—76i, v6i z =3+4i va w =5—8i.
Dé tinh modun (modulus) va géc cuc (argument) ctia mot sd phtc, c6
thé diing Mod () va Arg(). Vi du, véi z = v/3 +1,

z <- sqrt(3) + 1i

print (Mod(z))

Ipracma: Practical Numerical Math Functions. DOI: https://doi.org/10.32614/CRAN.
package.pracma
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# [1] 2

print (Arg(z))
## [1] 0,5235988

Két qua thu dugc |z| = 2 va argument chinh Arg(z) = 71/6 ~ 0,523599.
Trong R, cin bac n cia mét s6 phiic dugc hiéu 1a nhanh chinh (principal
branch) ctia ham z!/”. Vi du,

z <- - 46 + 9i
w <- z~(1/3)

print (w)
## [1] 2+3i

Két qua w =2+3i thod man w3 =z =—46+ 9i.
Neu z la mot so thuc, chang han z =-2, dé tinh cin phic, ta viet

z <- -2 + 0i
w <- z~(1/3)
print (w)

## [1] 0,6299605+1,0911241
Két qua thu dugc:
(2" =exp( 3Log(z)
=exp (% (lnlzl + iArg(z)))
= +/2(cos(r/3)+ i sin(r/3)).
Mbt cach xap xi thi
(—2)"% ~ 0,629961 +1,091124i.

O trén, Log(z) la nhanh chinh ctia ham logarith phtc.

Phan mém R ciing lam viéc dugc véi dang mil ctia s6 phtic (chang han,
cong thic Euler).

Vi du, doan ma lénh
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exp(log(2) + (pi/3) * 1i)

## [1] 1+1,732051i

cho ching ta

exp(In(2)+ in/3) = 2(cos(r/3) + i sin(r/3)) = 1+ V3.

Quy tron sb trong R
Trong R, chiing ta c6 thé dit tuy chon vé s6 chit s6 thap phan khi quy tron

s6 bang options(digits = n), trong d6 n 12 s cac chii s6 con lai sau 1am
tron. Vi du:

print (sqrt(2))

## [1] 1,414214
options(digits = 4)

print (sqrt(2))

## [1] 1,414

Ban doc hay quan sat cac két qua dau ra va dua ra nhan xét cho riéng
minh.

Dé 1am tron mot s6 gan diing trong R t6i mot s6 chii s6 thap phan nhat
dinh, chiing ta c6 thé dliing round (number, digits), trong dé, digits chi
sb cac chit s6 sau dau thap phan.

Dudi day 1a mét s6 vi du vé 1am tron so.

round(2.9451, 2)

## [1] 2,95

round (round(2.9451, 3), 2)

# [1] 2,94
Ban doc hay quan sat két qua thu dudc va cho nhén xét.
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Néu mubn quy tron sé t6i mot so chit sd ¢6 nghia nhét dinh, ching ta
dung signif OF]

options(digits = 6)
signif(2.45301, 2)

## [1] 2,5
signif(2.45301, 6)
## [1] 2,45301
signif(2.45301, 5)

## [1] 2,453

1.5 Cau hoi va bai tap

1. Khi do khéi lugng clia mot lit nuéc 6 0°C, ngudi ta thu dudc p = 999,847+
0,001 (gram). Hay tinh sai so tuyét doi, sai so tudng doi, va néu y nghia
rat ra ti phép do nay.

2. Hay xac dinh chii s6 chic clia mot s6 gan ding a trong cac trudng hop
sau day:
(@) a=2,56732, A, =0,0005.
(b) @=0,245123,5,=1,3x 103,

3. Hay quy tron cac s6 diing sau day véi 3 chit s6 chac. Tinh cac sai sb tuyét
doi va sai so tuong doi tuong ung.

(a) 0,123456. (c) 0,01501.
(b) 2,022. (d) —0,00142857.

4. Gia sti cac sb6 thap phan trong cac phép toan dudi day la cac sd quy tron
co tat ca cac chit so c6 nghia la chi so chac. Hay tinh két qua cta cac
phép toan cung véi cac sai so tuyét doi tuong ing:

(a) 3,2062+5,948. (c) 2,747 x 8,83.
(b) 4,46—1,752. (d) 10,473 +0,064.

2Ham signif () dugc lay tén ti cac chil cai dau clia tii Tiéng Anh “significant digits”, c6 nghia
la “cac chit s0 c6 nghia”.
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. Cho cac s6 gan ding x = 0,85, y = 1,34, va z = 1,132, v6i moi chii s6 c6

nghia la chit s6 chic. Hay xac dinh gid tri cila ham s6 u cling véi sai s6
tuyét doi giéi han A, va sai so tuong doi gi6i han §, trong c4c truong
hop sau:

(@ u(x)=v1+x. ©) u(x,y)=In(x+ y?).
(b) u(x,y)=x%/y. d) u=(x+y*/z.

. Biét rang hang s6 Euler e c6 dang

1 1 R,
e=1+—4—4-+—"—,
12 (n+1)

v6i 1 < R, < 3. Tim mét biéu dién thap phan ctia e véi 5 chit s6 chic.

. D06 pH ctiia mo6t dung dich dugc tinh béi pH =—log,,[H*] véi [H*]la hoat

dd ctia ion H* (tinh theo mol/l). Gia sii ta biét pH = 4,25+ 0,02. Tinh gan
ding [H*] va sai s0 ctia no.
Gia stt E = $ mv?. Hay chi ra mot cach do céc dai lugng m va v véi do

chinh x4c nhu thé nao dé sai s6 tuyét d6i giéi han A khong vugt qua
0,5x1073.
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Chuong

Tinh gan ding nghiém
cua mot phuong trinh phi
tuyen

Trong chuong nay, chiing ta sé tim hiéu cac phuong phap tinh nghiém gn diing ma c6
thé 4p dung dé gidi cac phuong trinh nhu 1) cling nhu rat nhiéu phuong trinh khéc
nay sinh trong khoa hoc va ki thuat, bao gom phuong phéap chia doi, phudng phap lap
don, phlIdng phap Newton—Raphson cung mot so phuong phap khac.

Cu thé hon, noi dung chinh ctia chuong nay bao gom

« Khai niém co ban vé phuong trinh, nghiém diing, va nghiém xap xi.
« Khoang tach nghiém, mot sb phuong phap tim khoang tach nghiém

* Céc phuong phap tim nghiém x4p xi: Phuong phap lip don, Newton—Raphson,
chia do6i, day cung, vi tri sai (regula falsi), va Steffensen.

+ Mot sb danh gid sai s6 clia nghiém xap xi.
Tai liéu tham khdo chinh & day la T. V. Dinh [6) Chuong 2].

Noi dung
[2.1 Nghiém va khoang tach nghiém|. .................... 26
2.1.1 Nghiém cua mo6t phuongtrinh|................. 26
2.1.2 Nghiém xap xi va khoang tach nghiém|........... 30
[2.2 Phuongphapchiadoil ..............oveiiinens. 33
(2.3 Phuwongphaplapdon| .................. ... ..., 36
2.3.1 Suhoitul............. . i 36
2.3.2 DAnh @iasaiso|.........oouiiiuiiiinninn... 42
2.3.3 Tém tat phuong phaplapdon| ................. 43
[2.4 Phuong phap Newton-Raphson| ..............000... 44
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[2.4.1 M0 ta phuong phap Newton-Raphson| . .......... 44
2.4.2 Suhoitul........... ... i 45
2.43 DAanhgiasaiso|..........oviiiuieinneinnn... 50
2.4.4 Tém tat thuat toan Newton-Raphson|............ 53
2.5 Phuong phap day cung va mot s6 phueng phdp khad .... 55
[2.5.1 Phuongphapdaycung....................... 55
[2.5.2  Phuong phap Steffensen|. . .. .................. 57
[2.5.3  Phuong phap vi tri sai (regula falsi)|. . . . .......... 58
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Mot ngudi thg kim hoan diing mét dong tién vang hinh tron, c6 dusng kinh 2cm,
moéng va cé do day dong déu, dé ché tac 4 chiéc nhan vang. Nguoi thg chia dong tién
thanh 4 phan c6 khéi lugng bang nhau bang cach cat doc theo 3 duong thang song
song, trong d6, mot dudng cit di qua tdm hinh tron va hai dusng cit con lai d6i xiing
v6i nhau qua dudng cat thit nhat.

Dua trén céc kién thiic hinh hoc, c6 thé thay rang dé 4 miéng vang thu dudgc c6 khoi
lugng nhu nhau thi khodng cach d tit tim hinh tron dén méi duong cat ngan hon phai

la
a

d=———,
vita+vl—a
trong d6 a 12 mot s6 duong thoa man phuong trinh

x =cos(x). (2.1)

Van dé ban dau tuéng chiing nhu don gian, nhung mo hinh toan hoc cho né lai dan
dén mot phuong trinh phi tuyén ma cac phuong phap da hoc é bac phé thong 1a khéng
thé cho nghiém dting.

Muc tiéu chinh clia chiing ta trong chuong nay la cac phuong phap s6 dé tinh gan
diing nghiém ctia cic phuong trinh phi tuyén nhu phuong trinh trén.

2.1 Nghiém va khoang tach nghiém

Muc nay, chiing ta tim hiéu mét s6 khai niém co ban vé phuong trinh va
nghiém cta phuong trinh, cac khoang tach nghiém, diéu kién c6 nghiém.
Tai liéu tham khao: T. V. Pinh [6, §2.1, §2.2].

2.1.1 Nghiém cua mot phvong trinh

Cac phuong trinh bac nhét ax + b = 0 xuat hién trong nhiing tinh huéng
don gian nhat ctia cudc séng, trong khi dé, cac phuong trinh bac hai
ax®+ bx + ¢ = 0 cling thuong xuat hién trong khoa hoc va ki thuat nhu
trong vat li, ho hoc, hay kinh té, va cac khoa hoc xa hoi khac. Nhu viéc
tim thoi gian cham dat ctia mot vat roi tu do theo van tdc va do cao ban
dau ciing dua vé mot phuong trinh bac hai. Phuong trinh bac ba c6 thé
xuat hién trong cac tinh hubng clia vat li va hoa hoc nhu cac phuong trinh
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trang thai Van der Waal vé chat khi. Cdc phuong trinh lugng giac thi lai c6
thé xuét hién trong cac bai toan lién quan dén hinh hoc, hoic trong giai
tich Fourier.

Nhin chung, cdc phuong trinh xuat hién trong khoa hoc ki thuat thudng
1a phi tuyén va phtic tap hon nhiéu cac phuong trinh xuat hién trong toan
hoc & phé thong trung hoc.

Vay, mot cach chat ché toan hoc thi phuong trinh la gi? Mot phuong
trinh clia mot an x c¢6 dang

f(x)=0, (2.2)

trong d6, f 1a ham ctia dbi s6 thuc x. Mot nghiém clia phuong trinh @2.2) 1a
mdt sb thuc a sao cho khi thay a vao vi tri clia x, thi (Z.2) nghiém ra thanh
dung l€, tac la

fl@)=0. (2.3)

Vidu 2.1. S6 thuc a =2,512 mot nghiém diing ctia phuong trinh
f(x) =2x3—3x2—3x—5=0,

vi chiing ta dé dang tinh dudc bang gidy va bt f(2,5)=0.

CAS 2.1. Trong CAS nay, ching ta minh hoa viéc tinh toan gia tri cia ham
sb f(x) tai mot diém x = a cho trudc, stt dung ct phap ré nhanh “if, else”
dé kiém tra xem gid tri d6 c6 “d gan” 0 hay khong. O day, “da gdn” dudc
do bang mot gia tri sai s6 “tol” (tolerance) ma chiing ta xem la chap nhan
dudgc. Tt d6 dua ra két luan x = a c6 phai la nghiém hay khéng.

f <- function(x) {
2 % x°3 -3 %xx"2-3%xx-5
}

isroot <- function(a) {
tol <- 1le-9
if (abs(f(a)) < tol) {

cat(a, "la mdt nghiém.\n")
} else {
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cat(a, "khdéng phdi 1la nghiém.\n")
cat(":f(”, a, n) =n’ f(a), "\l’l")

a <- 2.500
isroot(a)

## 2,5 1a mot nghiém.

b <- 2.505
isroot (b)

## 2,505 khong phai 1& nghiém.
## £( 2,505 ) = 0,0978002

Luu ¥, trong CAS trén, thay vi kiém tra f(a) = 0, chiing ta kiém tra
|f(a)| < tol d€ tranh két luan sai do sai s6 1am tron. Trong doan ma R sau
day, ching ta tinh sin(rr) va thu dugc mot két qua 1a méot sé6 duong rat nho,
do sai sb tinh toan. Do d6, néu kiém tra diéu kién sin(7r) = 0, thi chuong
trinh sé cho két luan sai!

a <- pi

if (sin(a) == 0) {
cat(a, "la mdét nghiém")
} else {
cat(a, "khong phadi la mdt nghiém cta sin(x) = 0.")

}

## 3,14159 khdng phdi 1a mdt nghiém cta sin(x) = 0.

print(sin(a))
## [1] 1,22465e-16

Chuong trinh cho két luan sai va cho gia tri sin(rr) ~ 10716!

Néu « 12 mot nghiém clia (Z:2) thi diém (e,0) trén mat phang Oxy sé
nam trén do thi clia ham sé y = f(x). N6i cach khac, db thi nay cat truc
hoanh tai diém c6 hoanh dé x = c.
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CAS 2.2. Ching ta xét phuong trinh f(x)= x2? —4sin(x) =0 v6i mot khoang
tach nghiém 12 (1,2). Doan ma R sau day vé do thi ctia y = f(x) trong khodng
(1/2,5/2). Hinh vé thu dugc thé hién r6 mot nghiém ctia phuong trinh nam
trong khoang (1,5;2) (cung v4i nghiém x =0).

f <- function(x) {
x~2 - 4 % sin(x)

+
curve(f(x), from = -0.5, to = 2.5, col = "blue")

abline(h = 0)

f(x)

I I I I I I I
-05 00 05 10 15 20 25

X

Két qua thu dugc trén man hinh la db thi cia ham s6 f(x)= x2 —4sin(x)
da cho cling v6i dudng nam ngang tai vi tri y = 0, thé hién ro viéc do thi
clia f(x) cat dudng thang y =0 tai hai diém trong dé mét diém nam gitia 1
va 2.
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2.1.2 Nghiém xap xi va khodng tich nghiém

Néu a 1a mot nghiém ctia phuong trinh Z.2) va x* 1a mot s6 xap xi ctia a
thi x* goi la nghiém xap xi (hodc nghiém gan diing) clia phuong trinh doé.
Khi nghiém « khéng tim dudc, hoic khé tim, thi viéc tim mot nghiém xap
xi 6 y nghia quan trong. Hon nita, trong thuc té, cac tham sb ctia phuong
trinh can giai cling chi biét gan diing (vi chting cé dudc tit cac phép do dac,
hodc tl cac tinh toan khéc) nén viéc giai ding nghiém ctia né cing khong
c6 y nghia. Viéc tim moét nghiém xap xi cia mot phuong trinh goi la viéc
gidi gan diing phuong trinh dé.
Thoéng thudng, chiing ta gidi gan ding @2.2) qua hai budc:

— Bu/6c gidi so bo: Tim mot khoang chita nghiém can tinh va chi chita duy
nhat nghiém d6, goi 1a khodng tdch nghiém (Dinh nghi'a sau day).
Trong nhiing hoan canh cu thé, chiing ta chon cac khoang tach nghiém
“bé nhét” c6 thé.

— Buidc giai kién toan: Tim mdt gid tri gan dtng clia nghiém véi do chinh
xac can thiét va danh gia sai s6 clia né.

Trong budc giai so bo, chiing ta c6 thé sit dung dinh 1i sau day ma phat
biéu clia né di quen thudc trong toan hoc & bac trung hoc va trong mén
toan cao cap (giai tich mot bién). Dinh li nay cho chiing ta mét su ddm bao
vé su ton tai nghiém trong mot khoang trong trudng hop hai gia tri ctia
ham s6 6 vé trai 14y tai hai dau mit c6 ddu ngugc nhau.

Dinh 1i 2.1: Bolzano-Cauchy
Gia stt f(x)1a mot ham lién tuc trén moét doan [a, b]. Néu
fla)f(b)<o0,

thi ton tai mot nghiém « trong khodang (a, b) ctia phuong trinh @:2).

Dinh li duagc Bolzan va Cauch chting minh déc 1ap vao dau thé
ki 19. Ban doc quan tAm c6 thé tim doc chiing minh dinh li nay va cac hé
qua ctia né cac gido trinh giai tich bac dai hoc nhu N. V. Khué-L. M. Hai-N.
D. Sang [8, Chuadng I, §6].

Vidu 2.2. Phuong trinh x = cos(x) c6 thé viét lai du6i dang tuong duong

x—cos(x)=0.

1Bernhard Bolzano (1781-1848) 1a mot nha todn hoc ngudi Bohemian.
2 Augustin-Louis Cauchy (21/8/1789-23/5/1857) 1a mot nha toan hoc ngudi Phap.
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Ham s6 f(x)=x —cos(x)1a ham lién tuc trén R. Hon nita, f(0)=0—cos(0) =
—1<0, trong khi dé f(1)=1—cos(1)> 0.

Béi dinh 1i Bolzano—Cauchy, ton tai it nhat mot nghiém a € (0,1) thoa
man a = cos(a).
Dinh nghia 2.1: Khoang tach nghiém

Khoang [a, b] dudgc goi la khodng tdach nghiém cia phuong trinh
(2.2) néu phuong trinh c6 mét va chi mét nghiém trén khoang do.

Trong cac gido trinh khac nhau, khoang tach nghiém con dudc goi la
“khoang phan li nghiém” hodc “khoang cach li nghiém”.

Ham don diéu va tinh duy nhét nghiém

Nhic lai rang mot ham sb f(x)1a don diéu ting trén mot khoang [a, b] néu
ménh dé sau la dung véi moi cap x;, x, thuodc [a, b]:

X <X, = f(x1)< f(x2).

Tuong tu, ham s6 f dudc goi la ham don diéu gidm trén [a, b] néu ménh
de sau la diing v6i moi cap x;, x, thuoc [a, b]:

X <Xy = f(x1)> f(x2).

Céc ham don diéu tang va don diéu giam dudc goi chung la ham don diéu.
Mbt phuong phap don gian dé xét tinh don diéu clia cac ham s6 kha vi
1a xét dau clia dao ham ciia né. Cu thé dudc néu trong dinh 1i sau day.

Dinh 1i 2.2:

Gia st f(x) la mot ham kha vi trén doan [a, b] v6i dao ham f’(x).
Néu f’(x)> 0 trén [a, b] thi f 1a ham don diéu tang trén [a, b]. Neu
f’(x)<0trén [a, b] thi f 1a ham don diéu giam trén [a, b].

Day la mot két qua quen thudc clia gidi tich, 13 co sé clia cac bai toan
khao sat ham s6 trong moén toan 6 gido duc pho théng. Ngudi doc cé thé
xem chting minh chi tiét trong rat nhiéu gido trinh toan cao cap khac nhau
vé giai tich, vi du N. V. Khué-L. M. Hai-N. D. Sang [8].
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Dinh li 2.3: Gia tri trung gian

Gia st f(x) 1a mot ham kha vi trén doan [a, b] v6i dao ham f'(x)
khong déi dau, tic 1a f/(x)> 0 v6i moi x € (a, b) hoic f/(x) < 0 v6i
moi x € (a, b). Néu f(a) va f(b) tri dau thi [a, b] 12 mot khodng tach
nghiém ctia phuong trinh f(x)=0.

Vidu 2.3. Xét ham s6
f(x)=x3—x—3, x €[1,2].
Ham s6 f(x) kha vi vé6i
fl(x)=3x*—1.
RO rang, f'(x)>0trén [1,2], f(1)=-3, va f(2) = 3. Vay, f(x) don diéu tang

trén [a, b), hai gia tri f(1) va f(2) trdi ddu nén theo Dinh li khoang [1,2]
la mot khoang tach nghiém ctia phuong trinh f(x)=x*—x—3=0.

Gia st f(x) c6 nghiém duy nhat « trén [a, b], ticla f(a)=0. Gia st bang
mot phuong phap nao dé ching ta tim dugc X €[a, b]1a mot xap xi ciia a.
Van dé dat rala ddnh gid sai s6 clia phép xap xi & ~ a. Mot cau tra 16i cho
van dé nay nhu sau:

Pinh Ii 2.4: Udc lugng sai s
Gia st f(x)1a ham kha vi trén [a, b] va dao ham cta f théa man
|f'(x)|=m>0, x¢&la,b],

v6i m 1a mot hang s6 duong. Gia sit a € (a, b) 1a mot nghiém ctia
phuong trinh f(x)=0va X € (a, b) la m6t so xap xi ctia a. Khi dé
|f(X)]

[X—a| < .
m

Chiing minh. Gia st X # a. Theo dinh li Lagrange, ton tai ¢ nam gitia % va
a sao cho

X)— fla ,
FO=F@ _ ey
i—a
Thay f(a)=0valay gia tri tuyét d6i hai vé, ta c6
f(x) /
= >m.
=1z m
Tt day ta dé dang suy ra diéu phai chiing minh. O
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Vi du sau day minh hoa cach 4p dung dinh li trén dé danh gi4 sai s6 cho
mot nghiém gan ding.

Vidu 2.4. Xét phuong trinh f(x)= x*—x—3 =0 c6 mot khoang tach nghiém
la[1,2]. Gia st & = 1,67 la mot nghiém gan diang. Tim sai so tuong doi cua
no.

Loi giai
BGivi f/(x) =3x%—1nén véi moi x €[1,2], ta co
If/(0)l= f/(x)=3x1°—1=2.

Do d6, chiing ta lay m =2.
V6i % = 1,67, ta dé dang tinh dugc

|f(%)=11,67>—1,67—3|=0,012537.

Tit d6, néu « 1a nghiém ding ctia phuong trinh trong [1,2] thi

¢l F(£)] _0,012537

| % =0,006268.

m

Nhu vay, néu % = 1,67 1a mot nghiém gan ding thi né c6 sai s6 tuyét d6i
A; =0,006268, trong khi do6, sai so tuong doi ctia né la

Ag
5=
X =0z

~ 0,0038.

Nhu vy, nghiém gan ding & = 1,67 c6 sai s6 tuong doi kha nho, khoang
0,38%.

2.2 Phuong phap chia doi

Gia sit phuong trinh f(x) = 0 c6 nghiém duy nhat x = a trong khoang
tach nghiém [a, b] v6i f(a)f(b) < 0. Trong phudng phéap chia doi (bisection
method) chiing ta bat diu bang viéc dat

a,+b
a, =a, blzb, MIZ%.

Khi d6, diém m, chia khoang [a;, b,] =[a, b]1am hai khoang c6 do dai bang
mot nita khoang tach nghiém ban dau. Tinh gia tri f(m;) va tuy theo ket
qua thu dudc ma thuc hién budc tiép theo. Cu thé nhu sau:

 Néu f(m;)=0 thi nghiém a =m,.
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e Néu f(m;)#0, thi f(m,) cing d4u véi f(a,) hodc f(b,). Khi d6, xét hai
truong hgp con sau:

— Néu f(m,)va f(a,) cing dau, thi f(m;) va f(b,) trai dauva[m,, b;]
la mét khoang tach nghiém ctia méi phuong trinh. Khi dé, ching
ta dét a, =1ny Vé bz = bl'

— Néu f(m,)va f(b,) cung dau, thi f(m,) va f(a,) trai ddu va[a;, m; ]
la mét khoang tach nghiém mdéi cia phuong trinh. Khi d6, ching
ta dat a, =a, va b, = m.

Nhu véy, trong moi truong hgp thi ching ta xac dinh dugc mot khoang
tach nghiém mdi véi do dai bang mét nita khoang tach nghiém ban dau:

b, —a,

bz_azz )

Lap lai qua trinh trén, chiing ta thu dugc cac khoang tach nghiém [as, bs],
ey [ak,bk], ...,Véi
by —a,

2k-1 °

b.—ai =

Khi dé, chiing ta c6 thé 1ay my = (a; + b;)/2 1a gid tri gan ding clia nghiém
a, vOi sai so
b —a,

ok

|my—al <

CAS 2.3. Chting ta hay viét mot chuong trinh R tinh gan ding nghiém
clia phuong trinh phi tuyén bang phuong phap chia do6i va ap dung cho
phuong trinh x*—3x +1 = 0 trén khoang tach nghiém (1,2). Chi tiet nhu
sau:

bisection_method <- function(f, a, b, tol = 1le-6, m = 1000) {

i<-0
fa <- f(a)
fb <- f(b)

while (abs(b - a) > tol && i < m) {
c=(a+b) /2
fc <- f(c)
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if (sign(fc) * sign(fa) < 0) {
b <-c
fb <- fc
i<-1+1
} else if (sign(fc) * sign(fb) < 0) {

a <-c¢c

fa <- fc

i<-1i+1
} else {

b <-c

a<-c¢

i<-1i+1

c=(a+b) /2

return(list(root = ¢, iter = i))

options(digits = 8)
f <- function(x) x4 - 3 *x x + 1
bisection_method(f, 1, 2, 1le-6)

## $root

## [1] 1,3074861
##

## $iter

## [1] 20

Néu « 12 nghiém diing ctia phuong trinh thi ham bisection_method ()
nhu trén cho ra mat gia tri x* thod man |x*—a| < tol hoac f(x*)=0. Két qua
chay may tinh cho nghiém gan ding sau 20 budc lap.

CAS 2.4. Phuong phap chia déi dugc 1ap san trong chiic nang bisect ()
ctia géi pracma ctia phan mem R. Vi du,

library(pracma)

f <- function(x) x74 - 3 * x + 1

bisect(f, 1, 2, 20)

## $root
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## [1] 1,3074865

##

## $f.root

## [1] 2,5732532e-06
##

## $iter

## [1] 20

##

## $estim.prec
## [1] 1,9073486e-06

Két qua thu dugc tit bisect () clia g6i pracma véi 20 budc lap phit hop

v6i két qua clia chuong trinh R trong CAS[2.3|véi sai s6 dugc yéu cau la
tol <1075,

2.3 Phuong phap lap don

N6i dung chinh ctia muc nay la phuong phap lap don, con goi la phuong
phap lip diém bat dong. Tai liéu tham khao: T. V. Pinh [6, §2.3], P K. Anh
12, SVIL.2], Kreyszig [9} §19.2].
Gia st phuong trinh (2.2) c6 mot nghiém « trong khoang tach nghiém
[a, b]. Phuong phap lip don néi chung bat dau bang viéc chuyén (2.2) vé
dang
x=¢(x), (2.4)
sao cho tuong duong véi trong [a, b], c6 nghia la cling c6
[a, b]1a khoang tach nghiém v4i nghiém a. Nhu vay, bai toan tim nghiém
ctia phuong trinh f(x)=0 quy vé bai toan tim “diém bat dong” ctia ham
S0 ¢.
(éhon mot xap xi dau tién x, € [a, b] va xdy dung day lap theo cong thiic
truy hoi
Xp=¢(x,—1), n=12,... (2.5)
V6i mot sb diéu kién nhat dinh, gia tri x,,, khi n “d( 16n” cho mot gia tri
gan dung clia nghiém a véi sai s6 “di nho”. Phuong phap lap st dung cong
thiic truy hoi goi la phuong phap lap don, vi cac buéc lap st dung
cling mdt cong thiic truy hoi.

2.3.1 Swhoitu

Pinh nghia 2.2:

Néu day {x,} >0 xac dinh béi 2.5) hoi tu t6i nghiém a clia (Z4) khi
n — oo thi ta néi phuong phap lap don hoi tu.
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Néu phuong phap lap hdi tu thi, v6i mét sai s6 cho phép e > 0 cho trudc,
khilay n “d016n”, ta c6 a ~ x,, v6i sai s6 tuyét d6i gidi han khong vugt qua
e. Ngudc lai, néu qua trinh lip khong hai tu, thi cac gia tri x,, khong c6 ¥
nghia trong bai toan tinh gan ding nghiém.

Dinh li sau day cho cac diéu kién di1 d€ c6 dugc su hoi tu trong phuong
phap lap don.

Dinh li 2.5: Dinh li hoi tu
Gia stt phuong trinh (2.4) c6 mot nghiém a trong [a, b] va ham sO ¢
c6 dao ham théa man hai dieu kién sau:

(i) V6imoi x €[a, b], p(x)<[a, b].

(i) |¢'(x)|<g<1v6imoix€(a,b].

Khi dé, x, hoi tu t6i a:

lim x, =a.
n—0oQo

Dinh 1i[2.5]1a mot hé qua ctia dinh Ii diém bit dong Banachf} Vi vay,
phuong phap lap don dua trén dinh li nay thuong dudc goi la phuong phdp
ldp diém bdt dong. Tru6c khi chiing minh dinh li trén, chiing ta tim hiéu vi
du cu thé sau day.

Vidu 2.5. Xét phuong trinh
f(x)=x*~x—1=0. (2.6)

Biét n6 c6 mot nghlem a phanli trong doan [1,2]. Bang phuong phap lap
don, hay tinh gan ding a véi sai s6 khong vudt qua 0,5 x 1074,

Loi giai

Pua phuong trinh da cho vé dang phuong trinh diém bat dong x = ¢(x)
bat dau bang bién d6i n6 vé dang

X=x+1.
Tiép theo, chia hai vé cho x,
1
xt=1+—.
X
Lay can bac hai hai vé,
1
x=\|1+—.
X
N——
¢(x)

3Stefan Banach (30/3/1892 - 31/8/1945) la mot nha todn hoc ngudi Ba Lan.
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Dé thay cac phép bién ddi trén 1a tuong duong trén [1,2]. Nhu vay, ching
ta da dua phuong trinh da cho vé dang x = ¢(x) véi

\ 1
¢(X): 1+;.

Néu x €[1,2] thi0,5< 1 <1. Do d6,

V15<¢(x)< V2.

Tu d6 suy ra ¢(x) € [1,2]. Nhu vay, ham ¢(x) théa man diéu kién (i) clia

Dinh li

Mit khac, lay dao ham ctia ¢(x), ta c6

-1
2xVx+1

V6i x €[1,2] thi 2xv/Xx + 122 x 1 x /T+1=2+/2. Tt d6, chling ta suy ra

9'(x)=

1 1

LA T s W R

d ~ < X oA . A s 1
Vay, ham ¢ (x) thoa man dieu kién (ii) trén [1,2] v6i g = Wk
Tém lai, ¢(x) théa man ca hai diéu kién ctia Dinh li[2.5} Phuong phap
lap don hoi tu v6i moi cach chon x, €[1,2].

DEé don gian, ta chon x, = 1,5 va thiét 1ap day

Xo = 1,5,

Xiy1 = ].+x—
i

Hay tinh cac x4p xi x;. Tai m6i budc, ta quy tron két qua véi 4 chii sb6 sau
dau thap phan, va thay vao budc tiép theo. Ket qua dugc ghi trong bang
sau:

i Xi If(x)l i — x|
0 1,5000 0,8750 -
1 1,2910 0,1393 0,2090
2 1,3321 0,0317 0,0411
3 1,3231 0,0069 0,0090
4 1,3251 0,0016 0,0020
5 1,3246 0,0005 0,0005
6 1,3247 7,658-107° 0,0001
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Chi y rang, v6i xg = 1,3247, gia tri | f(xg)| rat nhé. Ta lay a ~ x va danh
gia sai s0 nhu sau: V6i f(x)=x3—x—1, chiingta c6

f/(x)=3x*-1.
Tl d6 suy ra |f’(x)| > 2 khi x €[1,2]. Nhu vay,

X
el <109

<3,829-107°.

Vay, xg 1a mot xap xi théa man yéu cau, c6 nghia la a ~ xg = 1,3247.
Chii y 2.1. C6 nhiéu cadch dua mot phuong trinh dang f(x) = 0 vé dang
x = ¢(x). Chang han, chiing ta c6 thé dua vé dang
x=3x+L
tic 1a dang x = ¢(x) v6i ¢(x) = v/ x + 1. Khi dé,
V2<p(x)<V3 Vxell,2].

Hon ntia, .

¢'(x)= 3(x+1) 213,

9 =3 f
Do d6, v6i cach chon ham ¢ nhu vay, phuong phap lap don nhu trén cting
hoi tu v6i moi xap xi dau x, €[1,2].
Phan tiép theo, chiing ta chiing minh Dinh li

Ménh dé 2.1:

Gia st ¢ 1a ham s6 théa man diéu kién trong dinh 1i[2.5] Khi d6, véi
moi x,y €[a, b],

lp(x)=p(y)I<glx—yl

Chiing minh. Néu x = y thi dang thiic trén 1a 16 rang. Néu y # x, khong
mat tong quat, ta gia st y < x. Theo dinh li Lagrange (xem N. V. Khué-L.
M. Hai-N. D. Sang [8, ChuongII, §2]), ton tai z €[y, x] sao cho

, —P(x
o) PWI=0),
y—x
Vay
[Pp(x)—9(y)=19'(2)- Ix—yl<qlx—yl
vi|¢'(z)|<q.Taco dleu phai chiing minh. O
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Chiing minh Dinh li] Dé chitng minh x,, hoi tu téi e, chiing ta sé chiing
minh
|x, —al < gq"|x,—al. 2.7)

RG rang, bat dang thiic (2.7) dting v6i n = 0. Gia stt né diing véi n = k, tiic la
% —al < g"|x—al. 2.8)

Via=¢(a)va xp;, = ¢(x;) nén, ap dung Dinh li va gia thiét quy nap, ta
co

| X1 —al =@ (xx) — @ ()|

<qlx—al
<q(q~1x—al)
=4 1x—al.

Vay, dlng véi n = k + 1. Theo nguyén li quy nap, n6 phai ding vi moi
n=>0.

Chti Y rang 0 < g <1 nén g” hoi tu vé 0 khi n — oo. Ap dung dinh li gi6i
han bi kep (N. V. Khué-L. M. Hai-N. D. Sang [8, Chuong I, §4.5]) vao bat
d:fmg thiic (27), ta ¢6 | x,, — | — 0 hay x,, — a khi n — oo. Ta két thiic chiing
minh. O

Nhan xét 2.1. Trong Dinh li , ching ta c6 thé thay gia thiét (i), diéu kién
¢( )€la, b]v6i moi x €[a, b], béi dieu kién x, €[a, b] v6i moi n. Mat khac,
vi du sau day cho thay diéu kién nay 1a can thiét.

Vidu2.6. Xétham sb ¢(x)=1—+/x. Phuong trinh x = ¢(x) c6 dang phuong
trinh bac hai ctia v/x:
x+v/x—1=0. (2.9)

Khi d6, t = +/x phaila nghiém duong ctia phuong trinh
t*+1—1=0,
ticla t = 3(—1 ++/5), va vy thi

x=(—1+«/§)2:3—«/§

~0,382.
2 2

Goinghiém nay la a thiro rang a €[1/3,1] va né la mot khoang tach nghiém
ctia phuong trinh 2.9).
Mat khac, béi vi
1

¢/(x)=—m,

néu chuing ta c6 danh gia

lp’(x) < ? <1, Vx>1/3.
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C6 nghiala ¢ théa man diéu kién (i) cia Dinh hvdl q= §
Bay gio, chiing ta xem xét hai cach chon xap xi dau x, khac nhau va
ching cho cac ket qua khac nhau:

e Chon x, =1 vaxac dinh day x,, = ¢(x,_,) thi ching ta c6 x; = ¢(1)=0.
Vay thi x; nam ngoai khoang tach nghiém. Tiép tuc tinh, ta c6 x, =
¢(x)=¢(0)=1, .... Mot cach tong quat, chiing ta tinh dudc

0, neunlé,
Xn = 2 1
" |1, néun chan.

RO rang, day x,, khong hoi tu: Day lip x,, khong cho ta mét xap xi di
tot ctia nghiém cta phuong trinh ban dau. Trong truéng hgp nay, qua
trinh tinh x,, 1a mot vi du vé qud trinh tinh khong on dinh.

* Chon x,=1/3 vaxac dinh x, = ¢(x,_,) thi ta dugc x, = 1(3—v3), ... C6
thé chitng minh dugc day nay luén nam trong [1/3,1] va do d6 né hoi
tu téi a.

Luu v, ban doc c6 thé kiém tra qua trinh lap don trén hoi tu véi moi cach
chon x,€(0,1).

N 2 N
Ve cach chon xap xi dau tién

Tit Vi du [2.6} ndy sinh van dé chon gi4 tri xAp xi ban dau x, phit hgp sao
cho day lap x,, hoi tu.

Gia sti ta da c6 diéu klen (i) ctia Dinh hn ¢/ (x)| < g <1trén[a,b].
Khi dé, chiing ta chon x4p xi dau tién dua theo cac nguyén tic sau:

e Truong hop 1: Néu ¢’(x)> 0 v6i moi x €[a, b]. Khi d6, ta chon x, tiy
y. Neu a < x, < a thi day lap tdng va hdi tu téi a, con neu a < x, < b thi
day lap giam va hoi tu t6i a.

. Trlmng hop 2: Néu ¢’(x) < 0, hoic doi dau trén x €[a, b]. Khi d6, ta
can chon x, sao cho x, gan a hon so véi hai dau mit a, b, c6 nghia la

| %o —a| < min{|la —al,|b —al}. (2.10)

No6iriéng, néu a < (a+b)/2 thita cé thé chon x, = a, con néu (a+b)/2 <
a thi ta c6 thé chon x, = b. Trong moi truong hop, day x, “dao dong”
xung quanh va hoi tu vé a.

41



CHUONG 2. TINH GAN PUNG NGHIEM CUA MOT PHUONG TRINH

2.3.2 Ddnh gid sai so

Gia sti phuong trinh (2.2) hodc 2.4) c6 nghiém duy nhét « trong khoang
tach nghiém [a, b] va day cac xap xi x,, xac dinh béi 2.5) théa man x,, — a.
Cau hoi dat ra la v6i gia tri n 16n bao nhiéu thi ching ta dat dudc sai so bé
nhu mong muén. Néi cu thé hon, gia st chiing ta mubn sai s6 tuyét dbi
|x, —al < € v6i € cho trudc, thi can tinh den budc lap thit may?

DE tra 18i cau hoi nay, chiing ta can tim mot sai sb tuyét dbi gii han
cta x, (phu thudc vao n). Tu bat dang thic (2.7), ta thu dugc

|x, —al<q"|xo—al<q"|b—al.
Nhu vay néu chon 7 sao cho g”|b —al < €, hay
In(e/(b—a
_ Ine/(b—a)

) (2.11)
Ing

thi gid tri x,, 1a mot xap xi clia nghiém « véi sai sb tuyét d6i khong 16n hon
€. Tuy nhién, trong thuc hanh, gia tri n thoa man (2.I1) nhu trén thuong
qua lén.
Thay vi danh gia sai s6 |x,, —a| theo a, b va g, chiing ta c6 thé danh gia
né qua x, va x,_;. Ching ta bat dau véi
|xn —(Il < qlxn—l —Cl|
< qlxn—l —Xp+ Xy —C{|
< 6/(|xn71 _xn| + |xn _al)-
T d6 suy ra
(1 - q)|xn _a| < q|xn—l - xn|'
Vi1—gq >0 nén ta chia hai vé ctia bt dang thiic cho 1—¢ va thu dudc cong
thitc ddnh gid sai so thit nhdt:

|xn - al < 1—
Nhian xét 2.2. Bang cach ap dung Dinh li cho ham f(x) = x —¢(x)
chting ta ciing c6 thé thu dugc cong thiic danh gia sai s6 thit nhat. That
vay, ta co

q
q|xn—l_xn|' (212)

If' () =1-¢'(x)21-|¢'(x)|=1—gq.
Vay, ta chon m =1—¢ > 0 thi |f’(x)| > m v6i moi x €[a, b]. Theo dinh li trén

|F ()l 1% — @ (x0)
m 1—q
_ |¢(xn—l)_¢(xn)|
= l—q
< qlxn—l_xn|‘
I-q

|xn_a| <
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D6 chinh la cong thiic ddnh gia sai s6 thi nhét.

2.3.3 Tom tdt phitong phdp lip don

Phuong phap lap don dugc thuc hién qua cac buéc sau:

1.

2.

7.

Cho phuong trinh f(x)=0,

An dinh sai s cho phép e,

. Tim khoang tach nghiém [a, b],
. Tim ham 13p hoi tu ¢(x) thoa man diéu kién hoi tu,
. Chon xap xi dau x,,

. Thuc hién qua trinh lap

X, = @(x,-1),
cho dén khi mot trong céc diéu kién diing théa man,

Két qua a ~ x,,.

CAS 2.5. Tir tém tat trén, dé dang xay dung mét chuong trinh may tinh
dé thuc hién phuong phép lap don. Duéi day 1a mot doan ma R minh hoa
cach dung vong lap “for” trong ham simple_iteration() thuc hién qua
trinh 1ip don véi ham 14p phi va bat dau tai start. Doan ma sé gitp thuc
hién cac tinh toan trong Vi du mot cach nhanh chong.

simple_iteration <- function(x0, phi, tol = le-6, m = 100)

{

x <- x0

for (i in 1:m) {

x1 <- phi(x)
if (abs(xl - x) < tol) {
cat ("Két qua sau",i,"budc:", x1,"\n")
break
}
x <- x1
+
return(x)
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phi <- function(x) sqrt(l + 1 / x)
x0 <- 1.5

solution <- simple_iteration(x0, phi)

## K&t qua sau 9 budc: 1,3247178

2.4 Phuong phap Newton-Raphson

Muc nay néi vé mét phuong phap mang tén nha khoa hoc Issac Newton va
nha toan hoc Joseph Raphso dé xap xi nghiém ctia mét phuong trinh phi
tuyen. Tai liéu tham khao: T. V. Dinh [6, §2.4], P. K. Anh [2} §VIIL.4], Kreyszig
9, §19.2].

2.4.1 Mo ta phuong phap Newton-Raphson

Ciling nhu phuong phap lap don, phuong phap Newton-Raphson xdy dung
mot day xg, X, %, ..., theo mdt cong thiic truy hoi dé xap xi nghiém clia
mot phuong trinh dang (Z.2). Phuong phap nay bat dau bang viéc thay thé
phuong trinh ban dau (Z.2), thudng 1a phuong trinh phi tuyén, bang mot
phuong trinh x4p xi ¢ dang tuyén tinh.

Nhiéc lai ring, néu ham s6 f(x) 12 ham kha vi tai x, thi

) fim LO=F00)

X=X X — Xy
Do dé, néu ching ta dat
Ly (x)= f(x0)+ F/(%0)(x — xo),

thi c6 thé khai trién f(x)nhu sau:

f(x)= Ly (x)+ h(x) (2.13)
vOi h(x) théa man
. h(x)
li =0.
X=X X — X

4Joseph Raphson (khodng 1668 — 1715) 1a mét nha todn hoc ngudi Anh.
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Cong thiic Z.13) 1a trudng hop riéng ctia khai trién Taylor ctia ham f tai
diém x, va L, goila xip xi tuyén tinh clia f tai x,.
Xét phuong trinh “x4p xi” tuyén tinh

on (x)=0
clia phuong trinh (2.2) tai x,. V6i diéu kién f’(x,)# 0, n6 c6 nghiém

= x _f(xo)
e f’(xo)'

Tiép theo, xét phuong trinh tuyén tinh héa tai x,, phuong trinh L, (x)=0.
Dé thay néu f/(x;)#0 thi nghiém ctia né 1a

. f(x)
' f/(xl)‘

Lap lai qua trinh nay, ta thu dugc mot day x,, x;, x,, . ...
Toém lai, chiing ta thu dugc day {x,} xac dinh bdi hai phudng trinh

Xo =X

x, cho trudc,
f(xn) (2.14)

Xn+1= Xn— m,
goi 1 qud trinh Newton bat dau tit x,.
Nhan xét 2.3. Néu f'(x)#0 trén [a, b] thi ham s6
flx)
f(x)

xac dinh trén [a, b]. Khi d6, phuong trinh f(x)= 0 tuong duong véi x = ¢(x).
Vi vy, phuong phap Newton c6 thé xem 1a mot trusng hgp dic biét ctia
phuong phap ldp ma chiing ta da tim hiéu trong muc truéc.

O(x):=x—

2.4.2 Swhoitu

Phuong phap Newton-Raphson c¢6 y nghia khi day x,, hoi tu t6i nghiém «
ctia phuong trinh f(x) = 0 dang xét. Su hoi tu nay c6 dudc trong truong hgp
tong quat khi mot sb diéu kién dugc théa man. Vi du, su hdi tu c6 dugc khi
f kha vilién tuc dén cép 2, f'(a)#0, va xap xi ban dau x, chon “di gan” «
(Dinh 1i[2.7). Tuy nhién, két qua nay chi mang y nghia li thuyét, vi né khong
néu 16 chon x, thé nao 1a di gan a. Trong thuc hanh, viéc chon x, nhu nao
dé day x,, xay dung béi thuat toan Newton-Raphson hoi tu téi nghiém can
tim, ta dua trén két qua sau day.

45



CHUONG 2. TINH GAN PUNG NGHIEM CUA MOT PHUONG TRINH

Dinh li 2.6: Newton-Raphson

Gia st [a, b] la mot khoang tach nghiém ctia phuong trinh f(x)=
ham f(x) c6 dao ham t6i cap 2 v6i f/ va f” khong doi dau trén (a, b).
Gia stt x, 12 a hodc b sao cho f(x,) cing dau véi f”(x,). Khi dé, day
x, xac dinh béi hoi tu t6i nghiém a khi n — co. Cu thé han,
x, 12 ddy don diéu ting t6i @ néu f’ va f” trai dau va x,, 1a day don
diéu gidm t6i @ néu f’ va f” cting dau.

Chiiy 2.2. Diém x, thdba man diéu kién “ f(x,) va f”(x,) ciing dau”, tic 1a
F(x0)f"(x0)>0,
thudng dugc goi 1a diém Fourie

Chiing minh Dinh li[2.6, Vi f’va f” giti nguyén dau trén khodng dang xét,
nén ta cé thé chia lam 4 trudng hop tity theo diu clia chiing. Tuy nhién, ta
sé chi trinh bay chiing minh chi tiét trong trudng hdp f’>0va f” <0 trén
[a, b], vi 3 truong hgp con lai c6 thé dugc chitng minh tuong tu.

V6i gia thiét nhu vay, f(x)1a ham ting trén [a, b] nén f(x) <0 trén [a, a)
va f(x)> 0 trén (o, b]. Nhu vay, x, thoa man diéu kién Fourier néu va chi
néu f(x,) <0, ticla x, < a.

Xét ham s6

Khi dé, cong thiic 1ip Newton-Raphson viét gon 1a

X, =¢(x,_1), n=12,....
Ta sé chiing minh
x<px)<a (2.15)
v6i moi x €[a, ). That vay, v6i x €[a,a) taco f(x)<0va f'(x)>0nén, theo
dinh nghia ctia ¢, ta c6 ¢(x)> x. Bat dang thtic thit nhat dudc chiing minh.
Mit khac, bang tinh toan truc tiép,

/ F)Y
¢lx)= (x_ f’(x))
(f’(x)z—f G
x
e
=T Fwp

5Jean-Baptiste Joseph Fourier (1768-1830) la mot nha todn hoc ngudi Phép.

=1-

>0,
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v6i moi x €[a, a), theo gia thiét vé diu ciia cdc dao ham clia f. Tit d6, theo
dinh li gia tri trung binh,

P(x)—¢(a)=(x—a)p’(c) <0,

do x < a. Vay,
fla)
x)<oad)=a— =q,
PD<pla)=a—s
do f(a)=0. Tt d6, cdc bat dang thiic trong dugc chiing minh.
Bay gio, ap dung @.15), chiing ta c6 x, < ¢(x,) = x; < a. Bing quy nap,
ta suy ra

x0<x1<--~<x <xn+1<"‘<a

Vay, day {xn} la day tang ngdt va bi chan trén bdi a nén n6 hoi tu. Goi ¢ la
giéi han cua no thi

(= lim x, = lim §(x,_ 1)=¢(H1L@oxn)=¢(e),

n—oo

c6 nghia la ¢ 1a nghiém ctia phuong trinh x = ¢(x), cling 1a nghiém cta
phuong trinh f(x) = 0 trong [a,a]. Do d6, bt budc ¢ = « va chiing ta két
thtc chiing minh. O

Mot trong nhiing nhugc diém clia phuong phap Newton—Raphson la
can phal tinh khong chi f(x) ma ca dao ham f’(x). Tuy nhién, c6 nhiing
tinh huéng ma diéu nay lai glup cho ching ta don gian héa viéc tinh toan,
nhu trong hai vi du kinh dién sau day:

Vidu 2.7. Cho a > 0.Xét phuong trinh

f(x):za—;zo. (2.16)

N6 c6 nghiém diing duy nhatla x =1/a.
Néu biét mot biéu dién thap phan clia a, thi ching ta c6 thé tinh 1/a
bang cach thuc hién phép chia trong hé thap phan.
Mt khéc, f'(x)= - >0 va f”(x)=—2x"% < 0 (v6i x #0), nén ta c6 thé
duing cong thtic truy hoi Newton-Raphson
Xpq1 =2xk—ax,§, 2.17)
dé thu dugc mot day hoi tu t6i 1/a, mién 13 x, théa man diéu kién Fourier.
Trong truong hgp nay, x, phai théa man f(x,) < 0 hay
1
Xo< —.
a
Mbt diéu thi vi nén luu y trong cong thiic truy hoi (Z.17), chiing ta chi can
thuc hién phép cong va nhan ma khong can den phép chia. No6i cach khac,
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chting ta da don gian héa qua trinh tinh toan (thay phép chia bang phép
cong va phép nhan), véi mot cai gia can danh d6i 1a két qua thu dudc chi
12 gAn ddng. Tuy nhién, trong mat s6 trudng hop, chiing ta cling khong thé
biéu dién gia tri ding ctia phép chia 1/a, vi du nhu 1/7, vi két qua clia n6 1a
mot sb thap phén vo han.

Dé lay vi du, xét a =7 va chon x, = 0,1. Khi d6, c6 thé dé dang tinh bing
tay nhu sau:

X =2-0,1—7-(0,1>=0,2—0,07=0,13,
X, =2-0,13—7-(0,13)>=0,26—7-0,0169 = 0,1417,
x3=2-0,1417—7-(0,1417)* = 0,2834—0,1405523 = 0,14284777.

Lam tron két qua cudi cling, ta thu dudc 1/7 ~ 0,14285 v4i 5 chit s6 dang tin.

Chii y 2.3. Cong thiic truy hoi c6 thé dudc mé rong cho bai toan
tim nghich dao hoac gia nghich dao ctia mot ma tran trong thuat toan
Hotelling-Bodewig (con goi la phuong phap Newton-Schultz). Ban doc
quan tim c6 thé tim doc P. K. Anh [2, §6.5] hodc Dahlquist-Bjorck [5].

Vi du 2.8 (Thuat toan Heron®). Cho a >0, xét phuong trinh bac hai
f(x):=x*—a=0. (2.18)

Nghiém duong clia phuong trinh d6 cé thé viét dang x = v/a. Nhung
16i giai nay chi c6 y nghia vé mit i thuyét, do cin bac hai va theo dinh
nghia 1a mét s6 duong ma binh phuong 1én bang a. Do dé, néu cho mot
biéu dién thap phan ciia a, thi cach viét /a khong cho chiing ta mot biéu
dién thap phan ctia nghiém a.

Van dé clia ching ta 1 tinh gan ding /a va viét két qua duéi dang
s6 thap phan. Mic du diéu nay c6 thé dé dang tinh dudc bang may tinh,
nhung chiing ta hay hinh dung lam thé nao may tinh dién t{ chi 1am viéc
v6i cac bit 0 va 1 lai c6 thé tinh toan dugc nhiing phép tinh lay cin bac hai.

Chu ¥ rang trén (0,400), f/(x)=2x>0va f”(x)=2>0. Véi x,> 0 tuy ¥,
xét day s6 xay dung theo phuong phap Newton @.14):

X 1 a
flo) (xn+—), n=0,1,2,...

n

frx,) 2

Xay ra cac truong hop sau:

Xn+1 = Xp —

1. xo> +a.Xhi d6, phuong trinh f(x)=0 c6 mdt khoang tach nghiém
1a [0, x,]. Theo dinh i day x, la day don diéu giam tGi v/a, tic la
x, — v/a khi n — oco.

6Thuat todn dugc mé ta béi Hero clia Alexandria vao thé ki thi hai trong cubn Metrica ctia 6ng.
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2. xp < a. Theo bat ding thitc Cauchy, ta c6

x1=1(x0+i)z xo(xio):\/ﬁ.

2 Xo
Vay, bat dau tit x,, day la don diéu giam vé v/a.
3. J/X;=+/a.Dayladaydung, ticla x,=x;=---.

Nhu vay, bang thuét toan Heron, chiing ta c6 thé xay dung day lap dé
xap xi can bac hai cia mot so duong véi cong thic truy hoi chi bao gom
phép tinh so hoc gom phép cong, trtr, nhan va chia.

Nhan xét 2.4. Hai phuong trinh (2.16) va (2.18) trong hai vi du trén la hai
trudng hop riéng ctia phuong trinh tdng quat

xP=a, p=%1,%£2,.... (2.19)

Day lap Newton-Raphson x;, x,,... cho xap xi nghiém dudc tinh theo cong
thtc truy hoi

1
X1 = (p—Dx,+ax)"). (2.20)

D6 14 cong thiic truy hdi dudce dliing trong mot s6 thuat todn mdy tinh dé
tinh céc can thiic {/a ctia cac so a.

CAS 2.6. Dé minh hoa (2.20), chiing ta hay viét mot vong lap ngin bang
ngon ngl R trong do6 chi thuc hién cac phép toan so hoc (cong, tr, nhan,
chia) dé tinh can bac ba ctia mét s6 thuc.

cuberoot <- function(a, tol = le-6) {

if (a == 0) {
return(0)

} else {
x <- 1
while (abs(x * x * x — a) > tol) {

x<- (2*x+a/ x*x)) /3

}

}

return(x)
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a <- 10
result <- cuberoot(a)
print(result)

## [1] 2,15443469

Két qua chay cuberoot(a) véi tham sb a = 10 cho V10~ 2,154434692.

2.4.3 Ddnh gid sais6

Trong muc nay, chiing ta trinh bay hai két qua vé uéc lu’dng sai sé trong
phuong phap Newton—Raphson Két qua thit nhat danh gia sai s6 trong
buéc thii n + 1 thong qua sai s6 trong budc thi n. Két qua nay suy ra rang
phuong phap Newton-Raphson hdi tu bac hai. Két qua thit hai c6 nghia
hon vé mit thuc hanh, cho phép danh gid sai s6 trong buéc thit 7+ 1 qua
su sai léch gitta hai xap xi thit n va thit n + 1.

Gia sti ring ham f 6 dao ham dén cﬁp hai lién tuc, f(a)=0va f’(a)#0.
Gia st {x,} la day xac dinh béi thuat toan Newton-Raphson va x,, — a. Xét
cac sai sb

€, =a—x,, n=12,....

Khi do

Cnn1=aA—Xpp

- (x" B J{’((J;Z)))

(f(a)—f’(xn)(a—xn)—%f”(cnxa—xnf)

f 62 (2.21)

n

V6i mbi n, ¢, nam giita a va x,,. Vay, ¢, hoi tu téi a. Tt d6, ta c6 uéc lugng
lenil < Cleal?, (2.22)

v6i C 1a mot hiang s6 duong phu thudc vao dao ham cap mét va cap hai clia
f(x). Vidu, néu [a, b] 1a khoang tach nghiém ctia nghiém « va x, €[a, b]
v6i moi n thi ta c6 thé xét

M = max |f”(x), m= min |f'(x (2.23)
x€la,b] x€la,b]
va lay
M
C=—-.
2m
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Udc luong (Z.22) c6 ¥ nghia vé mit Iy thuyét. N6 néi rang, véi diéu kién
f’#0 va diéu kién hoi tu dugc théa man, phuong phap Newton-Raphson
héi tu bdc hai t6i nghiém « cta f(x).

Vé mit thuc hanh, udc luong (2.22) khé ap dung vi khong cho ta danh
gia cu thé sai sb tai budc lap thi . Ta cé thé stt dung ddnh gid quen thudc

| % —a] < GV ();’fl“)l, (2.24)

v6i m xac dinh nhu trong (2.23). Mit khéc, khai trién Taylor véi s6 du dang
Lagrange ciia ham f tai x, cho ta

//(C )

f(xn+1 f +f xn+1 X )+ Tn(xn+1_xn)2-

Tit cong thic truy hoi, ta c6
f(xn) + f/(xn)(xn+1 - xn) =0.
Cung vd6i (2.24), ta thu dugc
M
|xn+1_a| < _|xn+1_xn|2- (2.25)
2m
Vidu 2.9. Dung phuong phap Newton-Raphson tinh gan diing nghiém
ctia phuong trinh quen thudc sau:
x —sin(x)—0,25=0.
Cac két qua 1am tron t6i 5 chit s6 sau dau phay thap phan (T. V. Dinh [6]).
Loi giai
Ta biét ring [Z,Z2]1a mot khoang tach nghiém ctia phuong trinh da cho.
V6i f(x):= x—sin(x)—0,25, ta co
f'(x)=1—cosx, [”(x)=sinx.

D0 trén khoang dang xét, f’(x)va f”(x) déu duong nén ta chon x, = /2 1a
xap xi dau (th6a man diéu kién Fourier) va xay dung day theo quy trinh
Newton

f(xe)

X =X — .
k+1 k f/(xk)

Céc két qua tinh toan bang may tinh dugc ghi trong bang sau:
Dé danh gid sai s6, chiing ta hay xét dao ham f’(x)=1—cos(x). R rang,
trong khoang x €%, 51,

V2
fl(x)>1- = >0,29288,
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i X; f(x;) f'(x)  xi—f(x)/f'(x)
0 1,57080 0,32080 1 1,25000

1 1,25000 0,05102 0,68468 1,17548

2 1,17548 0,26052x 1072 0,61490 1,17124

3 1,17124 0,63222x10~° 0,61099 1,17123

4 1,17123 0,21232x 1076

Bang 2.1: Tinh todn trong Vi du[2.9]

trong khi do,
()| =1sin(x)| < 1.

Vay, néu lay M =1, m = 0,29288 thi véi x;,

J(x4)
m

|x,—al < ~1,1612x 107",

Ciing c6 thé danh gia
M
|x,—a| < —|x,— x5 ~ 2 x 1071,
2m

C4c sai sb tuyét dbi gidi han nay nho6 hon rat nhiéu 1an so véi sai s6 quy
tron. Vay, ¢ ~1,17123.

DPinh1i2.7:

Gia st f 1a ham c6 dao ham dén cép 2 lién tuc trén [a, b]. Gia st
a € (a,b) 12 mot nghiém clia f(x) = 0, v6i f(a) # 0. Khi d6, ton
tai 6 > 0 sao cho v6i moi x; € [@—§,a + 6], qua trinh 1ap Newton—
Raphson bt dau tit x, sé hoi tu téi a.

Chiing minh. Xét ham sb b6 trg
f(x)
frx)

Vi f’(a) # 0 nén, bdi tinh lién tuc, f(x)# 0 trong mot lan can cua q, tic la
ton tai 6, > 0sao cho f/(x)#0 trén (a—6,,a+ 61).
Tinh dao ham ctia ¢, chiing ta thu dugc

P11 _f1
Ur (P

p(x)=x—

¢'=1-
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xéc dinh trén (¢—6,,a+6,). Hon niia, vi f(a)=0 nén ¢’(a)=0. Bdi tinh lién
tuc ctia ¢’ trén (a—6&,,a+68,) (c6 dugc do dao ham cap 2 cda f lién tuc), ta
suy ra

¢'(x)~ ¢’(a)=0.
Cb g €(0,1) va 6 >0 vanho6 hon &, sao cho

lp'(x)<q<1, Vxela—&,a+8)

Trén khoang [a— &, a+ 6], phudng phéap lap Newton-Raphson tuong duong
v6i phuong phép lap don x,, = ¢(x,,_;), véi ham ¢ théa man diéu kién ctia
Dinh 1i[2.5] Hon nita, v6i moi x4p xi dau x, € [a—6, a+ 5], khodng cach tit x,
t6i nghiém ding a nhé hon khoang cach bé nhat tit hai dau muit t6i a, tic
lané théa man (2.10). Do d6, ap dung Dinh li c6 thé suy ra rang phuong
phap Newton-Raphson hoi tu véi moi cach chon x, € [a—6,a+8]. O

Chi1y2.4. Luuyring trong phuong phap Newton-Raphson dé tim nghiém
phuong trinh f(x)=0, chiing ta yéu cau ham sé f(x) kha vi tai moi diém.
Vi du sau day 1a vé trudng hop f(x) kha vi trit tai mot diém duy nhat trong
khi dé day lap thiét 1ap b6i phuong phap Newton-Raphson khong hoi tu.
Xét ham s6 f(x)= ¢x. Ro rang f(x) kha vi tai moi x # 0. Phuong trinh
f(x)=0 c6 nghiém duy nhét x =0.
Mait khac, v6i x, #0, ta co

f(xn) Jx
Xp+1 = Xp— / « =X,— ln =-2X,.
f(x,) W

Nhu vay, v6i moi cach chon x,, day thiét 1ap béi phuong phap Newton-
Raphson c6 cong thtc truy hoi la

X, =(=2)"x,.

Day d6 héi tu néu va chi néu x, =0.

2.4.4 Tom tit thudt todn Newton-Raphson
Phuong phap Newton-Raphson thuc hién theo cac budc sau:
1. Cho phuodng trinh f(x)=0.

2. Giai sd bo: Tim mét khoang tach nghiém [a, b] sao cho f’ va f” khong
déi dau.

3. An dinh sai s € > 0.

4. Chon diém x, thoa man diéu kién Fourier: f(x0)f"(x0)> 0.
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5. V6imdi k=0,1,2,..., xdc dinh mét cach truy hoi

f(xi)

X = X —
k+1 k f/(xk)

cho dén khi dat dugc do chinh xdc nhu mong muén.

Tit tém tit thuat toan nhu trén, chiing ta dé dang viét dugc chuong
trinh may tinh dé thuc hién cac phép tinh. Chuong trinh miu R sau day
phat trién tit CAS[2.6/dé thuc hién phuong phap Newton—Raphson cho
mot phuong trinh phi tuyén trong Vi d1_1

CAS 2.7. Xét phuong trinh phi tuyén
Xx—sin(x)—0,25=0

nhu trong Vi d1_1 Bing phuong phap lip Newton-Raphson véi xap xi
dau x, = 5 va dieu kién dung vong lap la khi |x;,; — x;| < 107® hodac so lan
14p 16n hon 100, chiing ta thu dudc két qua nhu trén.

newton <- function(f, f_prime, start, tol = le-6, m = 100)
{
x <- start
for (i in 1:m) {
x1 <- x - £(x) / f_prime(x)
if (abs(xl - x) < tol) {
cat("Két qud sau", i,

"budc: ", x1, "\n")
break
+
x <- x1
}
return(x)

¥

f <- function(x) x - sin(x) - 0.25
f_prime <- function(x) 1 - cos(x)
start <- pi/2

newton(f, f_prime, start)

## Két qué sau 5 bubc: 1,17122965
## [1] 1,17122965
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2.5 Phuong phap day cung va mot s6 phuong phap khac

Trong muc nay, chiing ta tim hiéu mét sé6 phuong phap khéac dé tinh gan
ding nghiém, gom phuong phéap day cung (secant method), phuong phap
vi tri sai (regular falsi), va phudng phap Steffensen. Tai liéu tham khao: T. V.
Dinh [6] §2.2], P. K. Anh [2} §VI.1, §VL.3].

2.5.1 Phuwongphap day cung

Phuong phdp ddy cung (secant method) 1a mdt trong nhiing phuong phap
“du doan-giéi han” dé tim nghiem clia mdt ham sb thuic. Phuong phép nay
tuong déi don glan va hiéu qua, thudng dugc stt dung dé tim gan diing
cac nghlem clia cac ham sb khong tuyén tinh. Dic biét, phUOng phap day
cung c6 thé ap dung cho cac ham khéng cé cong thiic don gian dé tinh
toan nghiém chinh xac.

Y tudng chinh ctia phuong phap dua trén viéc xip xi duong thang qua
hai diém gan diing clia d6 thi ham sé. Gia st ta muén tim nghiém ctia ham
sb f(x)=0, biét [a, b]1a mot khodng tdch nghiém. Chiing ta bat dau bing
hai diém x, = a va x; = b. Sau d6, phuong phap day cung cho nghiém xap
xi méi x, bang céch tinh giao diém ctia dudng thang nbi hai diém (x,, f(x,))
va (x, f(x;)) v6i truc hoanh. Cong thic tinh x, trong phuong phap day
cung la:

J(x)(x; — xo)
Flx)—f(xo)
Sau khi tinh dudc x,, lai diing x, nay két hgp véi x; dé tinh x; m&i va tiép

tuc qud trinh 1p lai dén khi dat dugc d¢ chinh xdc mong muon hoac s6
lan lap da di. Nhu vay, cong thiic truy hoi clia phuong phéap nay 1a

Xo = X1 — (2.26)

Xn—Xp—1

Fe)— o)’ fx)# fxn). (2.27)

Xn+1 = Xp _f(xn)

Phuong phap day cung c6 mot s6 uu diém nhu né khéng yéu cau tinh dao
ham, phit hgp véi nhitng ham sb phiic tap khé tinh dao ham. Tuy nhién,
phuong phap nay ciing c6 mot s6 han ché nhu téc do hdi tu chadm hon so
v6i mot s6 phuong phap khac nhu phuong phap Newton—-Raphson. Hon
nita, su hdi tu phu thudc vao viéc chon diém khdi tao gan diing ban dau:
Néu chon sai, qua trinh ldp c6 thé dan dén su hoi tu khéng ding nghiém
hodac khong hoi tu.

CAS 2.8. Hay viét mot chuong trinh R don gian thuc hién phuong phap
day cung dé xap xi nghiém ctia phuong trinh trong CAS
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# secant_method() tinh xdp =% nghiém theo phudng phdp ddy cung.
# Yéu cau: Khodng (a, b) la mot khodng tdch nghiém
# vdi F(a) F(b) < 0.

secant_method <- function(f, a, b, tol = 1le-6, m = 50) {
i<=-0
fa <- f(a)
while (abs(b - a) > tol) {
i<-1i+1
if (4 >m) {
stop("Khéng thiy nghiém sau
m, " vong l3p.")

}
fb <- £(b)
if (fb == fa) {
stop("Khéng thiy nghiém sau ",
i, " vong 1dp.")
}
Xx <~ b -1fb *x ((b - a) / (fb - fa))
a<-b
b <- x
fa <- fb
}
return(b)

}
# Ap dung secant_method() cho phuong trinh z°4 - 3 * ¢ + 1 = 0.

f <- function(x) x"4 - 3 * x + 1
secant_method(f, 1, 2, 1e-6, 50)

## [1] 1,3074861
Chiing ta thu dugc két qua khép véi két qua tinh bing phuong phap
chia doi trong CAS[2.3]

Chuy 2.5. Phuong phép day cung dugc cai dit trong ham secant () ¢6
san trong goi pracma ctia R. Chiing ta hay so sanh:

library(pracma)
f <- function(x) x4 - 3 * x + 1
secant(f, 1, 2, 10)

## $root

## [1] 1,3074861
#i#
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## $f.root

## [1] 6,43929354e-14
##

## $iter

## [1] 9

##

## $estim.prec

## [1] 3,79538578e-09

Két qua thu dudc tit secant () clia pracma véi 9 buéc lip hoan toan
tring kh6p véi két qué clia chuong trinh R trong CAS[2.3|véi sai s6 dugc
yéu cau la tol < 1075,

2.5.2 Phuong phap Steffensen

Phuong phap Steffenselé phuong phap tim nghiém gan ding dua theo
cong thuc truy hoi sau:

f(xn) _ f(xn +f(xn))_f(xn)
gty SOy

So sanh v6i phuong phap Newton-Raphson, phuong phap Steffensen
khong yéu cau tinh dao ham ctia ham f va dic diém nay c6 lgi hon khi giai
cac phuong trinh f(x)=0 trong d6 ham f c6 dao ham phtc tap. Tuy nhién,
trong méi buéc clia phuong phap Steffensen, chiing ta can tinh 2 gi4 tri
clia ham sb.

(2.28)

Xn+1 = Xp—

CAS 2.9. Hay viét chuong trinh R dua trén phuong phap Steffensen trong R
dé tim nghiém clia phuong trinh x*—3x3+1 =0 trong khoang tadch nghiém
(1,2).

steffensen_method <- function(f, a, tol = 1le-6, m = 100) {

i<-20
X <- a
fx <- f(x)

gx <- (f(x + fx) - fx) / fx
while (i < m && abs(fx) > tol) {
i<-13i+1
if (gx == 0) {
return(list(root = NA, iter = i))

}

"Johan Frederik Steffensen (28/02/1873 — 20/12/1961) 13 mdt nha toan hoc va théng ké hoc
nguoi Dan Mach.
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else {

x <-x - fx / gx

fx <- £(x)

gx <- (f(x + fx) - fx) / £fx
}

¥

return(list(root = x, iter = i))

f <- function(x) x°4 - 3 * x + 1
steffensen_method(f, 2, le-6, 100)

## $root

## [1] 1,3074861
##

## $iter

## [1] 60

Két qua sau 60 vong lip, bat dau véi gia tri x, = 2 khép véi két qua cho
trong CAS[2.3]

Chay2.6. Luuy, cung gibng nhu phuong phap Newton-Raphson, c6 thé
x4y ra cac tinh hudng qua trinh ldp Steffensen khong hoi ty, hoac hoi tu
khong ding nghiém can tim. Vi du, néu 14y xap xi dau x, = 1 thi qu4 trinh
lap theo phuong phap Steffensen cho day lap hdi tu t6i nghiém trong (0, 1)
chii khong phai nghiém trong khoang (1,2).

steffensen_method(f, 1, 1le-6, 100)

## $root

## [1] 0,337666766
##

## $iter

## [1] 4

2.5.3 Phuwong phap vi tri sai (regula falsi)

Phuong phap vi tri sai (regula falsi) 1a mét bién thé ctia phuong phap day
cung trong dé, thay vi lay day cung di qua hai diém (x,,, f,) va (x,_1, f,_1) dé
Xac dinh Xn41, NgUOI ta 14y day cung di qua diém (x,,, f,) va diém (x,,, f,/)
v6i n’ < n 1a chi s6 16n nhat bé hon n sao cho f(x,) va f(x,,) trai dau. Khi
dé, x,., 12 giao diém ctia duong thang di qua hai diém (x,, f,) va (X, f).

58



2.5. PHUONG PHAP DAY CUNG VA MOT SO PHUONG PHAP KHAC

Céch chon nay dam bdao su hdi tu ctia day diém x,, t6i nghiém clia f(x)=0
v6i diéu kién ban dau f(x,)f(x;) <0.

CAS 2.10. Doan chuong trinh R sau day minh hoa phudng phép vi tri sai
ap dung cho phuong trinh x*—3x+1=0.

regulaFalsi <- function(f, a, b, tol = le-6, m = 1000) {
i<-0
fa <- f(a)
fb <- £(b)
while (abs(b - a) > tol && i < m) {
c <- (a*x fb - b * fa) / (fb - fa)
fc <- f(c)
if (fc == 0) {
break
} else if (sign(fa) * sign(fc) < 0) {
b <-c¢
fb <- fc
} else {
a <-c
fa <- fc
}
i<-1i+1
}
return(list(root = c, iter = i))

f <- function(x) x4 - 3 * x + 1
regulaFalsi(f, 1, 2, le-6, 1000)

##
##
##
##
##

$root
[1] 1,3074861

$iter
[1] 76

thu dugc tit cac phuong phap khac.

Sau 76 budc lap, regulaFalsi() cho két qua khép véi nhiing két qua
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Luu ¥, regulaFalsi() ciing dugc lap sin trong géi pracma clia phan
mém R.

2.6 Cau hoiva bai tap

1. Cho ¢(x)=2—e*. Chitng minh rang day p, xac dinh bdi cong thtic lip
Pn=@(pn_1), n=1,2,..., hdi tu v6i moi cach chon p, €[1,3].

2. Xét phuong trinh f(x):=e*—5x2+2022x—10=0.

(a) Chiing minh [0,1]1a mdt khoang tach nghiém ctia né.
(b) Pat
5x2—e*+10
P00 =02
Chting minh rang diy s xac dinh béi x, = 0, x¢1 = @(x;), k =
0,1,2... hdi tu t6i nghiém duy nhat cia phuong trinh f(x)=0.
(c) Tinh x;, x,. Coi x, 12 nghiém gan diing ctia phuong trinh trén. Danh
gia sai s6 tuyét doi clia x,.
3. Cho phuong trinh x*—x—1=0.

(a) Bang khao sat ham s6 f(x) = x3—x—1 v6i x € [1,2], chi ra ring
phuong trinh x3—x —1=0 c6 nghiém duy nhat trén doan [1,2].

(b) Biét phuong trinh da cho tuong duong véi x = v/x + 1. Stt dung
xap xi ban dau x, =1 va cong thic x,, = {/x,_, + 1, hay tinh x; v6i
1<k<6.

(c) Pat ¢(x) = vx+1. Tim mot s0 g < 1 sao cho |¢/(x)| < g v6i moi
x €(1,2). Tu do, danh gid sai so tuyét doi cho x;.

(d) Can thuc hién bao nhiéu lan lip dé thu dudc nghiém gan ding véi
do chinh x4c e = 10752 Tinh nghiém gan ding doé.

1 X\ .
4. Cho ¢(x)=m+ > cos(E) va f(x)=x—¢@(x).
(a) Chiing minh ring [0,27]1a mét khoang tach nghiém clia phuong
trinh f(x)=0.
(b) Tim mot s6 duong g < 1 sao cho |¢’(x)| < g v6i moi x €[0,27].

(c) Chting minh rang phuong trinh x = ¢(x) c6 nghiém duy nhét trén
[0,27].

(d) Xay dung day lap x, =27, X541 := ¢(xi), k=0,1,2,.... Tinh céc gia tri
X1, X,. Danh gid sai s6 |x,—a|, v6i a 1a nghiém duy nhét cia phuong
trinh x = ¢(x).
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5. Gia sit phudng trinh x = ¢(x) c6 nghiém a trong [a, b], ham ¢ kha vi
trén [a, b], a < ¢(x) < b v6i moi x €[a, b], va dao ham ¢’ théa man

lp’(x)I < q,
v6i g 1a mot hang sb6 duong, g < 1.

(a) Chiing minh rang v6i moi x, y €[a, b] ta c6

(Ix =) +1y —o)).

X — <
| yl_1

(b) LAy x, € [a, b] tity y va xay dung day lap x; = ¢(x,), x2 = d(x1), ...,
X1 = ¢(x¢). Chitng minh rang v6i moi j, k> 1 ta cé

k J

1—

[xe —x; < |xg— x1].

(c) Chiing minh danh gia tién nghiém sau:

k

X —al < 1% — X1

I—q
[Cho j — oo cling v6i nhan xétrang g/ —0vi0 < g <1.]

6. Tinh gan diing nghiém ctia phuong trinh x +In(x) = 0 bang phuong phap
lap don.

7. Xét phuong trinh 20x3 + x —22=0.

(a) Chting minh phuong trinh trén c6 nghiém duy nhét a trong khoang
(1,2).
(b) Tinh gan dting nghiém a bang phuong phap Newton véi xap xi ban
dau x, = 2 va v6i 3 budc lap. Panh gid sai s6 clia nghiém xap xi.
8. Xét phuong trinh f(x):=x*—3x+1=0.
(a) Chiing minh rang cac khoang (0,1) va (1,2) la cac khoang tach
nghiém ctia phuong trinh do.
(b) Dung phuong phap Newton xuat phat tit x, = 0 gidi gan ding
phuong trinh v6i do chinh xac 1072.
9. Xét phuong trinh 3* —4x =0.
(a) Tinh gan ding nghiém duong bé nhat ctia phuong trinh nay bang
phuong phap Newton va viét két qua dudi dang thap véi 6 chit s6
chéc. [Trd 10i: x ~0,379194].
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(b) Biét[1,2]1a mot khoang tach nghiém cta phuong trinh nay. Tinh
gan ding nghiém duy nhat trong khoang d6 véi do chinh xac 1075
bing phuong phap Newton-Raphson. [ Trd [0i: x ~ 1,79369].

10. Diing phuong phap Newton-Raphson tinh gan diing nghiém ctia phuong
trinh x2—2sin(x)—0,5 = 0 trong khoang [1,2] v6i hai chit s6 thap phan la
chii s6 chic.

11. Xét phuong trinh x®+20x—22=0.

(a) Chitng minh phuong trinh trén c6 nghiém duy nhét « trong khodng
(1,3).

(b) Tinh gan ding nghiém a bang phuong phap Newton-Raphson véi
xap xi ban dau x, = 3/2 va v6i 3 budc lip. Hay danh gia sai sb ctia
nghiém gan ding thu dugc.
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Chuong

Tinh gan ddng nghiém ctia mot
hé phuong trinh tuyen tinh

Trong chuong nay, chiing ta bat diu véi li thuyét hé phuong trinh tuyén
tinh, nhic lai mot s6 két qua co ban vé hé phuong trinh tuyén tinh nhu
dinh li Kronecker—Capelli, cong thiic Cramer, phuong phap khit Gauss
va Gauss-Jordan. Tiép theo, chiing ta sé tiép tuc véi phuong phap s6 dé
gidi gan dung, véi trong tam 13 phuong phap ldp don va phuong phap lap
Seidel.

Noi dung
3.1 Hé phuang trinh tuyén tinh. Phuong phdp Gauss| . . . . . .. 63
[3.1.1 Dinh nghia. Su ton tai va duy nhat nghiém| . . ...... 64
[3.1.2 PhuongphapGauss|.............cccvvuuun... 65
[3.2 Phwongphaplapdon| ................ccvviieinnn.. 70
[3.2.1 Suhdi tu cua phuong phap lapdon| ............. 71
(3.3 PhuongphaplapSeidell...................ovvn... 81
[3.3.1 Su hdi tu cua phuong phap lap Seidell. . .. ........ 82
[3.3.2 Mot vidu: M6 hinh Leontieff . . ................. 86
[3.4 Cauhoivabaitap| ...........ccoiiiiiiiiiinnnnn.. 88

3.1 Hé phuong trinh tuyén tinh. Phu'ong phap Gauss

Muc nay bat dau véi viéc nhac lai mot s6 khai niém va két qua co ban vé hé
phuong trinh tuyen tinh. Cac néi dung nay trung lap véi mot so ndi dung
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trong hoc phan Toan cao cip hoic Dai sb tuyén tinh. Tiép theo, ching
ta n6i vé phuong phap khit Gauss va van dé chon tru tbi dai. Cudi cling,
chiing ta gi6i thiéu mot s6 vi du vé gidi hé phuong trinh tuyén tinh bang
may tinh. Tai liéu tham khéo: T. V. Binh [6} §3.2], P K. Anh [2} §VII.2, §VIL.3],
Kreyszig [9, §20.1], Duong Ngoc Son va dong tac gia [10].

3.1.1 Dinh nghia. Sw ton tai va duy nhat nghiém
Mot phuiong trinh tuyén tinh cta n an sb x;, x,,..., x, c6 dang

a1 x,+ax,+--+a,x,=>b, (3.1)

trong d6 a,, a,,...,a, va b 1a cac s6 thuc. V6i m > 1 1a mot s6 nguyén, mot
A < A - 2 3 A 2
hé m phuong trinh tuyen tinh ctuia n an so xy, x,, ..., x, c6 dang

apXxy+apx,+---+ay,x, =b
alel+a22xZ+"'+6l2 X =b2

e ) 3.2)
A1 X1+ Ao X+ A X, = by,

trong do6 a;; va b; la cac hang s6 cho truéc. Cac s6 a;; goilahé sb clia X;
trong phuong trinh thit i con b; goi 1a s6 hang tu do ctia phuong trinh thi
i. Cac hé phuong trinh tuyén tinh c6 vé don gian nhiing lai c6 rat nhiéu
ing dung va xuat hién nhiéu trong khoa hoc ki thuat, kinh té, sinh hoc,
khoa hoc xa hoi, v.v.

RO rang, hé phuong trinh (3.2) dudc xac dinh néu chiing ta biét cac hé
s6 va s6 hang tu do clia né. Chiing cé thé dudc sap xép thanh hai ma tran
nhu sau:

an ayn ay ag ayn ayy, bl
as [Z5Y) eee Ay _ as (25 cee Aoy b2

A= . . . A= . . e B3)
am1 Qmo .- Qpp ami Qo .- Amp by

Ma tran A dudc goi la ma trdn hé so, con ma tran A goi 1a ma trdn bo sung
clia hé clia phuong trinh (3.2). Tl ma tran bo sung 4, ta c6 thé xay dung lai
hé (3.2) mot cach dé dang.

Nghiém cta hé (3.2) la mot bo ¢6 thi tu (xy, x,, ..., x,,) (con goi la mot
vecto trong R") théa man tit ca m phuong trinh dé. Giai hé phuong trinh
12 tim hodc mo tad mot cach “tudng minh” tat ca cac nghiém clia né.
Viéc giai cac hé phuong trinh tuyén tinh thudng bao gom céac buéc bién
doi hé phuong trinh ban dau thanh cac phuong trinh cé ciing tap nghiém,
goi 12 hé phuong trinh tuong duong. Cac phép bién doi giita cic hé phuong
trinh tuong duong goi 1a bién doi tuong duong.

64
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Dbi v6i mot hé phuong trinh tuyén tinh téng quat, c6 thé xay ra mot
trong cac tinh huong sau: hé khong cé nghiém (v6 nghiém), hé c6 nghiém
duy nhat, va hé c6 vo so nghiém.

Pinh li 3.1: Kronecker-Capelli

Hé phuong trinh (3:2) c6 nghiém néu va chi néu

r(A)=r(4), (3.4)
trong d6, r(A) va r(A)1an lugt 1a hang ctia ma tran hé s6 A va ma tran
b6 sung A. Hon nita, hé c6 nghiém duy nhat néu va chi néu (34) xay
ra va hang clia A bang s6 4n s6 ctia hé.

Chiing minh ctia dinh li Kronecker—Capelli ban doc c6 thé xem trong
[10, Chuong 1].

Khi hé c6 nghiém duy nhét thi s6 phuong trinh khong it hon sb 4n s6
va hé c6 thé dua vé dang

Ax=Db (3.5)

vGi Ala moOt ma tran vudng kha nghich, x=(x,,..., x,)" vab=(b,,..., b,)T
14 cc vectd cot (n 12 sb cdc an s6). O vé trai Ax 1a phép nhan mdt ma tran
¢0 n x n v6i mot vectd cOt, xem nhu mot ma trdn co n x 1. Hon niia, ta c6
dinh li Cramer sau'}

Pinh li 3.2: Cramer

Xét hé phuong trinh (3.5) véi A la mot ma tran vudng. Néu det(A) #0
thi hé phuong trinh c6 nghiém duy nhat

e det(A—; D)
" det(A)

Trong d6, A —; b 1a ma tran thu dudc bing cach thay cot thit i clia A
bdi b.

Chting minh. Xem [9} §7.7] hoac [10, Chuong 1]. O

3.1.2 Phwongphap Gauss

Trong muc nay, chiing ta néi vé hé dang bac thang va phuong phap khit
Gauss (Gauss elimination method). Tai liéu tham khao: Kreyszig [9} §20.1].

1Gabriel Cramer (1704 — 1752) 1a mdt nha todn hoc ngudi Thuy Sy.
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Hé tam giac, hé bac thang. Hé phuong trinh tuyén tinh dang tam giac 1a
hé c6 dang tong quat v6i m = n (s6 an bang s6 phuong trinh) va, véi
méil< j<i<n, hésbd a;; bing0, con véi mbi k, hé s6 a;; # 0. Khi iy, ma
tran hé s6 clia hé tam gidc c6 dang

an adyp ... Ay
0 dyy) ... Aoy

A=
0 0 e Aup

Trong truong hgp nay, phudng trinh tha n c6 dang
ApnXp = by,

nén c6 thé giai ra dudc

Xp = bn (ann 7£ 0)

ann

Néu n=1,hé cé 1 4n, thi ta da gidi xong. Néu n > 2, ta thay x,, vio phuong
trinh thit n—1, ta giai dugc

1 b
Xn—1=—— (bn—l —AQup—-1,n" a . )

anfl,nfl nn

Néu n =2, thi phuong trinh c6 hai 4n s6 x; va x, va da dudc giai.
Neéu n > 3, tiép tuc thay x,_; va x,, vao phuong trinh tha n —2, ta giai
dugc x,,_,. Qua trinh nay tiép tuc cho dén khi ta giai dugc x;.

Vidu 3.1. Giai hé phudng trinh sau day.

Loi giai

Ti phuong trinh thii 3, ta c6 x; = 2. Thay vao phuong trinh thi hai, ta c6

gidi dugc x, = &. Thay x, = & va x3 = 3 vao phuong trinh thi nhat
11 5
X1 +—=—==2.
6 3
Giai phuong trinh cudi, ta c6 x, = &. Vay, hé c6 nghiém duy nhat
( ) ( 11 11 5)
X1, X, X3)=| —,—, = |
1) A2y A3 6 6’3
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Phuong phap Gauss. Trén day, ta da thiy rang cac hé phuong trinh dang
tam gidc c6 thé dugc gidi mot cach dé dang tit dudi lén. Diéu nay 1a co sé
ctia phuong phap Gaus dua trén cac bién doi so cap.

Pinh nghia 3.1:

D6i v6i mot hé phuong trinh tuyén tinh (3.2), cac phép bién doi sau
day goi la cac phép bién déi so cap:

1. D6i ché hai phuong trinh ctia hé,
2. Nhan hai vé clia mot phuong trinh véi mot sb6 khac khong,

3. LAy hai vé ctia mot phuong trinh trong hé nhan véi cling mot
s0 khac khong roi cong vao hai ve tuong ting cia mot phuong
trinh khac.

Y tuéng cd ban ctia phuong phap Gauss la ding cac phép bién déi so cap
trén c4c phuong trinh dé dua hé vé dang tam giac trén. Qua trinh nay goi la
qud trinh thudn. Ti hé dang tam giac trén, ta giai nghiém nhu trong muc
trudc, ngudc tu dudi 1én, goi la qud trinh nguac.

Xét hé phuong trinh
ay Xy + A%, + a3 Xs = by, (3.6)
A1 X1 + Qg Xy + Ap3 X3 = by, (3.7)
a31x1+a32x2+(133x3 == bg. (3.8)

Céac hé s6 clia xy, tiic 12 ay,, a;,, Va a;3, khong dong thoi bang khong, vi néu
tat ca chiing déu bang 0 thi hé phuong trinh khong chia x; va vay thi né
tuong duong véi hé 3 phuong trinh ctia 2 4n x, va x;. Bang cach doi thi tu
cac phuong trinh, ta c6 thé gia sii a,, # 0. Khi d6, bang cach chia ca hai vé
cho a,,, phuong trinh thi nhét dudc dua vé dang

a a b
x1+£xZ+£X3=_l. (3.9)
apn apn an
Bang cach dit
(1 _ 12 1 _ @13 1 _ b,
ayp=—", Qz=— b =—,
a 11 an
ta viét phuong trinh trén 1a
X + aglz)xz + a%)xg = bl(l). (3.10)

2Johann Carl Friedrich GauB (1777 - 1855) la mo6t nha toan hoc ngudi Diic.
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Ta sé diing phuong trinh (3.10) nay dé “khit” x, trong c4c phuong trinh thit
hai va thtt ba. Nhan (3.10) v6i —a,, roi coOng vao phuadng trinh tha hai, ve
theo vé, ta thay hé s6 clia x, trong phuong trinh thu dugc triét tiéu. Cu thé
la

aly)x, +ay xy = by (3.11)

1 1 1 1 1 1
a;z) =y — a§2)321’ a;s) =dy3— a§3)321’ bZ( ) = bg — bl( )

Dé khit x, 6 phuong trinh thi ba (3.8), ta nhan hai vé ctia 3.10) v6i —ay,
roi cong ve theo ve véi (3.8), ta thay hé so cta x, trong phuong trinh thu
dugc triét tiéu. N6 c6 dang

agy x, +asy x; = by (3.12)

1 1 1 1 1 1
aéz) =dzy;— a§2)t131, aég) =d3z3— a§3)t131, b?E ) = b3 —dsz; bl( )

Déi v6i hé hai phlIdng trinh ctia hai 4n (3.11) va (3.12), ta c6 thé ap dung
quy trlnh tuong tu de khit x, tir (3.12). Gia st a“) #0. Chia hai vé ctia 3.11)
cho 4}, ta dua né vé dang

X +al)x; = b, (3.13)
voi
1) (1)
@) _ 93 @ _ b
a33 (1) , bg = W (314)
az, ayy

Ta duing (3.13) dé khit x, tit phuong trinh 3.12). Nhan hai vé clia (3.13) v6i
—a%) r6i cong phuong trinh thu dudc, vé theo vé, véi (3.12), ta thu dudc
phuong trinh khong chiia x, c6 dang

al)x;=b?, (3.15)

@_ 1 (S EY) () _ 4,(1) n ()
Agy = Q33 —0y3a3,, by" =by —Db, as,.

Bit budc aly #0. Chia hai vé clia (3.15) cho a2 ta thu dugc

X3 = bég),
voi
@
pd b
3 @
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Téng hop cac phuong trinh thu dudc, ta cé hé sau

X+ a?z)xz + a%)xg; = bl(l),

X, + a%) X3 = bz(z),

X3 = b,f)

Day 1a hé phuong trinh dang tam giac ta da biét cach giai.

Chon phan i tru toi dai. Cdac tinh toan trong phudng phap khit Gauss
néu trén cé thé sinh ra sai s6 16n khi thuc hién phép chia cho céc s6 c6 tri
tuyét d6i nho. Dé giam sai s6, ta thuc hién khit Gauss véi viéc chon phan
tli tru c6 tri tuyét déi 16n nhét, goi 1a phuong phéap “chon phan ti tru tbi
dai” (Gauss elimination with partial pivoting). Qua trinh kh{t Gauss cung
v6i viéc chon tru tdi dai dugc minh hoa trong vi du sau:
Vidu 3.2. Gidi hé phuong trinh sau bang phuong phép khit Gauss véi tru
t6i dai.
123, + x3= 7
3x1+ 3x,+ x3=-—8
10X+ x—2x3=—9

Trong vi du nay, hé s6 ctia x; trong phuong trinh dau tién bang 0 nén chiing
ta sé doi chd phuong trinh thi nhat. Do hé s6 clia x; 16n nhat § phuong
trinh thi 3 nén ching ta chon né la phan ti tru va sap xép lai nhu sau:

10x1+ XZ—ZX3=—9
3x1+ 3x+ x3=-—8
12.7C2+ X3 = 7.

Tiép theo, diing phuong trinh tht nhat dé khit x; trong phuong trinh thit
hai dé thu dudgc
10+ x— 2x3=-9
2,7%, +1,6x; =—5,3
12x,+ x3= 7.

Do hé s6 clia x, trong phuong trinh thi 3 16n hon nén déi ché phuong
trinh thit hai va thi 3 dé thu dudc

10x1+ x2— ZX3 :—9
12)(,'2 + X3 = 7
2,7%,+1,6x3 =—5,3
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Diing phuong trinh thit hai dé khit x, trong phuong trinh thit 3, ta thu dugc

l()xl + Xy — ZX3 =-9
].ZX2 + X3 = 7
1,375x3 = 6,875

Tit hé phuong trinh cubi ciing, chiing ta giai ngudc dé thu dugc
X3=—5, X, =1, x; =—2.

CAS 3.1. Phuong phéap khit Gauss c6 san trong thu vién matli cua R.
Hay thit v6i hé phuong trinh sau:

4x,+5x, —ZX3 =—13
3x1+ X2+6X3:25 (3.16)
—3x1 + X+ x3= 12

3.2 Phuong phap lap don

Trong muc nay, chiing ta tim hiéu phuong phép giai gan ding mot hé
phuong trinh tuyén tinh bing qua trinh lip. Tai liéu tham khao: T. V. Dinh
[6, §3.31, P K. Anh [2} §VIL6], Kreyszig [9} §20.3].
Xét phuong trinh
Ax=D.

Ciing nhu phuong phap lap diém bat dong cho phuong trinh mét an, ta
bat dau bang viéc dua phuong trinh vé dang
X=Bx+c, 3.17)

trong d6, ma trian hé s6 B va vecto ¢ dudc suy ra tit A va b. Tit d6, ta xay
dung day lap

x*D = px®) 4 ¢, (3.18)
x@  cho truéc. (3.19)

Khi mét s6 diéu kién dugc théa man, ta c6 thé hi vong sau mét s6 buée
lap, vectd x¥) 1a mot xap xi ctia nghiém ctia hé ban dau. Phan tiép theo, ta
sé n6i vé nhiing diéu kién clia B dé budc lip trén cho day cac xap xi clia
nghiém.

3matlib: Matrix Functions for Teaching and Learning Linear Algebra and Multivariate Statistics,
DOI: https://doi.org/10.32614/CRAN.package .matlib
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3.2. PHUONG PHAP LAP PON

3.2.1 Su hditu cuia phudng phap lap don

DE c6 thé néi vé tinh hdi tu clia cac phuong phép lap cho hé phuong trinh
cho ngin gon, chiing ta dua ra dinh nghia sau.

Pinh nghia 3.2:

Gia stta =(ay,...,a,)la mdt nghiém ctia hé phuong trinh. Néu x(jk) -

a;, j=1,2,...n,khi k — oo thi tanéi phuong phap lap 3.18), 3.19)
hoi tu.

Chuan ctia vectd

Dé dé dang mé ta su hdi tu clia qua trinh lip, chiing ta mé ta su hdi tu clia
day cac vectd bang su hdi tu ctia day s6 thong qua khéi niém chudn (norm)
clia vecto.
Doi v6i mot vecto
x=(x1, %3,...,X,) ER",

chiing ta dinh nghia cac chuan sau:

lIxlloo := max |x;], (3.20)
1<js<n

lIxlly = [ [+ [ 4+ x4, (3.21)

Iz = V1202 4+ [ 2 4+ |, 2. (3.22)

Chiing dugc goi 13, theo tht tu, 1a chuan £, ¢,, va £,*Chiing 1a c4c trudng
hop riéng ctia chudn ¢ » [) trén khong gian cac day so, httu han hoac vo
han. Chuan ¢, con dudc goi 1a chuin Euclidean trén R" va né dudc sinh ra
b6i mét tich vé hudng.

Vidu 3.3. Xac dinh chuin (.., ¢, val, clia vecto x = (1,2,—3) € RS.
Loi giai
Tinh toan truc tiép, ta c6

lIxllco = max{[1],|2],| =3[} =3,
lIx[l =11]+12[+]|-3[=6,

||X||2 = \/|1|2+ |2|2 —|—|—3|2 =+/14.

4T. V. Dinh [6] goi chudn || [loo 121 - llo.
5Chit cai ¢ 14y trong tén ctia Henri Léon Lebesgue (28/6/1875 — 26/7/1941). Ong 1a mot nha
toan hoc nguoi Phap
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Stt dung mét trong cac chudn trén, ta dua diéu kién hoi tu trong dinh nghia
[B.2]vé diéu kién hoi tu ctia mot day s6 khong am.

Dinh1i3.3:
Phudng phap lap (3:18), (3:19) héi tu khi va chi khi
Ix*)—all, -0, k— oo

vGi p = 00,1, hodc 2.

Chuan ctia ma tran

D6i v6i ma tran cip m x n, B € Mat(m x n; Rﬁ, ta cling dinh nghia cic chuan
cta B nhu sau:

n
IBllo := max ;wm, (3.23)
1Bl :== max » |b;;l. (3.24)
1<j<n =

Dé tinh || B||oo, chiing ta tinh téng cac gid tri tuyét dbi cac yéu tb trén mbi
hang. C6 m két qua nhu vay, tuong ting v6i m hang ctia B. Khi dé, || B||eo
chinh 13 két qua 16n nhét trong m két qua Ay. Vi vay, || Bl ddi khi goi 1a
chuan hang (cho dé nhé).

Chuan ||B||; dudc tinh tuong tu nhu || B||«, chi thay hang béi cot:

1Bl =118 lloo,

trong d6, BT 1a phép chuyén vi clia B. Khi d6, ||- ll,, v6ip = oo hodcp =1,
thoa man cac tinh chat clia mot chuan trong khong gian vecto.

* |IBll, >0, [|Bll, =0 néu va chi néu B 1a ma trén 0.
* V6i moi sb thuc r € R va ma tran B,

7 Bll, =1r[-IBll,-

« (bt dang thiic tam gidc) V6i moi ma tran vudng B va C cling cap,

1B+ Cll, <IIBIl, +1ICl|,.

6Nhic lai ring Mat(m x n;R) ki hiéu tap cdc ma tran c& m x n.
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Vidu 3.4. Xac dinh cac chuén ||B||s va ||Bll;, v6i B 1a ma tran sau day:

1 3 -5
B=|(-2 4 9. (3.25)
-1 1 3

Loi giai

DE tinh || B|oo, ta tinh tong cac gia tri tuyét doi clia cac yéu t6 doc theo cac
hang clia B. O hang thii nhét, ta c6

3
D by =[1+13]+|—5|=9.
j=1

Tinh toan tuong tu 6 hang thi hai va hang thi ba, ta thu dugc

3 3
Zb2j=15, Zb3]=5
j=1 j=1
Vay,
| Blloo = max{9, 15,5} = 15.

Dé tinh || B|,, ta tinh téng cac gia tri tuyét dbi clia cac yéu toé doc theo
céc cOt clia B. Cu thé nhu sau: O cot thi nhat, ta c6

3
D by =M]+|-2l+|-1]=4.
i=1

Tuong ty, ta tinh todn 6 cdc cot thi hai va thi ba,

ibﬂ:S, Vél Zg:blg: 17.
i=1 i=1

Vay
|Bll; = max{4,8,17} = 17.

Chiiy 3.1. Néu dong nhét cac vecto vi mot ma tran mot cot thi chuan
clia vectd c6 thé xem 13 trudng hop riéng ctia chuan ma tran.

CAS 3.2. TrongR, chuén ctia ma tran dugc tinh béng norm(). Poan code
mau sau day tinh chuin 1 va chuin vé han ctia ma tran trong vi du trén.
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# Dua vdo ma trdn B gom 9 yéu té zép lam 3 cot.
B <- matrix(c(l, -2, -1, 3, 4, 1, -5, 9, 3), ncol = 3)

# In ra B (dé kiém tra)
print (B)

#it [,11 [,2]1 [,3]
## [1,] 1 3 -5

## [2,] -2 4 9
## [3,] -1 1 3

# In ra gid tri chuan 1 ctda B
print (norm(B, type = "0")) # Chuan 1 (one norm)

## [1] 17

# In ra gia tre chudn vé cung ctda B
print (norm(B, type = "I")) # Chuan vé han (infinity norm)

## [1] 15

CAS 3.3. Dé tinh chuin clia mét vectd, chiing ta bién n6 thanh mét ma
tran 1 cot bang ham as.matrix (lay tu Tieng ANh “as matrix”) va tinh
chudn ma tran ctia né.

x <- C(]-, _2, 3, 5)

# Ham as.matriz chuyéﬁ mot vectd thanh moét ma tran mot cot
A <- as.matrix(x)

# Tinh cdc chudn cia A
print (norm(A, type = "I"))

## [1] 5
print (norm(A, type = "0"))

## [1] 11

Mot tinh chit cia chudn ctia ma tran 1Bl 1a tinh “tuong thich” ctia
chting v6i chuan clia vecto, theo nghia
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Ménh dé 3.1:
Gia st p = oo hodc p = 1. Khi d6,
IBxIl, <IIBIl,-Ixll,, BeMat(mx n;R), xeR". (3.26)

Hon nita, v6i moi ma trén B, ||B||, la s6 duong bé nhat sao cho (3.26)
ding v6i moi x, c6 nghia la

|Bll, =min{C > 0] [|Bx|l, < C |||, Y xeR"}. (3.27)

Chiing minh. Chung ta chtiing minh cho truong hgp p =1.
V6ix=(xy,...,x,) €ER" tuyy, goi Bx=y=(y,..., Jm) ER™, thi

n
Y :Zbijj'
j=1

Khi dé, ding bat dang thiic gia tri tuyét dbi ctia téng nhé hon hoic bang
tong céc gia tri tuyét doi,

1Bxlh = llyll = Y vl = D> i
k=1 k=1|j=1
m n n m
<D |ka('}xf|=2\xj|(2)bkjl). (3.28)
k=1 j=1 j=1 k=1

Theo dinh nghia, v6i moi j €{1,2,...,n}, taco

m m

> |bij| < max > bl =Bl
1<l<n

k=1 k=1

Thay vao bat dang thiic (3:29) 6 trén, ta thu dugc

n

I1Bxl; sZ|x,-1(Z|bk,-|) <IIBlL > |x;| =Bl Il
j=1 k j=1

=1

D6 chinh l1a (3.26) trong truong hop p = 1. N6i cach khac, || B||, thudc vao
tap hgp trong ve phai cta (3.27), va vay thi, véi p =1,

IBll, >min{C >0][|Bx||, < C-|ixll, V xeR"}. (3.29)

Pé chiing minh bat déng thitc ngudc lai, trong trusng hop p =1, ta gia
st £, 1a chi s6 th6a man

m

> | bre, | = 18Il

k=1
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Khi d6, lay x =(0,...,1,...,0), v6isb 1 xuét hién 6 thanh phan thit ¢,. Khi d6,

m n m
1Bxoll =1 bejxj| = | bie,| = 1Bl = 1 BllslIxolly.
k=1|j=1 k=1

Nhu vay, néu C tly y thudc vao tap hop trong vé phai ctia (3.27) thi
C = ClIxolly 2 [[Bxolly = I Bll; -

Vay thi
IBll, <min{C>0]|||Bx|l, < C- x|, V xeR"}. (3.30)
Tit cac bat déng thic (3.29) va (3.30), ta thu dugc (3.27).
Chutng minh trong truong hgp p = oo danh cho ban doc. O

Chii y 3.2. M6t chudn ma tran nita thudng ding 14 chuan 2, dugdc dinh
nghia dua trén (3.26) nhu sau:

1Bl :=sup{|| Bx|l,: xR", ||, =1}. (3.31)

Cong thtc tinh ||B||, kha phtic tap, va ta s€ khong néu cu thé & day. Tuy
nhién, néu B =[b;;] thi co thé chiing minh dugc

||B||ZS(Z |b,-k|2) : (3.32)

jk=1
Vé phai ctia (38:32) thudng dudc goi 1a chudn Frobenius clia B.

Sau day 1a mot dinh li cho diéu kién dt dé day lip trong phuong phap
lap don la hoi tu.

Dinh li 3.4:

Gid st p = 00, p =1, hodc p =2. Néu||B||, < 1 thi phuong trinh (3:17)
c6 nghiém duy nhét, ki hiéu a. Hon niia, v6i moi x© € R” phuong
phap lap (3:18), (3:19) hoi tu t6i @. Hon niia, ta c6 cac danh gia sai
s6 nhu sau:

(i) banh gia hau nghiém:

I Bll» _
X% —all, < =[x —x*1,,.
1—-|IBll,
(ii) Danh gia tién nghiém:
IBII
p
X% —all, < ——F—[Ix"—x,,.
1—Bll,
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Chitng minh. Gia st @ la mot nghiém ctia hé: @ = Ba +c. Khi do,
Hx(’”“)—a”p = || (Bx" +c)—(Ba+c)Hp

~ 55"~ 5al

- -l

<IBll, [|x"™ ~al|,- (3.33)
Tit day, bang quy nap, ta chting minh

[x©~af, <UBI; [x©~q],- (3.34)

That vay, ro rang dung véi k = 0. Gia stt n6 dang véi k = m, tic la

< —all, <181 [0~ (3.35)

Ta can chitng minh né ding véi k = m + 1. Ap dung (3.33)
"0 —al], B, [ ~a]],
<|IBll, (||B||;" HX(O)—aHp) (gia thuyét qui nap)

=Bl ||x“’)—a|{p.

Vay, theo nguyén 1y qui nap, ta két luan (3.34) ding v6imoi k=1,2,....
Cho k — oo trong (3.34), chu ¥ rang, ||B||”; — 0 vi||B|l, <1, nén theo
nguyeén ly giéi han bi kep ta thu dudc

HX(k)_a”p —0 khi k—oo.

Theo Hé qua[3.3] day céc vecto x¥) hoi tu t6i @ trong R”. Day chinh 12 két
luan dau tién cta dinh Ii.

Dé chiing minh c4c danh gi4 sai sb, ta 4p dung chok=m+1va
bat dang thtic tam gidc nhu sau.

K% —a||, < 1BIl, |4~
=|IBll, Hx(k—l) —xk) 4 (k) _aHp

<13l (4=, + ], ).
Tir déy, ta dé dang suy ra
(=181 [ =], <181, ([ =, ).
Chia hai vé cho (1—||B||,)> 0, ta thu dugc danh gi sai s6 hau nghiém.
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Dé chiing minh danh gia tién nghiém, ta chi y rang véi k > 2,
||X(k) —X(k_l)”p = H(Bx(k_l) +¢)—(Bx*D 4 C)Hp
=||Bx*"V - Bx*7)||
p
=[BT =<2

< 1Bl [ =<

Tu d6, lap luan theo quy nap nhu trén, ta thu dugc

0, <1 <

Két hop bat dang thiic nay véi danh gia hau nghiém, ta thu dudc danh gia
tién nghiém.

Cudi ciing, ta chitng minh su ton tai va duy nhét cia nghiém ctia 3.17).
Theo céng thiic nghiém Cramer, ta chi can chiing minh I — B 12 ma tran
khong suy bién (I 1a ma tran don vi cap 7). Theo chiing minh & trén, vi
giéi han clia mét day (néu c6) 1a duy nhat nén nghiém « ctia phuong trinh
(B.I7), néu ton tai, 1a duy nhat. Dic biét, v6i ¢ =0, hé phuong trinh
dugc dua vé dang x = Bx c6 nghiém x = 0 va nghiém nay la duy nhat. Tix
dé, ta suy ra I — B phai la ma tran khong suy bién, va do d6, phuong trinh
c6 nghiém. O

Vi du 3.5. Dua phuong trinh sau day vé dang x = Bx +c sao cho B la mot
ma tran c6 chuin ¢, bé hon 1, || B|oo < 1.

3x1— x2+ X3=1
3x1 + 6)C2 +2X3 =0 (336)
3x1+3x2+7X3=4.

Loi giai
Tit phuong trinh thi nhét, ta gidi ra dudc

1 11
X1==Xo—=X3+—.
17372 3873

Giai cac phuong trinh thi hai va th 3, ta cting thu dugc

1 1
Xp=—=—X]— =X
2 2 1 3 3
va
3.3 .4
X3=—=X1—=Xp+ —.
ST Ty
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Két hop 3 phuong trinh trén, chiing ta thu dugc phuong trinh dang x =
Bx+c¢, nhu sau:

1 1 1

X1 01 3 —§ X1 3

Xo| = —g 03 -3 Xo | + 2

ol I R A AN I Rl BN
~—~—

B c

Tii day, dé dang tinh dugdc chudn ctia || B||e, = £.

Nhan xét 3.1. Trong Vi du ta da 1an ludt giai x; tit phuong trinh thi i,
v6i diéu kién a;; # 0 dé dua phuong trinh vé dang x = Bx + c. Phuong phap
nay luén cho ta ma tran B c6 cac phan tii trén dudng chéo chinh bang 0.
Ma tran B thu dugc bang phuong phép trén cé chuan bé hon 1 néu ma
tran A trong hé ban dau théa man diéu kién duong chéo tréi (diagonally
dominant condition). Néu A khong théa man diéu kién dudng chéo troi,
thi ma tran B thu dudc c6 chuan 16n hon hodc bang 1 va c6 thé xay ra tinh
hudng phuong phap lap khong hoi tu.

Mot chii y khdac 1a trong phuong phép lap don, ching ta khong nhat
thiét giai x; tl phuong trinh thi i nhu trong phuong phap trén. Diéu nay
dudgc thé hién trong thi du sau.

Vi du 3.6. Dung phuong phap lip don vé6i ba budc lap dé gidi hé phuong
trinh

1,02x; —0,05x,—0,10x3 =1,20
—0,11x1 + l,ost — 0,0SJC3 = 2,25 (3.37)
—0,11x,—0,12x,+1,04x; =3,75

banh gia cac sai so bang cac danh gia tién nghiém va hau nghiém.
Loi giai

Dua hé trén vé dang x = Bx +c nhu sau. Tl phuong trinh thi nhét, ta giai
dugc

x, =—0,02x; +0,05x, +0,10x3 + 1,2.

Tuong tu, ta cling dua phuong trinh thi hai va thi ba vé dang

X, =0,11x; —0,03x, +0,05x3 + 2,25,
xX3=0,11x; +0,12x,x, — 0,04 x3 + 3,75.

Két hop 3 phuong trinh trén, chiing ta dua hé phuong trinh vé dang x =
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Bx+c:
X —0,02 0,05 0,10 | [x, 1,2
x|=|011 —003 005]||x|+]225
X3 0,11 0,12 —0,04] |x; 3,75
——"
B c

0
Ta chon x, = [ 0| va thiét 1ap cong thtic
0

xF+) = px(® 4 ¢

VG6i k=0, taco

1,2
xW=c=2,25
3,75
Tiép theo, ta tinh
—0,02 0,05 0,10 1,2 1,2

x@=BxW4c=1]011 —0,03 005 | [225]+ (2,25
0,11 0,12 —0,04]| (3,75 3,75

Cu thé hon, 6 thanh phan tht nhét, ta c6
x® =(=0,02; 0,05; 0,10)-(1,2; 2,25; 3,75)+ 1,20
=—0,02x1,2+0,05 x 2,25+ 0,10 x 3,75+ 1,2 = 1,6635.
Tuong tu, ta tinh dugc
xP=2,502, x?=4,002.

Vay,
1,6635
x® =1 2,502
4,002

Tiép tuc tinh toan, v6i k =2, ta cé
¥ =Bx?P+¢

-0,02 0,05 0,10 1,6635 1,2 1,6120
=|011 -0,03 0,05 2,502 | + (2,25 = 12,5580
0,11 0,12 —0,04] | 4,002 3,75 4,0731

Gia st ta xem x® 1a mot xap xi clia nghiém. D€ danh gia sai s6, ta can tinh
3 2 A = A
chuan cua ma tran B. Dé thay

1Blloo = 0,27.
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Vi ||B|| < 1 nén hé phuong trinh c6 nghiém duy nhét. Goi « 1a nghiém duy
nhat cta hé trén. Neu st dung danh gia tién nghiém, ta thu dugc

B|? 0,273
©) I ©0 (1) _ (0 __ (m
XV —a < ———||x7'—x = ble
I loo < g loo = =5 571X lleo
0,273
= x3,75<0,11.
1-0,27

Néu sit dung danh gia hau nghiém, ta cé

B 0,27
[1Blloo Ix® @) = x 0,2032 < 0,08.

(3)
x—a <—
I leo 1—[IBlloo 1—0,27

Nhu vay, danh gia hau nghiém cho mot danh gia gan hon véi thuc té so véi
danh gia tién nghiém.

3.3 Phuong phap lap Seidel

Muc nay trinh bay vé mét phuong phap lip Seide dé giai cac hé phuong
trinh tuyén tinh. Tai liéu tham khao: P. K. Anh [2, §VIL6], Kreyszig [9} §20.3].

Xét hé phuong trinh dang (3.17). Phuong phap lap Seidel bat dau bang
viéc phan tich ma tran B dudi dang

B=L+U,

v6i L 1a ma tran tam giac duéi véi moi phan tit trén duong chéo chinh bang
0 va U 1a ma tran tam gidc trén. Cu thé hon, néu B =[B; ;1 thi

0 0 ... 0 bll b12 bln
b21 0 ... 0 0 b22 bZn
L=1. . e U= .
by by ... 0 0 0 .. by,

Tiép theo, day lap dudc thiét 1ap theo cong thiic
xE =[x 4 gx® 4 c. (3.38)
Mic di1 6 ca hai vé clia cong thiic trén déu chita x**) nhung do L c¢6 dang

tam giac duéi nén viéc tinh x¥+1) khi biét x*) c6 thé dugc thuc hién tuan
tu tit thanh phan th nhat dén thanh phan thi n. Dé mo6 ta ki hon, ta viét

7Philipp Ludwig von Seidel (1821-1896) 1a mot nha toan hoc Diic.
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cong thiic lap theo tiing thanh phan nhu sau:

(k+1
Zbljx] +cy,

(k+1) _ (k+1) 2 (k)
x2 b21x1 + szxj +Cz,
=

i—1

xF Zbl]xﬁk+1 +Zb” X; ¢,

k+1 k+1 k
xUt )=anjx§ )+bnnx,(1)+cn.

Phu’dng phép lap Seidel khac véi phuong phép ldp don 6 cho céac thanh
phan x k“), j=1,2...,i—1vla tinh dugc lai dugc ding dé tinh x**".

3.3.1 Su hoi tu cua phuong phap lap Seidel

Dé nghién ctiu tinh hoi tu ciing nhu danh gid sai s6 trong phuong phéap
Seidel, ta can bo dé sau.

Dinh li 3.5:

Cho B 1a mot ma trdn vuoéng cd n x n. V6imoéi i = 1,2,..., n, ta dat

i—1
n=0, r=> lbyl véiiz2,
j=1

n
si= Ibyl viiz1.

j=i

Néu || Bl < 1 thi

= max
H lsiSn(

<||Blloo-
=) <1Blle
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3.3. PHUONG PHAP LAP SEIDEL

Chiing minh. Vi||B||s, <1var; >0nén taco
n n
s+ 11Bllooi < s+ 73=">_|bi;| < max > |by;| = |Blloo-
= 1<i<n =

Tit day, ta dé dang thu dugc

s. .
" <||Blloos i=12,...,m.

1—r;

Tir day va dinh nghia clia u ta dé dang suy ra diéu phai chiing minh. [

Dinh 1i 3.6:

Gid 51t || Blloo < 1 va u dugc dinh nghia nhu trong b dé[3.5| Khi dé,
day lap thiet 1ap boi cong thiic 1ap Seidel (3:38) hai tu t6i nghiém
duy nhat clia hé phuong trinh x = Bx +c. Hon niia,

(i) (Panh gia hau nghiém) V6i moi k > 1, ta c6

Ix* —alloo < %Hx”“—x““”lloo- (3.39)

(ii) (Panh gia tién nghiém) V6i moi k > 1, ta c6

k
XY =% o - (3.40)

u
¥ —aloo < <

Nhan xét 3.2. Néu ||B||oo < 1 thi u <||B||o vado d6

u* < IBIIE, '
1—p 1=]IBlleo

Nhu vay, ta c6 thé thay u bdi || Bl trong cac danh gia tién nghiém va hau
nghiém da néi 6 trén.

Chitng minh. B6i dinh Ii phuong trinh c6 nghiém duy nhét, goi
la a. Vay,

n
a; = E bl'jaj+Ci.
j=1
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Do do,

I
—

i—1 n

k+1 k1)

x§+)—al~:( bl]xﬁ+ +Zb‘1 X; +Cl)_(zbijaj+ci)
] =

1

b,.j( (k+1) _ ) wa( k—a~). (3.41)

Nhu trong B6 dé ta dat

i

.
Il
—

—

i—

:Zlbiﬂ’ Si::ZIbijL M= 1m<l<n(1_lr')-
4

= =
Khi dé, tir (3.41), ta dé dang danh gia duodc

‘ - ’ ZV’HH ;- "+Z|bi1’”x§'m_ai‘
<Z|bu max k+1_al‘ Z|b,] max

1<I<n
(k+1)

xl —al)

=1 ||X "= a| o + s [|x* —alloo- (3.42)

Mat khéc, theo dinh nghia ctia chuan || - || oo, v6i méi k, c6 mét chi sb iy sao

cho
_ ‘ k)

lo

(k+1) x(k+1) —a;

i -,

(1” = max
(o)

(B
1<i<n

ol *

Vay, v6i i = i, c6 thé viét lai nhu sau:

Hx(k+1) (k+1)

—(ZHOOSI’,-OHX _a||oo+sio Hx(k)_a”oo'
Tit day, ta dé dang gidi dugc (vio < r;, <||Blloo < 1)
(k)

||X(k+1) (k)

R N I N I

Lap luan bang quy nap nhu trong chiing minh Binh li suy ra
X" =al|, <u” |xV-q|.,, m=0,1,2,...
Theo B3 dé3.5) 11 <||Blos < 1 nén
u™ HX(O)—a“oo —0 khim— oco.
Ap dung dinh Ii gii han bi kep ta suy ra
™ —a]|_ —0 khim— oo,
D6 1a diéu phai chting minh. O
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3.3. PHUONG PHAP LAP SEIDEL

Vi du 3.7. Tim gan ding nghiém clia hé phuong trinh sau bang phuong
phap Seidel véi 3 buédc lap.

40x1— ZX2+ X3=20
xl —4OXZ + xS = 0 (3.44)
Xy —20x3 =30.

Hay danh gid sai s6 clia nghiém gan ding thu dugc.
Loi giai
Dé dang dua hé vé dang

%, =0,05x,— 0,025 + 0,5
Xo = 0,025x1 + 0,0ZSX3
x?) = 0,05)52 - 1,5.

X1
C6 thé viet hé 3 phuong trinh nay ve dang phuong trinh ctia vecto x := | x,
X3
nhu sau:
X 0 005 —0,025] [x 0,5
x|=10025 0 0025 | |x|+| 0 |.
X3 0 0,05 0 X3 _1,5
Goi B 1a ma tran cac hé s6 trong vé phai, thi
1Bl = 0,075 < 1.
Do || Blleo < 1 nén qua trinh Seidel hoi tu.
0
Chon x® = | 0| va tinh cdac vectd x*), k = 1,2,3, theo cong thiic lap
0

Seidel. Cu thé, ta c6

x"=0,05x"—0,025x” + ¢, = 0,5,
x5 =0,025x" +0,025x,” + ¢, =0,0125
1V =0,05x" + ¢; =—1,499375.

Tiép theo, ta tinh x@ theo cong thiic
x®=0,05x"—0,025x{" + ¢; =0,538109,
1y =0,025x%) +0,025x5" + ¢, =—0,024032,
x? =0,05x7 + ¢; =—1,501202.

85



CHUONG 3. TINH GAN PUNG NGHIEM CUA MOT HE

Tiép theo, ta tinh x® theo cong thiic
¥ =0,05x —0,025x + ¢, =0,536328,
(3) =0 025x1 ) +0,025x + ¢, =—0,024122,
(3) =0,05x.” + ¢; =—1,501206.

Dé danh gia sai s6, ta dling cong thiic danh gia hau nghiém. Theo huéng
nay, ta tinh

0,001781
x¥—x®'=—10,000090 |, ||x®-x?||_ =0,001781.

0,000004

a

Vay, néu goi a = | @, | 1a nghiém thi
a3
[<¥—a]., < NBlleo [ =<2 = OO 0001781
1—|Blleo ®©  1-0,075
<0,000144.

D6 1a mot sai s6 kha nho.
Nhian xét 3.3. Trong dang thtic (3:38), ta chuyén Lx*+V tit vé phai sang vé
trai va viet

(I—L)x*V=pyx®
Vi L 1a ma tran tam giac dudi véi dudng chéo chinh bang 0 nén I — L ciing
la ma tran tam giac dudi c6 hang t0i dai (= n) vi cac phan t trén dudng
chéo chinh bang 1. Tt 6, nhan hai vé véi ma tran nghich dao (I — L)' ve
phia bén trai, ta c6

%) = (1 — L ux® + (1 - L) e (3.45)
Phuong trinh (3:45) c6 dang ctia phuong phép lap don, x*+) = Bx® +b,
vGi

B=(I-L)"'U.

Nhu vy, phuong phap lap Seidel cting la mot truong hgp riéng cia phuong
phép lap don, d4p dung cho mot dang tuong duong ctia hé phuong trinh
ban dau.

3.3.2 Mot vi du: M6 hinh Leontief

Trong mot s6 bai toan tii thuc té, hé phuong trinh can giai lai xuat hién
ngay 6 dang x = Bx+b, chang han nhu trong m6 hinh kinh te Leontielﬂ Mo

8Wassily Wassilyovich Leontief (1905-1999) 1a moét nha kinh té gbc X6 Viét.
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hinh Leontief 1a m6t mé hinh todn cho mét nén kinh té gobm 7 nganh san
xuat, dugc danh s6 tit 1 dén 1, ma chiing ta sé mé ta van tat nhu sau: Goi
x; 12 gid tri tong cau vé san pham clia nganh thit i (t6ng gid tri sin pham
nganh i) va b; 1a gid tri cau cudi cling (cAu vé san phadm nganh i tl phia cac
h¢ tiéu diing va céc nha xuét khau, v.v). Goi x;;. gié tri cau trung gian, ttic 1a
cAu vé san pham nganh i tit phia nganh k hay néi mot cach khac 1a s tién
ma nganh k b6 ra mua san pham nganh i lam nguyén liéu dau vao).

Trong trang thai can bang, ching ta c6 céng thiic tong cau ve san pham
hang hoéa ctia nganh:

X;i = X1 +xi2+---+xin+bi.
Ti phan chi phi dau vao ctia nganh k dbi véi san pham i 1a ti 1é
_ Xik

aix = ’
Xk

va no dugc gia thiét 13 6n dinh. Tit y nghia kinh té ctia cac bién s6, chiing ta
thay rang

0<a; <1
Ma tran B tao béi cac yéu té a;; goila ma trdn hé s6 ki thudt ctia mé hinh.
Khi d6, trong trang thai can bang, ching ta thu dugc

x=Bx+Db,

v6i || B||; <1. Do d6, thay vi dua vé dang Ax = b v6i A = I — B, chiing ta c6 thé
ap dung truc tiep cac phuong phap lap cho phuong trinh can bang trong
mo hinh Leontief.

CAS 3.4. Gid sii trong mdt md hinh Leontief c6 ba nganh san xu4t véi ma
tran hé so ki thuat ctia n6 cho béi

0,1920 0,1144 0,0042
B=0,2678 0,2656 0,0124
0,0479 0,0741 10,0089

Gi4 sti cau bén ngoaila b=[5600 1320 2430]T. Chuing ta tim trang thai

can bang clia mé hinh nay bang phuong phap lap Seidel thuc hién trong
Rnhu sau:

my_seidel <- function(B, c, tol = le-6, max_iter = 1000) {
n <- length(c)
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x <- numeric(n)
for (k in 1:max_iter) {
x_old <- x
x[1] <- c[1] + sum(B[1, 1:n] * x_old[1:n])
for (i in 2:n) {
suml <- sum(B[i, 1:1i - 1] * x[1:i - 1])
sum?2 <- sum(B[i, i:n] * x_old[i:n])
x[i] <= c[i] + suml + sum?2
}
if (sqrt(sum((x - x_01ld)~2)) < tol) {
cat("H6i tu sau", k, "1lan 1&p.\n")

return(x)
}
+
warning ("Khdng hdi tu sau sd 13an 13p tdi da.")
return(x)

¥

# Ap dung my_seidel() cho vi du trén.
B <- matrix(c(0.1920, 0.1144, 0.0042,
0.2678, 0.2656, 0.0124,
0.0479, 0.0741, 0.0089), byrow = T, nrow = 3)

c <- c(5600, 1320, 2430)
solution <- my_seidel(B, c, 0.01, 1000)

## H6i tu sau 14 1lan 13p.
print(solution)

## [1] 7601,65476 4622,77547 3164,83394

Két qua thu dugc 1a nghiém ctia hé phuong trinh x = Bx +b.

3.4 Cau hoiva bai tap

1. Cho cac vectd sau day:

1 3
x=|15|, y=|2
-5 -6

-, - g N , ~
Tinh cac chuan ¢, ¢, va{, clia cac vecto x, y, vax—y.
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2. Cho cac ma trdan sau

1 4 -2 -1 8
A=|-2 0 1|, B=| 2 —05 1
0o 1 2 —02 4 2

Tinh [|Ally, [|Allo, IBll1, 1 Blloo-
3. Giai hé phuong trinh dang tam giac sau day.

le+xZ— X3=7
Xo— X3 =
3X3:6

4. Giai hé phuong trinh sau day bang phuong phap khit Gauss.

2x1+ x2— .X:3:3
X1 — x2+2x3=2
le —ZXZ + X3 =—1

5. Xét hé phuong trinh Ax =b véi

4 0,24 —0,08 X 8
A=10,09 3 —-0,15(, x=|[x|, b=]9
0,04 —0,08 4 X3 20

(a) Bién d6i hé nay vé dang x = Bx+c, v6i b 1a mét vecto cot va B 1a
mot ma trin cap 3 x 3 théa man ||B||, < 1.
(b) Dung két qua ctia (a), xay dung day lip
x* = Bx® 1 ¢, x©=(0,0,0)7.
(T ki hiéu phép chuyén vi). Tinh x®.
(c) Goi a 1a nghiém diing ctia hé. Hay udc luong sai s6 ||x® —a]);.
6. Cho hé phuong trinh
10x1+ x2— SX3:—5
x1—20x2— X3 =—8
x1+ XZ+].5.X3=40
X1

(a) Dua hé phuong trinh vé dang x = Bx+c, v6ix = | x, | sao cho B 1a
X3

mot ma tran cap 3 x 3 ¢6 chudn bé hon 1: ||B|| < 1. Tinh chuin
1 Blloo-
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1
(b) Chonx® = [1[.Tinh cac xap xi x), x® theo phuong phap lip Seidel
1

cho hé phuong trinh x = Bx + ¢ trong phan (a).
7. Giai gan ding hé sau day bang phuong phép Seidel véi sai s6 € = 0,05.

5x,— xZ+2.X:3:6
x1—4x2+ X3 =2
—le — X +4X3 =1

8. Cho ma tran

—0,6 0,6
B_[0,4 0,2]'

(@) Tinh||Blleo, lIBll1, va [ Bll,.
(b) Chting minh rang véi moi x© e R?, day lip don

xk+) = px® 4 ¢

hoi tu t6i nghiém duy nhét clia hé phuong trinh x = Bx +c.
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Da thuc noi suy va xap xi1 da
/
thuc
Chuong nay trinh bay vé noi suy da thiic bang céng thiic Lagrange va cong

thiic Newton, ndi suy ham ghép tron béc ba (cubic spline), va xap xi bang
phuong phap binh phuong bé nhat (least squares method).
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CHUONG 4. DA THUC NOI SUY VA XAP XI PA THUC

4.6.3 Xap xi bang cicham luythital.................. 143
4.6.4 Xapxibanghamsomil ...................... 146
4.7 Cauhoivabaitap| ...........ccoiiiiiiiiiiiiiian, 148

4.1 Bai toan noi suy, da thirc noi suy

Dudi day, chiing ta tim hiéu cac kién thtic co ban vé da thiic, bai toan noi
suy, da thiic noi suy, cac cong thiic ndi suy, tinh gia tri da thiic bang lugc do
Horner. Tai liéu tham khao: T. V. Dinh [6, §4.1], P. K. Anh [2} §1I.1], Kreyszig
19, §19.3].

4.1.1 Bai toan noi suy

Gia st chiing ta quan sat hai dai luong x va y, v6i y 1a mét ham sb ctia d6i
so x €[a, b]. Tai n+1 diém xg, x,,..., x,,, VOi
asx<x<-<x,<b,

ta quan sat dudc cac gia tri tuong Gng 13 yy, »,..., y,. Van dé dit ra 1a tit cac
quan sat dé c6 thé tim ra dugc méi lién hé gitia x va y hay khéng? Theo
ngon ngit toan hoc, né c6 nghia 1a c6 thé tim ramét haim sb f:[a, b] - R
sao cho

flx)=y, i=012,...,n (4.1)
hay khong?

Neu khong c6 cac yéu cau thém nao doi véi ham f thi c6 vo so ham so

f théa man diéu kién nhu vay. Vi vay, ngudi ta thuong tim f trong mot 16p
cac ham da biet nhu céc da thic, ham lugng giac, v.v. Trong muc nay, ta sé
tim hiéu vin dé xac dinh moét da thiic P, c6 bac bé hon hoic bang n sao
cho

P,(x))=y, i=0,1,2,...,n. (4.2)
VAn dé nay goi la van dé noi suy da thiic (polynomial interpolation).

4.1.2  Su ton taiva duy nhat cia da thitc néi suy
Dinh li sau day cho diéu kién vé su ton tai clia cac da thiic ndi suy.

Pinh i 4.1: Ton tai va duy nhat

V6i moi bo n+1 gid tri (yo, 1, -- -, ¥,), tON tai duy nhat mot da thic P,
véi bac khong vugt qua n (deg P, < n) sao cho

P,(x;))=y;, i=0,1,2,...,n. (4.3)
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Da thiic P, théa man goi 12 da thiic néi suy cia ham sb f(x) tai cac
diém noi suy xo,..., x,. D& dang chiing minh dugc tinh duy nhét clia da
thiic noi suy trong dinh 1i That vay, ta gia st P(x) va Q(x) cung thoa
man

P(x;))=y, Q(x;))=y, i=0,1,2,...,n.
Khi dé, R(x):= P(x)—Q(x)la mét da thic véi bac khong vugt qua n thoa
man
R(x;)=0, i=0,1,2,...,n.
Nhu vay, R(x) la da thtc bac khong vugt qua n va ¢6 n+ 1 nghiém nén né
phai 1a da thtc 0. Ttc 1a P(x) = Q(x); tinh duy nhat dudc chiing minh.

Diéu kién ton tai trong dinh 1i[4.1]12 hé qua ctia tinh duy nhét clia da
thiic noi suy. That vay, bai toan tim da thiic noi suy c6 thé dua vé bai toan
tim cac hé sb ay, ay, ..., a, sao cho

a0+a1xj+a,,x]’7:yj, j=0,1,...,n.

Chiing 1ap thanh mt hé phuong trinh tuyén tinh gdm 7 + 1 phuong trinh
clia n+14nsb ag, ay, ..., a,, c6 thé viét dusi dang ma tran nhu sau:

1 xp X5 x [ao Yo
1 x X} x| | a n wa
1 x, x2 - x']|a, Vn

Su ton tai va duy nhat ctia da thiic noi suy tuong duong véi su ton tai va
duy nhat nghiém clia hé phuong trinh tuyén tinh (&.4).

Nhu da chiing minh, hé khong c6 qua mot nghiém. N6i riéng, hé
phuong trinh tuyén tinh thuan nhét tuong ting véi chi c6 nghiém tam
thudng. Do d6, dinh thiic clia ma tran hé s6 trong vé trai clia phai
khéac khong va vay thi hé c6 nghiém duy nhat véi moi b ( Vi)

Chi1 ¥ 4.1. Ma tran hé s6 trong vé trai ctia (@.4) goi la ma tran Vander-
mond(ﬂ ki hiéu V. Dinh thtc det(V) ctia n6 dugc goi la dinh thic Vander-
monde. Bing tinh toan cu thé,

det(V)= ]_[ (x; —x,).
0<i<j<n
Tit d6 c6 thé thay dinh thiic nay khac khong khi cac diém x; phan biét.
CAS 4.1. Dua trén cac phan tich trén, ching ta xay dung cach tinh da thtc
noi suy dua vao hé phuong trinh (#.4). V6i mot day cac diém x, chiing ta
1ap ma tran Vandermonde tuong ting. Cac hé so ctia da thiic noi suy dugc

! Alexandre-Théophile Vandermonde (28/2/1735 - 1/1/1796) 1a mdt nha toan hoc ngudi Phép.
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tinh biing cach van dung ham solve () c6 san trong R dé giai hé phuong
trinh (4.4).

# vandermonde () tao ma trdn Vandermonde cd n tai gid tri z.

vandermonde <- function(x) {
n = length(x)

# Khdi tao mdt ma trdan 1 cot vwdi cdc phan td 1
A = matrix(data = 1, n, 1)

# Vong ldp "for" zdy dung cdc cdt tiép theo cia
# dinh thic Vandermonde
for (i in 1:(n - 1)) {
A = cbind(A, A[, i] * x)
}

return(A)

¥

# polycalc() tinh cdc hé sb cida da thic ndi suy.
polycalc <- function(x, y) {

# Tinh ma tran Vandermonde ctua du liéu
A = vandermonde (x)
if (det(A) == 0) {
stop("Dinh thic Vandermonde triét tiéu.")

}

# Gidi hé Ac = y bdng solve() cé sdn
c = solve(4, y)
return(c)

}

# Vi du

x <- c(-1, 0, 2, 3)

y <- c(14, 24, 80, 342)
polycalc(x, y)

## [1] 24 -20 -12 18

Mic dii chuong trinh R phia trén cho két qua chinh xac d6i véi dit liéu
trong vi du trén, n6 c6 thé cho két qua véi sai sb 16n khi cac dit litu dau
vao “xau”. Trong muc sau, chting ta sé tim hiéu cac cach xay dung hai biéu
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dién da thtic ndi suy hiéu qua hon, d6 1a hai cong thiic ndi suy Lagrang
va noi suy Newton.

4.1.3 Tinhgid tri ciia da thitc: Lidc d6 Horner
Gia st chiing ta can tinh gia tri mot da thtc, chang han
p(x)= 18x3—12x2—20x + 24,

tai x = 2,5. R6 rang, chiing ta c6 thé tinh cac luy thita x/, i = 1,2,4, clia
x = 2,5, nhan cac ket qua véi cac hé so tuong ting, va cong tat ca cac ket
qua lai. Qua trinh nay c6 thé thuc hién trong ngén ngi R nhu sau:

poly.eval <- function(a, x) {
n <- length(a)
t <- numeric(n) + 1

for (i in 1:(n-1)) {
tli + 1] = t[i] * x
}

w <- sum(a * t)
return(w)

a <- c(24, -20, -12, 18)
x <- 2.5
poly.eval(a, x)

## [1] 180,25

Két qua thu dugc p(2,5) = 180,25 sau mot s6 budc tinh toan véi 5 phép
nhan. Céach tinh trén nhin chung khéng hiéu qua do can kha nhiéu phép
tinh, dic biét 1a phép nhan. Duéi day, chiing ta néi vé lugc dé Horner dé
tinh gia tri ctua da thec.

2Joseph-Louis Lagrange (1736 — 1813) 1a nha todn hoc ngudi Italy.
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Lugc do Horner
Trong muc nay, chiing ta néi vé lugc do Horneiﬂ (Horner’s Scheme) dé ting
hiéu qua tinh toan trong van de tinh gia tri da thc.
Y tudng cua luge do Horner trong tinh toan gia tri cia cac da thiic ¢6
thé dugc minh hoa trong so db sau:
p(x9) =24+ xo(—20+ xy(—12+ 18x,)).
———

%3

wy=—20+w, X

wy=24+w Xy
Ngudi ta goi dang clia da thiic trong vé phai clia dang thtc trén 1a “dang
long nhau” (nested form) ctia da thiic p(x). Khi dugc viet 6 dang nay, viéc
tinh toan dugc thuc hién tu trong ra ngoai theo quy tac sau:
lU3 == 18,
wy, = —12+ w3 Xy,
wy = —20+ Wy Xy,
Wy =24+ wy xy.
Thay sb x, =2,5 va tinh toan cu thé, chiing ta thu dudc
w3 = 18,
w,=—12+18x2,5=33,
w; =—20+33x2,5=62,5,
wy=24+62,5x%x2,5=180,25.
Khi d6,
p(xy) = wy =180,25
1a gi4 tri can tinh (nhu trén), thu dugc sau 3 phép nhan va 3 phép cong.
Tong quat, dbi véi mot da thiic
p(x)=a,x" +a,_1x" '+ +a; x +ag,

chting ta sé tinh mét day wy, w,, ..., w,, bat dau tit w, va di ngudc vé w,
nhu sau:

wl = (ll + waO,
Wy = Ay + W Xp.

Swilliam George Horner (9/6/1786 —22/9/1837) 1a mot nha todn hoc ngudi Anh.
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Khi do, tit cac gid tri w;, chiing ta tinh dugc thuong va phan du clia phép
chia da thtic p(x) cho nhi thiic bac nhat x — x, nhu sau:

n
p(x)=wo+(x—x0) > wx' ™.
i=1

No6i riéng, gia tri ctia p(x) tai x = x, 1a
p(x0) = wy.

Khi tinh todn bang tay, ludc dd Horner thudng dugc ghi dudi dang mot
bang so v6i 3 hang nhu sau:

a, a,—1 [Z7778) e agy
XoWy, XoWy_1 ce Xo W
Wy =apy Wy Wy oo Wy = P(xo)

O hang trén ciing, ching ta viét cac hé s6 ctia da thiic. O hang thit 3, ching
ta bat dau véi w, = a,,, sau dé tinh x,w, va viét két qua vao hang tht hai,
cOt bén phai ctia cot w,,. Cong hai gid tri clia cot nay, ta thu dudgc w,,_,. Tiép
tuc lam nhu vay cho cot w,,_,, ....

Vidu 4.1. Lap lugc d6 Horner tinh gi4 tri tai x, = 2,5 clia da thiic bac 4 sau
day:
p(x)=x* +20x%—11x%2—20x +22.

Loi giai

Ta lap bang cho lugc dd Horner nhu sau:

1 20 —11 —20 22
2,5 56,25 113,125 232,8125

w,=1 22,5 4525 93,125 254,8125=w, = p(2,5)
Nhu vay, p(2,5) = 254,8125. Hon ntia,

p(x)=254,8125+(x —2,5)(93,125 +45,25x +22,5x° + x°).

CAS 4.2. Hay viét chuong trinh may tinh dé kiém tra cac tinh to4n trong
Vi duf4.1} Luu y, trong lugc dd Horner nhu trén, néu dat

Wy41 =0,
thi, qua trinh tinh w; trong lugc dé c6 cong thiic truy hoi
Wy =ag+ Wiy1X, k=n,n—1,---,0.
Do d6, sé chi can tao mot vong lap dé thuc hién cong thiic truy hoi trén.

Trong R, chiing ta c6 thé viét nhu sau:
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horner <- function(x, a) {

n <- length(a)
w <- numeric(n)
wln] <- aln]

while (n > 1) {
n<-n-1
wln] <- aln] + wln + 1] * x

return(w)

a <- c(22, -20, -11, 20, 1)
x <- 2.5
horner(x, a)

## [1] 254,8125 93,1250 45,2500 22,5000 1,0000

Két qua clia horner (x, a) cho ddy céc gid tri w; diing nhu két qua da
tinh trong Vi du v0i gia tri dau tién la gia tri ctia p(x,).

Cac da thiic c6 thé xuat hién x4p xi cac ham sb siéu viét bang mot da
thic Taylor ctia né. Sau day la mot vi du.

CAS 4.3. Hay 4p dung lugc dd Horner cho cic tong riéng clia cac chudi luy
thita, liy khai trién Taylor ctia ham y = sin(x) 1am vi du. Nhéc lai rang, cac
da thiic Taylor ctia ham so sin c6 dang

1 1
sin(x)=x——x3+—=x°—=x"+.--
3! 5! 7!

Chuong trinh R sau day tinh gia tri ctia cac da thiic Taylor thi 11 cia ham
sin(x) tai cac gia tri x; =0,1; x,=0,2;...; x5 =0,5. Luu y, trong doan ma sau,
ham horner2() don gian hon doan ma phia trén do chiing ta chi gitia lai
gia tri cudi cling trong lugc do6 Horner.
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horner2 <- function(x, a) {
n <- length(a)
w <=0
while (n > 0) {
w <- a[n] + w * x
n<-n-1
+

return(w)

taylor_series_sine <- function(truncation) {

a <- numeric(truncation)

i<-2

ali]l <- 1

while (i < truncation - 2) {
ali + 2] <- - afil /7 (1 = (1 + 1))
i<-1i+ 2

}

return(a)

n <- 12

coeffs <- taylor_series_sine(n)
x <- seq(0.1, 0.4, by = 0.1)
horner2(x, coeffs)

## [1] 0,0998334166 0,1986693308 0,2955202067 0,3894183423

Két qua 1a cac gia tri gan dung cta sin(x;), i = 1,2,3,4 chinh xdc téi it
nhat 10 cht so thap phan.

4.2 Da thitc noi suy Lagrange

Trong muc nay, chiing ta néi vé cong thiic noi suy Lagrange. Tai liéu tham
khéo: T. V. Binh [6} §4.1], P. K. Anh [2, §I1.2], Kreyszig [9, §19.3].

Nghiém clia bai toan néi suy @.3) vdi vé phai y, y, ..., y, tong quét c6
thé dudc xay dung bang cach “chong chat” cac nghiém clia bai toan véi vé
phai don gian hon. Cu thé hon, goi /;(x) 1a da thiic bac khéng vudt qua n
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sao cho

1 néuj—— i,
(x:)= . 4.
bitx) {0 neu j #i. (45

Noi cach khdc, ¢; 1a nghiém ctia bai toan @.I) v6i y; =1va y; =0 v6i j #1.
Cac da thiic ¢;(x) dudc goi la cac da thitc noi suy co ban bac n ting véi
cac nat ndi suy xo, Xy, ..., X,-
Dinh li 4.2: Cong thitc noi suy Lagrange
bat P(x)

P(x)=>_ 3ili(x) = Jolo(x)+ L1(X)+ -+ Yl ().
i=0

Khi dé, P(x)la mot da thic ndi suy cac gia tri y, y;,..., ¥,, cO nghia
la P(x) la da thiic bac khong vugt qua n thoa man P(x;) = y; vGi
i=0,1,...,n.

Chiing minh. R0 rang P(x) c6 bac khong vugt qua n, vi méi s6 hang 12 mot
boi s0 ciia mot da thiic £y, 0 < k < n, ¢6 bac khéng vugt qua n.
Mat khéc, v6i méi k, ta c6 ¢;(x;) =0 trit khi i = k. Do do,
P(xi) = yolo(x) + nila(xi) + -+ Yl n(xx) = il (k) = Y-

Tu d6 ta suy ra P(x) nhu trén 14 da thiic théa man yéu cau P(x;) = y; v6i
moi k=0,1,2,...,n, ticla théa man (4.3). O

Vay, chiing ta can biét cong thiic cu thé cho cac da thiic néi suy co bdn
¢;,i=0,1,2,...,n. Chung dugc cho bdi cong thiic (4.6) trong dinh li sau day.
DPinh1i4.3:
Da thiic duy nhét ¢; théa man (&.5) dudc cho bdi cong thiic
X — Xg

{i(x)= . (4.6)
: ogkls_n[,k;ei Xi— Xk

Chiing minh. Vé phai clia 1a tich ctia n nhan tit bAc nhat nén ¢; 1a da
thic bac n. Lay j tuyy. Neu j # i thi co
X;i—X

lilx))= )

0<k<n ki X1 Xk
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vi vé phai la mét tich trong d6 c6 mot nhan tlt bang 0 (nhan t{ tuong (ing
vGichiso k= j. Connéu j =i thiro rang

Xi—X
ti(x)= =,
o<k<n ki i Yk
vi moi nhan tit § vé phai bang 1. Vay ¢, thda man @.5). O

Vi du 4.2 (Ngi suy bac nhat). Vi n=1, tacé n+1=2nit ndi suy x, va x,.
Hai da thiic Lagrange co ban la

X— X X — Xy

lo(x)=

ty(x)=

) .
Xo— X1 X1—Xo

Da thtic noi suy bac nhat tai cac nit x,, x; v6i cac gia tri tuong tGng yp, y; 12

X— X X — Xy
Py(x)=ylo(x)+ nli(x)= + .

1(%) = Jolo(x)+ 3161 (x) J’oxo_x1 ylxl—xo
Vidu 4.3 (N6i suy bac hai). V6i n=2, ta c6 n+1=3 nit ndi suy x,, x;, X.
VGi cac gia tri tuong Gng y, y1, J» tai cac nat nay, da thiic noi suy la

(x —x1)(x — xp) (x —Xp)(x — xp) (x —xo)(x — xy)
(%0 — 21 )(x0 — X2) l(xl—xo)(xl—xz) z(xz—xo)(xz—xl)
Vidu 4.4. Cho n=3va n+1=4nitnoisuy xy, x,, X,, va x;. Viét cong thiic
tuong minh cta da thiic ndi suy cd ban £,(x).

P(x)=y

Loi giai
Da thiic néi suy cd ban ¢,(x) 1a tich ctia cac nhan ti (x — x;)/(x, — x;), v6i
j=0,1,...,3, j #2. Vay,

X—Xyg X—Xp X — X3
Ez(x): . .

Xo— Xy Xo— X1 X2—x3.
Vidu 4.5. Tim da thtic bac hai P,(x) c6 gid tri trung v4i ham y = 5% tai cac
diém Xo :—1, X1 = 0, Vé Xy = 1.

Loi giai

Ta c6 3 diém noi suy phén biét nén da thiic bac hai P,(x) dudc xac dinh duy
nhat va c6 thé biéu dién qua 3 da thiic noi suy Lagrange cd ban

iy o 0E=)  (E=0=D) 1, 1

(xo—x1)(x0— x3) (1) x(=2) 2 2

B S I i o)) 2
L= T m—x)  O—Cx0=p_ ~ b
G m)  —ED))x-0 1, 1
L= =) =)x(=0) 2* T2
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, .« s . N e . , o R N N -
Vi P,(x) ¢6 gia tri trung vGi y =5* tai cac diém x,, x; va x,, nén ta co

Py(x)= yolo(x)+ 1l1(x)+ puly(x)
101, 1 1

1
:—(—x ——x)+(—x2+1)+5(—x2+—)
5\2 2 2 2

8 , 12
=—-x“"+—x+1.
5 5

D6 1a tam thiic bac hai can tim.

CAS 4.4. Duéi day, chiing ta viét chuong trinh R minh hoa qua trinh tinh
toan gia tri cua da thic noi suy Lagrange va ap dung vao b6 di liéu sau.

x -1 0 1 2
y -1 4 15 50

Qua trinh tinh dugc chia lam 2 buéc: Dau tién, ching ta tinh gid tri ctia
cac da thiic Lagrange cd s6. Sau d6, chung ta tinh gia tri ctia da thic ni
suy tuy y bang cong thiic ndi suy Lagrange.

lagrange.base <- function(x, xi) {
n = length(x)
t = numeric(n) + 1

for (i in 1:n) {
for (j in 1:n) {
if (§ 1=

i) {
p = (
t

xi - x[j1)/x[1] - x[jD)
[i] = t[i] * p

}
}

return(t)

lagrange.eval <- function(x, y, xi) {
if (length(x) !'= length(y)) {
stop("L5i! S6 niit va s6 gid tri khac nhau.")

}
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1 = lagrange.base(x, xi)

return(sum(1l * y))

x <- c(-1, 0, 1, 2)

y <- c(-1, 4, 15, 50)
xi <- 1.2
lagrange.eval(x, y, xi)

## [1] 19,504
Luu y, néu 1 va y 1a hai vecto trong R c6 d6 dai bang nhau thil * yla

vecto thu dugc bang cich nhéan cac thanh phan tuong ting clia 1 va y, trong
khi d6 sum(1 * y) sél4y tong cac thanh phancial * y.

Chiiy 4.2. Chiing ta c6 thé dung poly.calc() cé sin trong goi polynomE]
cia phan mém R dé tinh toan cac da thiic noi suy.

4.3 Pathiic ndi suy Newton

Dudi day, ching ta tim hiéu vé cong thiic noi suy Newton cho da thiic noi
suy. Trong trudng hdp cac moc ndi suy tuy v, cong thiic noi suy Newton
dua trén cac #i sai phan. Khi cic mbc noi suy cach déu, chiing ta sé c6 cong
thic dep hon, dua trén cac sai phdn.

4.3.1 Pa thitc néi suy Newton tong qudt

Néu nhu trong cong thiic noi suy Lagrange, da thiic noi suy dugc viét duéi
dang mot “t6 hgp tuyén tinh” clia cac da thiic Lagrange co ban ¢ j (trong
[@.6)), thi trong coéng thiic Newton, da thiic noi suy dugc viét dudi dang
mot t6 hop tuyén tinh ctia cac da thiic 1, (x — xg), (x — x)(X — x3), ..., va
(x — x)(x — x7)- -+ (x — x,,_1). N6i cach khac, cong thiic ni suy Newton s€ c6
dang

Py(x)=Ap+A1(x — x0) + Ax(x — Xo)(x — x1)
Fot Ap(x — xo)(x — x1) - (x — x,11), 4.7)

4polynom: A Collection of Functions to Implement a Class for Univariate Polynomial Manipu-
lations, DOI:/10.32614/CRAN.package.polynom
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V6i Ag, Ay, ..., A, 12 cac hé s6, chinh 1 toa do clia P,(x) trong mdt co s6 clia
khong gian vectd cac da thiic bac < n.

Sau day, chiing ta sé tinh cdc hé s6 Ay, A,, ..., A, dua vao cac gid tri da
biét y, ctia P, tai cac gia tri x;.

Trudng hop c6 it diém nai suy, ta c6 thé tinh cac hé s nay truc tiép ma
khong gip khé khin gi. Vi du, bat dau bang viéc thay x = x, vao (@.16), ta
thu dugc

Yo = Pu(xo) = Ay.

Tiép tuc, thay x = x; vao [@.16), ta thu dudc
Y1 = Pu(x1) = Ag + Ay (X2 — Xo) = Jo + A1 (X1 — Xp)
Tu day, ta tinh dugc

A= M, (4.8)
X1 = Xo
Tuong tu nhu trén, thay x = x, va cac gia tri da tinh dugc ctia A, va A, vao

(4.16), ta thu dugc

Nh—X

(X2 — Xo) + Ap(xp — Xo) (X, — X1).
X1 — Xpo

Vo=Py(x)=n+

Vi x, x; Va x, la khac nhau tiing doi nén (x, — x,)(x, — x,) # 0 va do do, ta c6
thé giai dudc gid tri A,. Cu thé hon thi

=30+ D0y — ) (1 — )]+ A (s — )32 — x1)
xl—xO
Nn—W

=n+ (X2 — x1) + Ap(x — Xp)(X2 — X3).

X1—Xo
Pang thiic nay tuong duong véi

Vo= — u(362 —X1) = Ag(x — x0)(X2 — X3)
X1 —Xo

Chia hai vé cho (x, — x,)(x, — x,), ta thu dudc

Yo—n Nn—%

(02— X)X —x1) (367 — Xp) (2 — Xo) -

Dang thiic cudi cling c6 thé viét lai 1a

Ay = 1 (J/z—yl_Jﬁ—J’o) 4.9)

Xo—=Xp \Xo— X1 X1—Xp

Qua trinh nay c6 thé tiép tuc dé tinh A;, A4, V.v.
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Néu hé cac diém {xy, x1,..., x,} 1a khac nhau tiing déi thi ta luén giai
dugc bo gid tri Ay, Ay, ..., A,_,. D6 1a béivi, theo cdng thiic ndi suy Lagrange,
da thiic ndi suy P,(x) ludn ton tai va thudc vao khong gian vecto cac da
thic bac khong vugt qua n con hé cac da thic

Nn = {1’x_xO’(x_xﬂ)(x_xl)’---!(x_xo)(x_xl)"'(x_xn—l)}

lap thanh mét hé doc lap tuyén tinh gdm 7 +1 vecto trong khéng gian n+1
chiéu chtia da thtic néi suy (khong gian céc da thiic ctia bién x véi bac
khong vugt qua n). Cac da thic trong N, goi la cac da thiic noi suy Newton.
Diéu nay c6 nghia la bo cac hé sb (A, Ay, ...,A,) chinh 14 toa do clia P,(x)
trong co s6 N,,. Do dé, theo mot két qua co ban clia dai sb tuyén tinh, bo s6
nay ton tai va duy nhat. Van dé con lai 1a tim mét thuat toan dé tinh cac
gia tri Az, A,... mot cach hiéu qua.

Sau day, chiing ta xay dung qud trinh tinh cac hé sb A, k =3,4,...,n.
Néu y = y(x) thi hié clia y tai cac diém x; va x; dugc dinh nghia la

Yi—Yj

Xi, Xi|i= .
y[ i ]] xi_xj

Ti hiéu cAp hai tai cdc diém x;, x; va x; (theo thii tu d6) 1a

X, Xi]l—vy[xi, x
ylxi, X}, x] = ylx )’C] i[ ! ’“], (4.10)
i~ Ak

N PN A . 3 e R N N
va ti hiéu cap ba tai cac diém x;, x;, x;, va x; la

y[xi’xj!xk]_y[xj)xk’xl]
Xi— X .

(4.11)

ylxi, xj, xp, 1] :=

Ti hiéu cp cao hon dudc xac dinh tuong tu theo truy hoi.
Khai niém ti hiéu cho ta thay, tit cdc phuong trinh @.8), (4.9), cac hé so
Ay, A, chinh la cdc ti hiéu cap 1 va cap 2:

A =ylxp, %1, Ay=yl[x0, X1, X5].

Tiép theo, ta sé chiing minh rang cac hé sé A, dudc cho béi ti hiéu cap «,
k> 3.

Bay gid, xét truong hgp y(x) la ham da thiic bac n : y(x)= P,(x). Ti hiéu
clia P,(x) tai diém (x, x,), xem nhu 13 ham ctia d6i s6 x, 1a mot da thiic bac
n—1. That vay, da thiic Q(x) := P,(x)— P,(x,) thoa man Q(x,) =0, nén theo
dinh Ii Bézoutﬂ Q(x) chia hét cho x — x,. Do d6, sau khi gian uéc nhan t
(x — xp) 6 t thitc va mau thiic cua ti hiéu

(x)— Py (xo)

P
Pn[X,xo]:nx—x,
—Xo

5Tf hiéu (divided difference), mot sé sach con goi la # sai phdn.
6Etienne Bézout (1730-1783) la nha toan hoc ngudi Phap.
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ching ta thu dugc mét da thiic c6 bac giam di 1, tic la ¢ bac n—1.

Ciing nhu vay, ti hiéu cap hai clia P, 1a da thtic bAc n—2, .... Tiép tuc
nhu vay, ti hiéu cp n clia P, 1a da thiic béc 0, tiic 12 mét hang s6, va ti hiéu
cip n+1 clia P, bang 0.

Vidu 4.6. Gi sii P,(x)1a mot da thiic bac n, c6 dang tong quat
P, (x)=ap+a;x+--+a,x".
Néu n =0 thi P,(x) 1a da thiic hang s6: P,(x) = ao, nén ti hiéu
P,[x,x,]=0.
Néu n =1 thi P,(x)=ay+a, x. Do d6
Py(x)—Pi(x0) =(ap + a, x)—(ag + a; x) = a;(x — xo).

Vay,
Pi(x)—Pi(x) _ a,(x — xo)

X — Xp X — Xp

Pyx, xo] = =a,.

V6i n=2, P, c6 dang
Py(x)=ag+a, x + a,x*.
Khi do,

(ag+ a1 x + a, x?)—(ao + a, xo + a, x2)

Pylx, xo]= —x
—Xo

=ar)x+a,xy+a,.
Tiép tuc tinh, chiing ta thu dugc
Pl x, Xo, X1] = a,.

Véi n=1,2,3, ti hiéu cap n, P,[x, X, ..., X,_], cla mdt da thiic cap n 13 hang
s0, khong phu thudc x. Bang quy nap, c6 thé dé dang chiing minh dudc
diéu nay ding v6i moi n > 1. Chi tiét danh cho ban doc.

T dinh nghia cta ti hiéu, ching ta suy ra

Pn(x): Pn(x0)+(x_xO)Pn[x’x0];
P,[x, xo] = P,[ X0, X, ]+ (x — X1) P, [ X, X0, X1],

P,x,Xxg,..., Xp_1]1= Py X0, X1,..., Xp]

Vi P,[X, Xo, X1, ..., X,_1] 12 m&t hiang sb. Thay lién tiép cac dang thiic nay tit
duéi 1én, chiing ta thu dugc ket qua sau:
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Dinh li 4.4: Cong thiic ndi suy Newton 1
Néu P,(x) 12 mét da thic bac n va x,, xi, ..., x, 12 n+1 diém phan
biét thi

n i—1
Pn(x):Pn(x0)+ZPn[xo,...,x,-]l_[(x—xj). 4.12)
i=1 j=0

R6 rang, cac thanh phan P,[x,, ..., x;] trong vé phai clia @.13) c6 thé
tinh chi dua vao cac gia tri P,(x;), j=0,1,...,i. Tt d6, chiing ta suy ra cong
thiic noi suy Newton nhu sau:

Dinh li 4.5: Cong thiic noi suy Newton 2

Néu xg, X1,..., X, 1a n+1 diém phan biét va y, = y(xo), 1 = y(x1), . ..,
Vo = ¥(x,)lamot bd n +1 gia tri tudng Gng cua y thi

n i—1
pu(x) = y0+Zy[x0,...,xi]l_[(x—xj) (4.13)
i=1 j=0

la da thic noi suy ctia y tai cac nut x;.

Vi du 4.7. Gia sii ta biét gia tri cia ham sb y = f(x) tai mot sb gid tri clia
do6i so x nhu sau.

x 1 2 4 5

y 25 36 106 177

Tinh da thiic ndi suy p;(x) clia y tai cac ntt ndi suy bang cach diing cong
thtic noi suy Newton tien.

Loi giai

, N S 2 R A < N 2 .2 . . ~
Ki hiéu x,, ..., x; 1a cac diém noi suy va y,,..., y; la cac gia tri caa y tai cac
diém noi suy do. Ta tinh cdc ti hiéu va viét vao bang sau:

Nat x y Tihiéul Tihiéu2 Tihiéu3
0 1 25 11 8 1
1 2 36 35 12
2 4 106 71
3 5 177
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0 hang tha hai ttt cot thi 3, chiing ta thu dudc y,, y[xo, X1, ¥[X0, X1, X2), ...
Vay, da thiic noi suy Newton ctia ham so y tai cac nat noi suy trén la

p(x)=(x—4)(x—2)(x—1)+8(x—2)(x—1)+11(x—1)+25. (4.14)
Luu ¥, chiing ta c6 thé don gian héa biéu thiic 6 vé phai, chiing ta thu dugc
ps(x)=x3+x*+x+22.

Tuy nhién, qu4 trinh nay khong can thiét cho viéc tinh gia tri clia da thtic
noi suy.

CAS 4.5. Hay viét mot chuong trinh R tinh cac gié tri cia bang ti hiéu trong
phuong phép noi suy Newton va dp dung vao cac di liéu trong Vi dufd.7}
Két qua thu dugc l1a bang ti hiéu khép véi nhiing tinh todn bang tay

trong Vi du

newton_interpolation <- function(x, y) {
n <- length(x)
if (n == 1) {
stop("L8i! Can it nhit hai diém dit lidu.")
}

else {

A <- matrix(data = 0, n, n - 1)

for (j in 1:(n - 1))
for (i in 1:(n - j)) {
if (5 == 1) {

Ali, j1 = (y[i + 1] - y[il) / (x[1i + 1] - x[i])
} else {

dy = AL + 1), (G - DI - AL, G - D]

dx = x[i + j] - x[i]

Ali, jl = dy / dx

colnames(A) <- as.list(seq(l, n - 1, by = 1))
return(cbind(x, y, A))
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X <- C(l: 2, 4: 5)
y <- c(25, 36, 106, 177)
newton_interpolation(x, y)

#i# x y 1 23
# [1,] 1 2511 81
## [2,] 2 36 35 12 0
## [3,] 4 106 71 0 0
# [4,] 5177 0 00O

Chii y 4.3. Thay vi viét két qua clia noi suy Newton vé dang “tiéu chudn”,
tiic 1a dang tong cac don thtic clia x, sap xép theo thi tu ting hoic giam
clia bac clia x, ta c6 thé viét no 6 dang “long nhau” (nested form). Khi dé,
viéc tinh gi4 tri clia da thic rat hiéu qua khi stt dung lugc d6 Horner (stia
ddi). Chang han dbi véi da thiic py(x) trong @.14),

p3(x)=25+(x—1)(11+(x —2)(8+(x —4))).
——

wr

Wo

Viéc tinh gid tri clia da thtic sé dudc thuc hién tuong tu nhu luge dé Horner.
Vi dy, hay tinh p3(2,5) nhu sau:

wy;=1

w, =8+ ws;(2,5—4)

w; =11+ w,(2,5—-2)

wy=25+w;(2,5—1).

Tinh toan cu thé,
w,=6,5 w;,=14,25 ps(2,5)=w,=46,375.

Chiing ta sé 14p chuong trinh tu dong tinh cac két qua trén trong CAS

Chily 4.4. Biéu dién da thtic noi suy theo vé phai clia goi la da thic
noi suy Newton tién. Bing cach hoan déi vai tro clia cac nit ndi suy, ta c6
thé dua ra cac biéu dién khac nhau. Néi riéng, néu ta c6 da thiic néi suy
Newton lui nhu sau:
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n i—1
pn(x)::J/n+Zy[xn’---»xn—i]l_[(x_xn—j)- (4-15)
i=1 Jj=0

4.3.2  Pa thitc ni suy Newton vdi cic niit ni suy cdch déu

Khi cac ntit noi suy cdch déu nhau, ta cé thé biéu dién da thiic noi suy
Newton mdt cach don gian hon. Bang cach dat

xj=x0+jh, j=0,1,2,...,
v6i h 1a khoang céach giita hai niit noi suy lién tiép, va
X=Xxy+th,

taco

x—x; =X+ th)—(xo+ jh)=h(z — j).

A

Vay,
i—1 i—1
[ [o=xp=n] e

j=0 j=0

Tiép theo, ta biéu dién cac i hiéu qua céc sai phan nhu sau: Sai phdn tién
(forward difference) ctia day y; la

Ay]:y]+1—y], j:0,1,2,...,n—1.
Sai phan tién cap 2 ctia la
Ay, =AAy)=Ayja—Ay;, j=01,2,..n—2.
RO rang
Ay =2 = Vis) =V — V)= Vjr2a—2¥j1 + V)
Bang quy nap, ta c6 thé chiing minh dugc
k ! ik
Aty = —1) ivk—i» J=01,...,n—k.
Vi ;( )(l.)yfrk i ] n
O day, (})1a t6 hop chap i ctia k phan tit: (}) = ;. Cdc ti hiéu dugc bidu
dién qua sai phan nhu sau
Ay,
(k)hk

y[xﬂrxl»---!xk]:
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Thay céc biéu thiic ctia ti hiéu nay vao coéng thiic nodi suy Newton tién, ta
thu dudc dinh li sau:
Dinh i 4.6: Noi suy Newton v&i mbc cach déu
Néu xo, x1,..., X, 12 n+1 diém phan biét cich déu nhau:
Xj=xo+jh, j=0,1,2,...,

va y, = y(x0), = y(x1), --., ¥ = y(x,) lamoOt bo n + 1 gia tri tuong
tng cta y thi, v6i x = x,+ th, ta co

t—1)
2!

t((t—=1)--(t—=n+1) ,
n! A

AP+ +

W
(4.16)

t
Pu(X)=y+tAy+

la da thic noi suy ctia y tai cac nut x;.

Cong thiic con dugc goi la cong thiic Newton-Gregory['|
Vidu4.8. Gidsiita biét gia tri clia ham s6 y = f(x) tai mot sb gia tri clia
doi so6 x nhu sau.

X 1 2 3 4 5

y 2018 1992 1902 1682 1242

Tinh da thiic néi suy ctia y tai cic nit noi suy bang cach ding cong thiic
noi suy Newton tién véi cac nut cach deéu.

Loi giai

- N S 2 R A < N 2 .2 . . ~
Ki hiéu x, ..., x; la cac diém noi suy va y,, ..., y; 1a cac gid tri ctia y tai cac
R A 2 s ~ A N < A S
diém noi suy do. Ta tinh cdc ti hiéu va viét vao bang sau:

i x;, y; Saiphanl Saiphdn2 Saiphan3 Saiphén4
0 1 2018 —26 —64 —66 —24

1 2 1992 —-90 —130 —-90

2 3 1902 —220 —220

3 4 1682 —440

4 5 1242

O hang thi hai tit cot thi 3, ta thu dugc céc sai phan hitu han Ay, A2y,

“James Gregory FRS (thang 11 ndm 1638 — thdng 10 ndm 1675) 1a mdt nha toan hoc va thién
van hoc ngudi Scotland.
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... Vay, da thiic néi suy Newton ctia ham s y tai cac niit ndi suy trén 1a

pu(1+ 1) = 2018+ £(~26) + (—64) L1

+(—66)t(t_lg(t_2) _24t(t—1)(t2;2)(t—3).

D6 1a da thiic ndi suy Newton can tinh, viét duéi dang bién ¢ = x —1. Luu
¥, cling c6 thé viét lai da thiic ndi suy 1a

ps(1+1t)=—t*—51>—10t*—10¢ + 2018,
va d6i bién x =1+ ¢ hay r = x — 1, dé thu dudc
pa(x)=—x*—x3— x*— x +2022.

Tuy nhién, viéc nay khong can thiét dé tinh gia tri clia da thiic noi suy.

CAS 4.6. Chung ta lap ham newton_coefficients() nhan vao mot day
(sap thit tu) cac gia tri y =(y,), 1a nhiing gia tri cia ham s6 can néi suy tai
nhiing moc noi suy cach déu. Két qua tra vé 1a day cac sai phan trong cong
thic noi suy Newton.

newton_coefficients <- function(y) {
n <- length(y)
t <- numeric(n)
t[1] <= y[1]
for (i in 2:n) {
y <- diff(y)
t[i] <- y[l]
}

return(t)

y <= c(2018, 1992, 1902, 1682, 1242)
print (newton_coefficients(y))

## [1] 2018 -26 -64 -66 -24
Két qua thu dudgc la day cac hé s6 nhu trong Vi du
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Muc CAS sau day két hop phuong phap néi suy Newton va lugc do
Horner (md rong) dé tinh gi4 tri ctia da thitc ngi suy Newton.

CAS 4.7. Hay tinh c4c hé s6 clia da thiic ndi suy Newton (hang dau tién
trong bang ti sai phan) cta di liéu trong Vi du va tinh gia tri cia da
thiic ndi suy thu dugc tai x =a =2,5.

# Ham newton_interpolation() tinh cdc t%i hiéu cta hat day z, y.
# Tham sé =, y ld hai ddy cé cung d6 dad,
# a ld diém can tinh gid tri.

newton_interpolation <- function(x, y, a) {
n <- length(x)

# Ddy t luu trd cdc ti hiéu trén hang dau tién.

t <- numeric(n)
t[1] <- y[1]
for (i in 2:n) {
for (j in 1:(n - i + 1)) {
z <- diff(y)
y[jl <= z[3]1 / (x[j + 1 - 1] - x[j])
}
t[1] <- y[1]
+

# Tinh gid tri cida da thic tai z = a.

w <- t[n]
while (n > 1) {
n<-n-1
w <- t[n] + w *x (a - x[n])
+
return(list(coefficients = t, value = w))

}

# Chay thié newton_interpolation()
x <- c(1, 2, 4, 5)

y <- c(25, 36, 106, 177)

a <- 2.5

newton_interpolation(x, y, a)

## $coefficients
## [1] 25 11 8 1
#it

## $value
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## [1] 46,375
Céc két qua thu dugc tring khép vdi cac két qua da tinh bang tay.

4.3.3 Doc thém: Dinh li Hermite-Gennochi
Trong tiéu muc nay, ta néi vé dinh Ii Hermite—Gennoch cho mot biéu
dién tich phan clia cac ti sai phan. Biéu dién nay cho phép ta mé rong khai
niém ti sai phan ctia cac ham s6 kha vi khi cac diém noi suy triing nhau.

Dinh li 4.7: Hermite-Gennochi

Cho xo, X1, ..., %, €(a, b) vaham s6 f(x)kha vi n 1an trén (a, b). Khi

do,

FlXo) X1 -0, Xy ] =ff F(toxg+-+ tyx,)dty...dt,,  (4.17)
T

trong d6, mién 14y tich phan bai la

n
T = {(tl,..., tn): t; ZO,Z [; < 1} CR”,
i=1
n

vaf=1->t;.
i=1

Truong hgp n =1, cong thiac Hermite-Gennochi (4.17) c6 thé dé dang
suy ra tit cong thiic tich phan Newton-Leibniz: V6i x; — x, # 0, ddi bién
u:(l—tl)x0+ tlxl, du = x;xod[l’ ta Cé

1—

1
f Ftoxo+ tyx;)de,y ZJ F(1=t)x+ t x,)dty,
T 0

1 o
xl_XOJ;CO f(u)du

_ f(x1)— f(x)

B X1— X

= flxo, x1].

Véi n = 2, cong thiic c6 thé suy ra tlt dinh li Fubini cho tich phan kép cling

8Angelo Gennochi (5/3 /1817-7/3/1889) 1a mot nha todn hoc ngudi Italy. Cong thitc Hermite-
Gennochi dugc cho la xuat hién trong cong bo “Relation entre la différence et la dérivée d’'un
méme ordre quelconque, Archiv Math. Phys. (1) 49:342-345, 1869” ctia 6ng.
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v6i cong thtic Newton-Leibniz. Vé chitng minh cong thiic nay trong trudng
hop téng quat, ban doc c6 thé xem Atkinson [1], trang 145-146.

Trong dinh nghia ti sai phan, ngudi ta yéu cau cac diém x, x1,..., X,,
12 phan biét. Tuy nhién, vé phai clia cong thiic Hermite-Gennochi
hoan toan xac dinh ma khéong can diéu kién nay. Do d6, cong thiic nay cho
phép chiing ta mé rong ti sai phan cho cac ham sb kha vi n 1an.

Mot hé qua truc tiép clia cong thiic 1a khang dinh sau: Néu f la
mét da thiic bdc nho hon n thi

f[xo,xp-n,xn]:O.

4.4 Saisb ndisuy

Trong muc nay, chung ta tim hiéu van dé danh gid sai s6 trong ndi suy, van
dé chon mbc noi suy “t6i uu”, va mét vi du vé hién tugng Runge. Tai liéu
tham khéo: T. V. Dinh [6, §4.1. 7] P. K. Anh [2, SII.3-11.4].

4.4.1 Ddnh gid sai sb trong xap xi bang da thitc néi suy

Trong muc nay, ta trinh bay phuong phap tinh gan diing gia tri ctia ham s6
bang da thiic ndi suy. Phuong phap nay dudc mo ta nhu sau: Gia st f(x)
1a mot ham s6 ma ta muén tinh gid tri cia n6 tai mot s6 diém trong doan
[a, b]. Khi cong thiic clia f(x) qua phiic tap (nhu d6i v6i cdc ham siéu viét
sin x, cos x, ho#c a®), ta c6 thé xap xi gia tri f(x) bang gia tri P,(x) véi P, 1a
mot da thiic ndi suy clia tai mot s6 diém xg, x1,..., X,,, sao cho céc gia tri tai
cac nit d6 c6 thé dudc tinh dé dang. Do dé, nay sinh van dé danh gia sai
sb clia phép noi suy, tiic 1a danh gia phan du

rn(x) = f(x) = Py(x). (4.18)

Dinh li 4.8: Panh gid sai s6 ndi suy

Néu ham s6 f(x) lién tuc trén [a, b] va c6 dao ham dén cap n+1
trong (a, b), thi

_ £(n+1) w(x)
r(x)=f (C)—(n+1)!’ (4.19)

Vi ¢ €[a, b]1a mot diém phu thudc vao x va

n

o) =] [x—x)=(x—x)x—x)(x—x,).  (4.20)

i=0
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Dinh li|4.8cho phép ta danh gia sai s6 tuyét d6i clia phép tinh gan ding
f(x) bang gia tri clia da thiic noi suy P,(x). Cu thé hon, gia stt f"*!(x) bi
chan trén [a, b]:

‘f("“(x){ <M, a<x<b.

Khi do,

M
I (x)] < TESY

lew(x)]. (4.21)

Nhu vay, sai s6 tuyét dbi dugc danh gia qua vé phai ctia @.21) va duogc
phén tich lam 2 phan. Phan thi nhat, hang so M, chi phu thudc vao ham
f, va phan thi hai, |w(x)|, chi phu thudc vao cac ntit noi suy.

Chiing minh Dinh li[4.8 Cb dinh x, x # x; v6imoi j €{0,1,..., n}, xét mot
bién ¢ méi, va thiét 1ap mot ham phu nhu sau:

G, (t)= f(t)—P,(r)— R(x)w(1).
Trong do, R(x) khong phu thudc vao ¢ va dugc chon sao cho G,(x)=0. No6i

cach khac,
f(x)—P,(x)

Rix)= w(x)

RO rang, G,(t) khd vi t6i cAp n +1. Matkhéc G,(x;)=0, v6i j=0,1,...,n, va
G,(x)=0.Bang cach dp dung lién tiép dinh li Rolle, ta c6 G/(t) triét tiéu tai
n+1 diém phén biét, G”(¢) triét tiéu tai n diém phan biét, ..., GI"*V(c)=0
v0i ¢ €(a, b). . )

Mat khac, bang cach tinh truc tiep, ta cé
G = fF () —R(x)(n+1) VY t€la,bl

X

Thay t =c, taco
0=G"(c)=f"*I(c)—R(x)(n + 1)

Tu day, ta giai dugc
f(e)

R0 =4y

Thay vao cong thiic cia G,(¢), va thay r = x, nhé réng G,(x)=0, ta dé dang
thu dugc (@.19).

Truong hgp x = x; nao do thi co thé chon ¢ bat ki; ding vi hai ve
déu bang 0. O

Vi du 4.9. Gia sl da tinh dugc gan ding ham s6 y = sin(x) tai mot sb gia tri
clia x nhu sau (xem CAS[4.3):
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x; 0,1 0,2 0,3 0,4
y;=sin(x;) 0,09983 0,19867 0,29552 0,38942

(a) Lap da thic noi suy bac 3, ki hiéu Py(x), ctia sin(x) tai cac nit ndi suy
néu trén.

(b) Tinh P;(0,25) va so sanh vdi sin(0,25).

Loi giai

(a) Talap da thiic noi suy Py(x) bang cong thiic Newton tién, bat dau tir
Xo = 0,1 va cdc nut cach deu véi khoang cach h =0,1. Dé dang tinh
dugc cac sai phan

i x; Vi Saiphan1 Saiphdn2 Saiphan3

0 1 0,09983 0,09884 —0,00199 —0,00096
1 2 019867 0,09685 —0,00295

2 3 0,29552 0,09390

3 4 038942

Tl cong thiic Newton, ta suy ra, v6i x =0,1+0,1¢ hay r =10x—1,

t(t—1)

P;(x)=0,09883+0,09884¢ + (—0,00199)

+w(—0,00096).

(b) Dé tinh Py(x) tai x = 0,25, ta thay  =10x —1=1,5, ta c6

1,5(1,5—1)

P,(0,25)=0,09983+0,09884 x 1,5— ———-—— x0,00199
1,5(1,5—1)(1,5—2

_LS 6)( ) 0,00096

=0,24740375.

Vi P, 1a da thiic noi suy ctia ham y =sin(x) nén ta c6 thé coi
sin(0,25) ~ P4(0,25) = 0,24740375.
Dé danh gid sai s, ta xét
w(x)=(x—0,1)(x—0,2)(x —0,3)(x —0,4).
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RO rang,
w(0,25) =0,00005625.

Do ham y = sin(x) c6 dao hAm moi cap nhan gi4 tri trong doan [—1,1],
nén ta cé thé uéc luong

1
5in(0,25)— Py(0,25)| < |13(0,25)| < 7 2(0,25) < 2,35 x 10
Nhu vay, ta tinh dugc sin(0,25) chinh x4c t6i vai phan triéu.

4.4.2  Chon miit ndi suy téi wu: da thitc Chebyshev

Tu Dinh li nay sinh ra van dé chon cac diém noi suy x; sao cho
max|w(x)| bé nhat. Dé tim hiéu van dé nay, dé don gian, ta xét truong
hgp riéng khi doan [a, b] la doan [—1,1]. Trong truong hgp nay, cac nit
noi suy “téi uu” nay la cac nghiém ctia da thiic Chebyshe\ﬂ Cac da thuic
Chebyshev loai 1 bac m, ki hiéu T,,, 1a da thtic duy nhat théa man

T,,(cosy)=cos(my), yeR.
Nhu vay, néu x €[—1,1] thi
T,,,(x) = cos(m arccos(x)).
Vidu, v6i m =1 thi T;(x) théa man
Ti(cos(y)) = cos(y),

v6i moi y €R, nén phai cé
L(x)=x.
V6i m =2, T,(x) phai thda man

T (cos(y)) = cos(2y) = 2 cos?(y) - 1,

v6i moi y €R, va vay thi
T(x)=2x>—1.
V6i m > 3 tly ¥, cong thiic tudng minh 7T, thu dudc ti viéc khai trién
cos(my)theo cos(y).
Nghiém cua da thic Chebyshev T,,,(x) c6 dang cos(y;), v6i y; 1a nghiém
clia phuong trinh lugng giac cos(my) = 0. Tl d6 ta thiy rang cidc nghiém
nay la

9Pafnuty Lvovich Chebyshev (1821 — 1894) 1a mot nha toan hoc ngudi Nga.
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Hinh 4.1: Cac da thic Chebyshevbéac 2, 3,4 va 5

v6ii=0,1,2,...,m—1.Khido, véi
W (X)=(x —xp)(x — X1) - (X — Xpp1), (4.22)

thi w,,(x) va T,,(x) sai khdc mdt nhan t. Do w,,(x) c6 hé s6 dau tién bang
1 nén nhan tt d6 chinh 1a hé so dau tién caa T,,(x), tdcla 2. Tu d6 ta co
thé thay rang

1

wm(x) = om—1 Tm(x)

Theo trén, ro rang | T,,(x)| < 1 v6i moi x €[—1,1] nén ta c6

1
2m—1"

lwm(x)l < (4.23)
DAu “=" xay ra khi va chi khi x = cos(jn/m), j€{1,2,...,m—1}.
Dinh li 4.9: Chebyshev
Gia stt P(x)1a mot da thiic bac m vé6i hé sé6 dau bang 1:
P(x)=x"+a, 1 x"  +-+a,x+a,.
Khi d6, xay ra bat dang thtic
max |P(x)| =27 (4.24)

x€[—1,1]

Chiing minh. Xét da thic
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Néu R(x) =0, c6 nghia 1a P(x) = ,,(x), thi dé thidy diu bang xay ra trong
(4.24). Gia st R(x)# 0. Do P(x) va w,,(x) cung c6 hé so dau (hé so cua x™)
bang 1, nén R(x) c6 bac khong vugt qua m —1.
Tai cac diém
c —cos(jﬂ) i=0,1 m—1
] - m ’ ] T Uy Ly y
ta c6 thé tinh todn truc tiép
T,(cj) = cos(marccos(c;)) = cos(jr) = (—=1).

Vay, ta co .

w(c))=2"""T,,(c;))= (1) 27"+,
Ta sé chiing minh bat dazmg thiic sau (manh hon @.24))

max _|P(c;)| =27, (4.25)
jelo,1,...,m—1}

That vay, ta thay rang doan [—1, 1] dudc chia thanh m doan lién tiép béi cac
diém chia

—l=c,<cp1<Cpo<-<c <=1
Do R(x) c6 bac khong vudt qua m—1, R(x) #0, nén R(x) c6 nhiéu nhat m—1
nghiém trong [—1,1]. Tt d6 suy ra ton tai mot khoang [, cr_;) sao cho R(x)
khong c6 nghiém trén dé va vay thi R(x) gitt nguyén dau trén [cy, c;_; ). Xay
ra hai truong hgp:

e Truong hop 1: R(x) > 0 trén [, ¢;_;). Ti d6 suy ra P(x) > w,,(x) trén
[k, cx—1]). NOiriéng

max{|P(ci)l, |P(cx-1)I} = max{P(cy), P(cr-1)}
= max{wm(ck), wm(ck—l)}

=max{2 " (—1)k, 27 (1))}

— 27m+1.
o Truong hop 2: R(x) <0 trén [¢y, ¢;_;). Tu d6 suy ra P(x) < w,,(x) trén
[k, k1] NOiriéng,

min{P(ck)!P(Ck—l)} < min{wm(ck)! wm(ck—l)}

— min{Z_mH(—l)k, 2—m+l(_1)k—l)}
— _27m+1.

Tit d6, dé dang suy ra
max{|P(cg)l, [P(ce_1)} = 27",
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Vay, trong ca hai truong hgp, ta c6

max [P(x)|> max [P(c¢;)| = max{|P(c;)l,|P(ce)l} 227",
xe€[—1,1] jefo,1,...,m—1}

va ti do suy ra ([4.25). Ta hoan thanh chiing minh. O

Dinh li 4.10: Chebyshev
Gia stt P(x)1a mot da thiic bac m v6i hé sé6 dau bang 1:
Px)=x"+a, 1 x™ '+ 4+a,x+a,.

Gia st
max |P(x)|=2""", (4.26)

x€[—1,1]

Thé thi P(x) = w,,(x).

Dinh li nay co ban néi rang, trong tap hop cac da thiic bac m véi hé
s6 dau bang 1, da thiic 27+ T,,(x) c6 chuan L* bé nhat. Ngoai ra, c6 thé
chting minh duq n6 la da thiic duy nhét cé trong dé cé tinh chat nhu
vay. Ta khong di sau vao chiing minh nay.

Xét bai toan ndi suy cac ham sé xac dinh trén [-1,1]. Néu chon 7 + 1
moéc ndi suy 1a cac khong diém ciia da thiic Chebyshev T,,,,(x) thi ta c6
danh gia sai s6 “t6i uu” sau day:

Dinh Ii 4.11: Sai s6 noi suy

Néu ham sb f(x) lién tuc trén [-1,1] va c6 dao ham dén cip n+1
lién tuc trong (—1,1), va néu P, la da thiic noi suy cua f tai cac khong
diém ctia da thiic Chebyshev T;,,,(x) thi

[F)=P(x) <27 max If0(y) (4.27)

Chiiy 4.5. Trong trudng hop tong quat ((a, b] khong phai 1a doan [—1,1])
thi phép doi bién

X=

1
2x—a—D>b)
a

dua van dé dang xét vé doan [—1,1].

Ta két thtic muc nay bang mot vi du vé mét tinh hudng xap xi mot
ham s6 (httu ti) b6i da thiic ndi suy véi moc cach deu va véi moc noi

10p6 1a mot két qua ctia Borel, 1905.
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/

05

\

Hinh 4.2: D6 thi ham s6 y = (1+16x2)"! va céc da thiic noi suy ctia né

suy Chebyshev. Vi du cho thay, nhin chung, noi suy véi cic méc ndi suy
Chebyshev cho “sai s0 déu” nh6 hon. N6 ciing minh hoa mét tinh huong
ma xap xi ham s bang ndi suy co6 thé cho sai s6 rat 16n.

Vi du 4.10 (Hién tugng Runge). Xap xi ham hitu ti

1
T 1+16x2

fx)
trén doan [—1,1] bang da thiic ndi suy véi cac nit noi suy cho béi
(a) cac diém cach déu xy=—1,x; =—0,8,x,=—0,6,..., % =0,8, X0 =1;
(b) cac khong diém ctia da thiic Chebyshev Tj;(x).

Trong tinh hudng (a), ta c6 dudc da thiic noi suy xap xi bang

Po(x)=1—12,7196x% + 83,4829 x* — 247,244 x®
+314,581x%—139,041x°.

Két qua nay c6 thé thu dudc bang tinh toan truc tiép, hoic tinh toan duéi
su trg gitp cua phan mem. Mat khdc, trong tinh huong (b), noi suy bang
cac khong diém ctia da thiic Chebyshey, ta thu dudc

PCMP(x)=1-10,1903x* + 46,8493 x* — 98,8976 x°
+95,0685x% —33,8021x'°.

D6 thi cia PSMP(x) (mau do) va Pyy(x) (mau xanh) va do thj clia ham 1/(1+
16x2) dugc thé hién trong Hinh
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4.5 NoOi suy ham ghép tron

Trong muc nay, chiing ta tim hiéu vé noi suy ham ghép tron véi trong
tam la ham ghép tron bac ba (cubic spline), ting dung ctia ham ghép tron
dé tinh xap xi gia tri ctia ham s6. Tai liéu tham khao: P. K. Anh [2} §IL.9],
Kreyszig [9, §19.3].

4.5.1 So lugc vé ham ghép tran

Gia st y phu thudc vao x theo mot ham da thic bac n. Chang ta da
biét trong bai toan noi suy da thiic, néu xac dinh dugc chinh x4c gia tri
yi=y(x), j=12,...,m, taim diém phan biét x;, x,,..., X, V6i m > n+1,
thi chiing ta c6 thé xac dinh dudc coéng thtic clia y theo x. Tuy nhién, do
cdc gid tri y; c6 thé chila gia tri gan ding, nén két qué clia phép ndi suy
cling chi 1a gan dung. Hon nita, néu m > n+1 thi nhiing sai s6 clia y; dan
dén két qua thu dugc ctia qua trinh ndi suy c6 thé chita cac s6 hang véi sb
mii 16n hon n, din dén nhiing sai s6 khong chap nhan dugc. Biéu dé cho
thay khi s6 dit liéu da 16n hon bac ctia da thiic thi viéc ting thém s6 lugng
cac dit kién dau vao khong 1am két qua tét hon.

Sau day, chiing ta néi vé mot phuong phéap néi suy trén cac khoang nho
va ghép cac két qua lai mot cach tron tru, dudc gidi thiéu lan dau béi 1. J.
Schoenberg vao nam 194 Trong phuong phap nay, ngudi ta han ché
béc ctia cac da thtc tham gia vao qud trinh noi suy bang cach chi thuc
hién phép noi suy Hermite trén hai diém noi suy lién tiép. Sau d6, cac két
qua dudc ghép lai dudc mot cach “tron tru” dé thu dudc ham ghép tron
(spline).

Dé mo ta ki hon, gia st mién xac dinh ctia x 14 [a, b], dudc chia thanh
nhiéu doan nhé

a=xy<x3<--<x,=b.

Sau d6, trén m6i doan nhé [x,_;, x;], chling ta tim moét ham sb S sao cho
Se(xe—1)= Ve, Sk(Xk) = Y-

Khi d6, ham s6

Sl(x)) X € [X(),X1),

S(x)= 4 2 Xl x)
S,(x), x¢€l[x,_1,b].

12 mét ham sé lién tuc va thod man y, = S(x;) véi moi k €{0,1,2,..., x,,}.

17,7, Schoenberg, Contribution to the Problem of Approximation of Equidistant Data by Analytic
Functions, Quarterly of Applied Mathematics, Vol. 4, No. 1, 1946, pp. 45-99, 112-141.
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Bay gi0, vin dé dit ra 1a ching ta sé xac dinh cac ham S, nhu thé nao?
Ve van de nay, ching ta c6 mot so phan tich sau:

e Néu trén méi khodng [x_;, x;], chiing ta 14y ham noi suy bac nhét,
tic 12 ham tuyén tinh v6i do thi di qua hai diém (x, ye), (Xk_1, Ye_1),
thi chiing ta c6 mot ham tuyén tinh ting khiic (piecewise linear) trén
[a, b]. Luu ¥ rang cac ham tuyén tinh tiing khic nhin chung khéng
kha vi tai cdc diém x;.

o Néu trén méi khoang [x;_;, x], chiing ta xac dinh mot ham néi suy
béc hai, tiic 1 tim mot ham sao cho d6 thi cia né 1a mét parabol di
qua hai diém (x, y;), (xx_1, yx—1) thi chiing ta gap phai vin dé 1a c6 vo
han cac ham nhu vay. Chiing ta sé can thém diéu kién dé xac dinh
duy nhét cac ham bac hai d6, chang han nhu diéu kién vé hé s6 géc
clia tiép tuyén clia parabol tai 1 diém dau miit.

e Néu trén méi khoang [x,_;, x;], ching ta xac dinh cac ham bac ba véi
db thi di qua hai diém (xy, y;), (xx_1, ye_1), thi chiing ta can thém diéu
kién xac dinh duy nhat. Théng thudng, chiing ta ciing sé dat cac diéu
kién vé hé s6 goc ctia do thi tai hai diém dau muit.

Tit phan tich trén, chiing ta thiy cac ham bac nhit 1a qué “ciing”, dan dén
ham ghép tron S(x) thudng khong tron tai cac diém nit, trong khi d6 cac
ham bac hai cling chua dii “mém déo”: Cadc ham bac hai véi db thi di qua
hai diém cb dinh dudc mo ta béi 1 tham sb. Mat khac, ho cac ham bac ba
v6i do thi di qua hai diém c6 dinh 12 ho véi hai tham s6 tu do. Diéu nay
lam cho viéc st dung cac ham béc ba cho bai toan ghép tron (spline) goi la
ghép tron bac ba (cubic spline) tré nén thuén tién hon.

4.5.2 Ham ghép tron bdc ba

Bay gi0, chiing ta tim hiéu ki hon vé ghép tron bac ba. Bit dau bang hai
truong hgp don gian sau: n =1 va n = 2. Tim hiéu ki hai truong hop riéng
sé 1am 16 16 y tuéng chiing minh trudng hdp téng quat.

Chiing ta bat dau xét véi trudng hop n = 1. Diéu thi vi 1a trudng hgp
nay ching ta khong ghép cac ham sb. Thay vao dé, chiing ta chi xac dinh
mot ham béc ba p(x) véi diéu kién

p(xo)=¥, plx1)=n.

Tat nhién, c6 vd han ham so bac ba thoa man hai dieu kién trén. Do do,
can thém cac dieu kién nita, dé la

p/(xo) = ko, P/(xl) = k.
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Khi dé, ching ta dugc mot truong hgp don gian ctia bai todn noi suy
Hermite, ttic la noi suy cac gia tri cia ham so cung véi cac dao ham ctia né
tai mot so nit ndi suy. Cac hé so ctia ham bac ba p(x) dugc xac dinh béi hé

phuong trinh

2 3

1 Xo x() x02 Po J’ 0
0 1 2x5 3x; 12 ko

= . 4.28
1 x xF x5 23 n ( )

0 1 2x; 3x7 | [p ki

Néu goi A 1a ma tran 6 4 x 4 trong vé trai clia thi, bang tinh toan truc
tiép, bang tay hodc bang may tinh (chang han Python véi SymPy), c6 thé
thay rang det(A) = (x; — x,)*. Do dé, hé c6 nghiém duy nhat, theo dinh
1i Cramer. Ti d6, thiét lap dudgc cac cong thic tinh p;, i =1,2,3,4.

Nhu vay, bai toan tim ham da thtic bac < 3 véi gia tri ctia ham s6 va céac
gia tri clia dao ham tai hai diém cho truéc bang nhiing gia tri cho truéc 1a
giai dudc va c6 nghiém duy nhat.

Chiiy 4.6. Luu ¥ rang trudng hop n =1 khong minh hoa su “ghép tron” dic
trung clia phuong phap nay, khi ngusi ta can ghép hai hay nhiéu hon ham
bac ba thanh mdt ham ni suy da thic tting khtic (piecewise polynomial).

Truong hop tha vi hon la khi n =2, 1y a = x, < x, < x, = b va di tim hai
ham so bac ba

p(x)=po+prx+pox’ + pyx’,
q(x)=qo+ X + G2 x* + g3 x°,

sao cho
p(x0)=, pPx)=qx)=n, q(x)=7p.

Tit day dan dén 4 phuong trinh tuyén tinh d6i v6i 8 an sé p;,q;, i =1,...4.
Cac dieu kién tiep theo la:

* Tinh kha vi clia ham ghép tai x, dan dén
p'(x1)=q'(x1),

hay
P1+2X 3% Py = Gy +2X1 o + 3% g5,

* Tinh kha vi hai lan ctia ham ghép tai x, dan dén
p"(x1)=q"(x1),
hay, sau khi chia hai vé ctia phuong trinh cho 2,
P +3x1p5 =G> +3Xx1G5.
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Dén day, chiing ta thu dugc thém 2 phuong trinh tuyén tinh nita déi véi 8
4n s6 trén, tong cong 1a 6 phuong trinh. DE c6 thé xac dinh dugc toan bd 8
an s6, can dat thém hai diéu kién nita d6i v6i ham spline. C6 mot sb lua
chon sau:

Ham ghép tron bi kep (clamped spline) 13 ham ghép tron véi diéu kién cd
dinh cac hudng tiep xtic cia ham ghép tron tai hai dau mat (x, va x,), cé
nghia la

p'(xo)=ko, q'(x2)=khy,

v6i ko va k, cho truéc. Diéu kién nay cho ching ta hai phuong trinh

P1 +2x0p2+3x§p3 = ko
q1 +2.7C2q2 +3x226]3 = k2.

Toéng hgp cac phuong trinh trén, chiing ta c6 hé phuong trinh sau di véi
cac hé so cta cac ham ghép tron:

1 x, x2 x2 0 0 0 0 11wl [»
1 x x% x% 0 o 0 0 P n
0 0 O 0 1 x xf xp P n
0 0 0 0 1 x, x? x3 sl | »
0 1 2x 3x2 0 —1 -2 —32x12 o= ol @29
00 1 35 0 0 -1 -3x ||q 0
0 1 2x 3%2 0 0 0 0 w| |k
000 0 0 0 1 2x 3x2 |lgl |kl

Goi M lama trén co 8 x 8 trong vé trai clia (@.29). Khi d6, c6 thé tinh dudc
(bing tay hoic bang may tinh, chang han biang SymPy trong Python)

det(M) =—2(xo— x;)* (%9 — %2)(x;, — x)°. (4.30)

Nhu vay, det(M) # 0 béi vi cac diém xo, x, va x, 1a d6i mot khac nhau. Do
dé, theo dinh li Cramer, v6i moi bd gid tri 6 vé phai ctia @.29), chiing ta
déu c6 thé tim dudc duy nhéat cip cac da thiic bac ba p va g thoa man céc
diéu kién noi suy ghép tron.

B6 dé sau cho phép chiing ta tinh huéng tiép tuyén ctia dé thi ham
ghép tron tai diém giita khi biét huéng tiép tuyén tai hai diém hai bén.

Ménh dé 4.1:

Gia sti caché sb p; vag;, i =0,1,2,3, clia cac da thiic bac ba p(x) va
q(x)langhiém cta hé phudng trinh tuyén tinh (£.29). Dat k, = p’(x,),
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kl == p/(xl), kz = q/(xZ). Khi dé, kl = q/(xl) Vé

= Yo—h
=3 + .
((xl—xo)z (xz—xl)z)
(4.31)

k 2(x, — xo)k k
0+ (X2 — Xo) ke n 2

(32 — x1)(x1 — Xo)

X1 — Xo Xo— X1

Ngugc lai, néu ky, k;, k, thoa man (@.31)) thi cac ham sb bac ba p(x)
va ¢(x) giai cac bai toan ndi suy Hermite
P/(xo) = ko, Pl(xl) =k,

p(x0)=y0, pPx1)=mn,

N

va

ax)=y, qx)=y, qx)=k, q(0)=k
thoa man diéu kién
V4

p’(x))=4q"(x).

So luioc ctia chiing minh. Chiing minh bé dé nay dua hoan toan vao tinh
toan, cu thé 12 gidi dudc cac gia tri py, pr, p, va ps. Tt d6 tinh dudc k; theo
céac tham s6 con lai. Thay biéu thiic ctia k; vao vé trai cia @31) va don
gidn hoa biéu thiic thu dugc, ching ta c6 thé dua vé trai vé vé phai. Cac
tinh toan nay kha cong kénh nhung cé thé kiém tra dugdc bang cac phan
mem tinh toan ki hiéu. O

Ham ghép tron bac ba tu nhién (natural cubic spline) 1a ham ghép tron
v6i diéu kién bién la
/7

p"(x0)=q"(x)=0.
Liic nay, hé phuong trinh dé xac dinh p;, ¢; c6 dang

(1 x x¢ x 0 0 0 0 T1[m]l T[]
1 x; xf x; 0 0 0 0 A n
00 0 0 1 x x x5 P M
0 0 0 0 1 x, x? x; | _ | »
0 1 2x 3x2 0 —1 —2%, —32x12 |10 (4.32)
00 1 3¢ 0 0 -1 -3% ||q 0
00 1 3% 0 0 0 0 & 0
oo 0 0 0 0 1 3% |llgl lo

Ma tran hé s6 ctia hé phuong trinh c6 dinh thicla
D =6(x,— xl)z(xo — x,)(%1 — X,)°.

Két qua nay c6 thé kiém tra lai dé dang bang cac phan mém tinh toan, nhu
Python (SymPy). Do dinh thiic cia ma tran hé so khac khong, bai toan
ham ghép tron tu nhién cting giai dugc duy nhat nghiém.
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Trong trudng hop téng quat, chiing ta c6 dinh li sau day khang dinh
tinh ton tai va duy nhat nghiém ctia bai toan ham ghép tron bac ba.

Dinh li 4.12: Ham ghép tron bac 3

Ton tai duy nhat ham noi suy ghép tron bac ba cho cac dit kién
(X0, Yor (X1, 1), -+ +» (X, ¥u) €ho trudce, xy < x; < -+ < x,,, trong d6 n > 2,
va thod man diéu kién bién §'(0) = k, va $’(x,,) = k,, v6i k, va k, cho
true. Khang dinh tuong tu cling ding véi diéu kién bién $”(x,) =
S”(x,)=0.

Chiing minh. Buéc dau tién, chiing ta chi ra rang ton tai cac hé s6 géc
ki,..., k,_; thod man cac hé thic nhu trong b dé trén. Diéu nay dé thay
vi chiing 12 nghiém clia mot hé phuong trinh tuyén tinh Cramer véi 3
dudng chéo va dudng chéo chinh troi. Tiép theo, cac da thiic bac ba noi suy
Hermite tuong ting cho chiing ta két qua clia ham ghép tron bacba. O

4.5.3 Quy trinh tinh ham ghép tron bdc ba

Bai toan tim ham ghép tron c6 thé dudc tiép can theo hai huéng sau day.
Thit nhat, chiing ta c6 thé viét ra hé phuong trinh tuyén tinh déi véi tat
ca cac hé sb clia tat ca cac da thiic bac ba can tim. Néu c6 n + 1 ntt noi
suy, ching ta c6 mot hé phuong trinh tuyén tinh ctia 4n 4n s6. Mot diéu cé
thé nhan thay ngay 1a ma tran hé sé ctia hé phuong trinh khé “thua” véi
dinh thiic phu thudc vao phan bé cac ntit noi suy. Mot s thuat toan giai
hé tuyén tinh hiéu qua cé thé cho ngay két qua cubi ciing.

O huéng tiép cén thit hai, ching ta sé giai mot bai toan phu va ding két
qua clia n6 dé tim két qua clia bai toan chinh. Theo hudng nay, bai toan
dugc giai qua hai buéc sau:

1. Xac dinh cac hé sb géc k; tai cac niit x;, tic 1a cdc dao ham S'(x;), véi
i=12,...,n—1.

2. Trén moi khodng x;_,, x;, xdc dinh ham bac ba noi suy Hermite cac
dieu kién

Sxis)=yic, Sx)=yi, S(xis)=kio, S'(x)=k;,
v0i k;_, va k; da dudc xac dinh ti Buéce 1.

Tit d6, c6 thé thay rang, cac da thiic bac ba trong ghép tron c6 thé dudc
xac dinh néu xac dinh dugc cac hé so géc ctia ching tai tat ca cac niat nam
gitia x, va x,, (hé so goc tai hai ntt dau va cuoi x, va x,, dugc cho truéc).
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Vi du 4.11. Cho b di liéu (—1,2),(0,1),(1,3). Gia st S(x) 1a ham noi suy
ghép tron bac ba tuong ting thod man k,=S'(—1)=1, k, =S5(1)=—1/2.

(a) Hay tinh k; = §’(0).
(b) Hay tinh ham ghép tron bac ba S(x).

Loi giai
Theo cac ki hiéu trén, ching ta c6 x, =—1,x; =0 va x, = 1, trong khi do,
ko=1,k, =—1/2 va can tinh k, = $’(0). Theo b6 dé trén
3
ko+4k +ky = %(J’z—J’o)=3-

Tl d6 suy ra S'(0) =k, =5/8.
Da thic ndi suy Hermite bac ba cho b6 so liéu (—1,2,1) va (0,1,5/8), tic
la da thic bac ba p(x) = py+ p1 X + po x2 + p; x° thoa man

p1)=2, p'(-1)=1, p(0)=1, p'(0)=5/8,

c6 cac hé s6 1a nghiém clia

1 -1 1 —117[p 2
01 -2 3 ||pm|_ |1
1 0 0 0 ||[p]|T |1
01 0 0 ||p| |5/8

Glél hé Ilély, ta thu dUdC Po = 1, P = 5/8, P2 = 21/4, Vé Ps = 29/8.

Trén doan [0, 1], ham ghép tron S(x) = g(x), trong do6 g(x) la da thic bac
ba Hermite noi suy b so liéu (0,1,5/8) va (1,3,—1/2). Cac hé so ctia g thoa
man

100 07/[q 1
010 0]|q|_|5/8
111 1]||g|" | 3
01 2 3]|qgl [-1/2

Giai hé phuong trinh trén, ching ta thu dugc
Go=1 q=5/8, ¢,=21/4, g3=-31/8.
Tong hop céc két qua, chiing ta c6

5 21, 29 5
1+§x+zx +Ex neu—le<O,
S)=y § 21, 31
1+-x+—x"——x
8 4 8

5 néud<x<l.

D6 12 ham ghép tron bac ba véi cac diéu kién bi kep.
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-1,0 -0,5 0,0 0,5 1,0

Hinh 4.3: Céc diém dit liéu trong Vi du va ham ghép tron bac ba ctia ching

CAS 4.8. Gia sii chiing ta c6 bang s6 liéu sau:
x 1 2 4 5 8 10
y 2 1,5 1,25 12 1,125 1,1

Goi S(x)1a ham ghép tron bac ba f1 do clia bd s6 liéu trén. Doan code mau
sau tinh gi4 tri ctia S tai mot diém nao d6, chang han S(6,46).

library(pracma)

x <- c(1, 2, 4, 5, 8, 10)
y <- c(2, 1.5, 1.25, 1.2, 1.125, 1.1)

result <- cubicspline(x, y, xi = 6.46, endp2nd = FALSE)

print(result)

## [1] 1,14868973
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Két qua thu dugc 1a S(6,46) ~ 1,1487, diing nhu mong doi.

CAS 4.9. Dé lay mot vi du vé ham ghép tron bac ba bi kep, xét bang s6 liéu
sau day:

x 1 2 3 4
y 1 05 1/3 025

Goi S(x) 1a ham ghép tron bac ba bi kep b6i hai diéu kién §'(1)=—7/12 va
S’(4)=—1/12. Doan ma lénh R sau tinh S(1,45).

library(pracma)

x <- c(1, 2, 3, 4)
y <= c(1, 0.5, 1/3, 0.25)

k <- c(-7/12, -1/12)

cubicspline(x, y, xi = 1.45, endp2nd = TRUE, der = k)

## [1] 0,74509375

Két qua chay may tinh, S(1,45) ~ 0,7450937, trong khi dé, cong thtic
tudng minh ctia S(x) trén doan [1,2] c6 thé tinh bang tay la

Tit d6, ban doc c6 thé tu so sanh két qua tinh tu dong bédi R va két qua tinh
bang tay.

Két thiic muc nay la dinh li sau day néu ra mot tinh chat tha vi clia ham
ghép tron bac ba: tinh cuc tiéu hoa trung binh binh phuong clia dao ham
cap hai.
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Pinh 11 4.13:

Cho f(x)1a m6t ham kha vi lién tuc hai lﬁn,trén [a,b]va S(x)la mot
ham ghép tron bac ba ndi suy f(x) tai mot so nat noi suy trong [a, b].
Gia st S(x) thoa man mdt trong hai diéu kién sau:
(i) biéu kién noi suy tu nhién: $”(a)=S"(b) =0, hodc
(ii) Diéu kién noi suy bikep: §'(a)= f(a), S'(b)= f(b).

Khi d6, xay ra bat ding thtic sau:

b b
J |s”(x)|* dng |F(x)] dx. (4.33)

Chiing minh. Dat R(x) :\f(x)—S(x) hay f(x)=S(x)+ R(x). Hon nua, R(x)
cting kha vi lién tuc hai lan. Ching ta ¢6

b b b
J |f”(x)*dx =J |S” () dx+f |R"(x)]* dx
a a b a
+2f R”(x)S”(x)dx. (4.34)

Luuy r?«ing dao ham cap ba §”(x) xac dinh trén [a, b] trli cac ntit noi suy va
a=Xy<---<x,=b.Do d6, chiing ta c6 thé sit dung cong thtic tich phan
tung phan nhu sau: Trén moi doan [x;_;, x;] chung ta c6

f i R”(x)S8”(x)dx =S"(x)R(x)

X; X;
_ f R'(x)S!"(x)dx,

Xi—1

trong do S;(x)la ham bac ba, S;(x) = S(x) trén [x;_;, x;]. Nhung S/”(x) la hing
SO, nén

=S, (x;)(R(x;)— R(x;1)) =0.

Xi-1

f RS, () dx =8 (x)R(x)

Do do,

Xi

f | R"(x)8"(x)dx =S8"(x)R'(x)| =S8"(x;)R(x;)—S"(xi1)R (x;1).

Xi-1
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Lay tong khi i =1,2,...n, luu y rang $”(x) lién tuc, chiing ta c6

b n
f R"(x)S"(x)dx = Z S”(x;)R"(x;)—S"(x;-1)R'(x;-1)
a im1
=S"(b)R'(b)—S"(a)R'(a). (4.35)

Xét hai trudng hop: (i) Néu S 1a ham ghép tron ndi suy tu nhién, S”(a) =
$”(b) =0, thi vé phai ctia bang 0. (ii) Néu S 1a ham ghép tron bi kep,
S'(a)= f'(a), S'(b)= f'(b), thi

R'(a)=f'(a)-S(a)=0, R'(b)=f'(b)-S'(b)=0.

Tt d6, vé phai clia (@.35) bang 0.
Nhu vay, trong ca hai truong hop, vé trai clia (@35) bang 0. Do dé, két
hgp véi (4.34), ching ta thu dugc

J|f” |2dx—J 1S”(x |2dx+f |R"(x |2dx>J |S”(x)* dx.

D6 1a diéu phai chiing minh. O
Ap dung dinh li trén, ban doc c6 thé dé dang suy luan dé thu dugc hé
qua sau:
Pinh li4.14:

Cho f(x)1a mét ham kha vi lién tuc hai lan trén [a, b], Su(x) la mot
ham ghép tron bac ba tu nhién ndi suy f(x) tai mot s6 nit noi suy
trong [a, b] va S.(x) la ham ghép tron bac ba bi kep véi diéu kién
S/(a)= f'(a), S.(b)= f'(b). Khi d6, xay ra bat d%zlng thic sau:

b b b
j |57 (x)| dx < f |57 (x)|* dx < f |70 dx. (4.36)

4.6 Phudng phdp binh phuong bé nhat

Sau day, chiing ta tim hiéu phuong phap binh phuong bé nhat (ordinary
least squares method) dé lam khép dit liéu (data fitting). D6 12 mot phuong
phap quan trong thudng dudc diing dé tim cac dudng hoi quy (regression
curve) trong théng ké hoc. Tuy nhién, trong khuén khé cia tai liéu nay
chting ta chi tap trung vao van dé tinh toan cac dudng hdi quy ma khéng
n6i ve nhiing khia canh théng ké nhu van dé xay dung khoang tin cay clia
cac hé s6 hdi quy. Tai liéu tham khao: T. V. Dinh [6} §4.2], Kreyszig [9, §20.5,
§25.9].
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4.6.1 Xap xi tuyén tinh

Dinh luat Hooke'|v& 16 xo néi rang, trong gidi han dan hoi, d¢ 16n luc dan
hoi F tilé thuén véi do bien dang cua 10 xo:

F=ks.

Hang sb k dudc goi 1a dé ciing (hé sb dan hdi) ctia 16 xo. Dé xac dinh k
bang thuc nghiém, ngudi ta cho tac dung mot luc F vao mot dau ciia 10 xo
va do do dan/nén s. Két qua thu dudc 1A mot bo ditliéu (s;, F), i =1,2,...,7,
v6i n 1a s6 1an do.

Neu cac phép do dac la hoan chinh xac (va 10 xo tuan theo dinh luat
Hooke mdt cach hoan hdo) thi k = F/s; khéng phu thudc vao chi sb i.
Nhung cac phép do chi cho két qua gan diing va chiing ta c6 cac gia tri
k; = F;/s; khong nhét thiét bang nhau. Tt day nay sinh vin dé tim mot gia
tri k duy nhét tit cac dit liéu trén. Van dé nay dudc giai quyét bang phuong
phép binh phuong bé nhat ma ching ta sé tim hiéu ngay sau déy

Trong phu’dng phap binh phuong bé nhit, ta tim k sao cho téng binh
phuong cac sai s6 d6i v6i F 1a bé nhat. Tic 1a tim mot gid tri k* bi

n
k*= argminz |F, —ks;|°.

i=1

Theo huéng nay, ta xét ham sb

n
=D [Fi—ks.
i=1

RO rang, S(k) 1a ham bac hai d6i véi k. Cuc tiéu duy nhat clia né 1a nghiém
cua
S'(k)=0.
Tu do, ta co
Yo Fisi
Lol T2
P

Vidu 4.12. Déxac dinh do cting k clia mdt 10 xo, ngudi ta tién hanh treo
cac vat ning vao mot dau ctia 1o xo tao ra cac trong luc F; 1an lugt1a 2, 4, va
6 Newton tac dung vao lo xo. Khi do6, cac li do s; tuong ting la do dugc la
1,5, 2,9, va 4,4 (mm). Néu cac phép do nay la chinh xac hoan toan thi dinh
luat Hooke néi rang

k*=

2=15k, 4=29k, 6=4,4k.

12Robert Hooke FRS (1635 — 1703) 1a mot nha toan hoc va vat ly hoc ngudi Anh.
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Tuy nhién, 3 phuong trinh trén lap thanh mot hé phuong trinh qua xac
dinh (overdetermined system) khong c6 nghiém. Néu diing phuong phap
binh phuong bé nhat mé ta & trén, ta thu dudc

2x1,5+4x29+6x44 41

= ~ 1,366 (N/mm).
(1,52 +2,92 + 4,42) 30,02

Trong thuc té, ngoai luc dan hoi, chiing ta con c6 thé c6 mot ngoai luc
F, (nhu luc hip dan tac dung 1én mot dau 16 xo). Khi dé, tong hop luc do
dudgc c6 dang

F=ks+FE,.

Khi dé, ta can xac dinh hai tham sb k va F, dua trén céc gia tri do dac clia
s va F. N6 la mot truong hgp dic biét clia xap xi tuyén tinh bang phuong
phap binh phuong bé nhat, dugc mé ta nhu sau. Gia sl ta da biét hai dai
lugng x va y phu thudc nhau qua biéu thiic dang

y=ax+b,

nhung cac hé sb a, b chua xac dinh. Gia st rang ta da biét gia tri y;, i =
1,2,...,n clia ham sb tai cac diém x;. Ta sé tim cac gi4 tri ctia tham sb a va
b sao cho ham nay x4p xi cac gid tri da cho véi tong binh phuong cac sai s6
tai cac diém (x;, y;) 1a bé nhat. N6i cach khéc, ta can tim

(a*, b*)=argminS(a, b),

S(a,b):= %Z lyi—(ax; +b)|".
i=1

RO rang S(a, b) 1a ham kha vi ctia hai bién a va b. Dé tim diém cuc tiéu, ta
bét dau véi viéc tim diém t6i han (critical point) clia né, tic 1a tim (a, b)
sao cho cac dao ham riéng ctia S triét tiéu:

oS _8s

bat
1 2 1 1 1
Si:=§|y,~—(axi+b){ =Eyi2+§a2xi2+§b2—xiyia—yib+abx,~,

Khi do,
25;
%=axi2—xiyi+bxi
aS;
a—blzb—yi+ax,-
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DoS=S5+S+---+S, nén
aS n aSl n 5 n n
50" %”(Z%)‘Zwb(i_ﬁ)
S <
ab 819 =nb— Zy,—i—a(z )
Khi d6, diéu kién c6 dang

_ 2 xiyi].

Din1 Vi

Hé trén c6 nghiém duy nhat dugc tinh theo cong thiic Cramer. That vy,
dinh thic ciia ma trdn hé so cap 2 x 2 la

p[Gtt

i=1

X n n 2
’:nE xl.z— x; | .
1

=1

Theo bat dang thtic Cauchy-Bunyakovsky-Schwarz, D > 0 néu cé it nhat
hai gia tri x; # x;, 1 <i < j < n. Trong truong hgp nay, hé c6 nghiém duy
nhat 1a a*, b*. Dé tinh nghiém, ta tinh

‘Zz lxlyl Zl 1x

llyl n

Tit d6, ta thu dugc két qua sau:
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binhli 4.15:
Xap xi tuyén tinh véi sai s6 binh phuong bé nhat ciia bo n sb liéu

(x;, 1), i=1,2,...n dudc cho béi y =ax + b véi

i=

gor-(Bin)

Chiiy4.7. Néu ta da tinh dudc 4, thi b c6 thé dugc tinh qua a nhu sau:

= (iyi—aixi)/n.
i=1 i=1

Vidu 4.13. Tim ham s6 bac nhat ax + b xap xi b6 dit liéu (x;, y;), i =1,2,3,4
cho béi bang sau:

x; -2 0,1 0,2 1,4
¥ 0,105 1,101 0,890 1,925

Loi giai

Ta can tinh a va b theo cong thiic cho béi Dinh 1i Nhu vy, ta can tinh
x?va x;y; v6i i =1,2,3,4. Cac ket qua dudc ghi trong bang sau. Dong cuoi
cung la tong cac ket qua 6 phia trén.

X; ¥i x? X Vi y =0,68135x +0,95415
-1,2 0,105 1,44 —0,126 0,13653
-0,1 1,101 0,01 —0,1101 0,88602

0,2 0,890 0,04 0,178 1,09042

1,4 1,925 1,96 2,695 1,90804

0,3 4,021 3,45 2,6369 S(a, b)=10,087669

Ta thu dugc ham bac nhéat y = 0,68135x +0,95415 véi tong binh phuong cac
sai so 1a 0,087669.
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Vidu 4.14. Gid sl dai lugng P(¢) phu thudc tuyén tinh vao ¢, P(t)=at +b.
Tai mot so gia tri caa t, ¢6 cac gia tri gan dung cuia P nhu sau:

t; 3 4 5 6 7 8 9 10
p, 3,45 3,60 589 631 690 852 9,62 11,30

Tim gan ding P(¢) bang phuong phap binh phuong nh6 nhat va minh hoa
két qua bang db thi.

Trd loi. Ham P(t) v6i cac hé s6 tinh dén 4 chit s6 sau dau thap phan 1a
P(t)~1,1135¢ —0,2887. Do thi clia ham sb P(t) va cac diém di liéu dudc
cho trong CAS O

CAS 4.10. Hay giai Vi dul4.14|bingR.

t <- c(3, 4, 5, 6, 7,8, 9, 10)
P <- c(3.45, 3.60, 5.89, 6.31, 6.90, 8.52, 9.62, 11.30)

model <- 1m(P ~ t)

a <- model$coefficients[2]
b <- model$coefficients[1]

f <- function(x) a * x + b

print (model)

##

## Call:

## Im(formula = P ~ t)

##

## Coefficients:

## (Intercept) t
#i#t -0,28869 1,11345

plot(P ~ t)

curve(f, from = 3, to = 10, col = "blue", add = TRUE)
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10

Két qua thu dugc khép véi két qua tinh bang tay.

Luu ¥, rat nhiéu may tinh khoa hoc cam tay (nhu Casio FX-580VN) c6
san chic nang tinh cac hé so a va b trong mo hinh tuyen tinh nhu trén.

4.6.2 Xap xi da thitc bang phiong phdp binh phiiong bé nhét

g A S e ~ A A s , A A R
Dé maé rong bai toan xap xi tuyén tinh cho cdc moi quan hé 6 dang tong
quat hon, ching ta sé stt dung mot so6 khai niém va ket qua cta dai so tuyén

tinh.
Xét cac ma tran va vectd sau day:

I x N

1 x P
A=|. .|, y=1|.1|, C=[b]-

I x Yn
Thé thi ham S(a, b) c6 thé viét dudi dang

1
S(a,b)= EHAC—}’”;-

Vé phai la chuan ¢2 (chuan Euclid) clia cac vectd trong R” (xem §3.2.1).
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Cht y rang Ac thudc vao khong gian anh (image) ctia anh xa tuyén tinh
L,: c— Ac, tlc la khong gian sinh béi cac cot ctia A:

Ace R(A).

Do dé, bai toan tim ¢ = (a, b)T sao cho S(a, b) bé nhit c6 thé dudc giai quyet
thong qua viéc tim hinh chiéu truc giao ctia y 1én khong gian anh R(A). 0
day,

={weR"|w=Av, veR?*}.

Néu y, 1a hinh chiéu truc giao ctia y 1én R(A) thi y —y, thudc phan bu
truc giao clia R(A). Tic 1a y —y, € R(A)*. Theo mot két qua co dién ctia dai
s6 tuyén tinh thi R(A)* = N(AT). O day N(A”) la khéong gian zero clia A7, ttic
la

N(AT)={deR?| Ad=0}.

Vay, tasuyray —y, € N(AT). Tac la
0=A"(y—yo)=ATy—A"y,.
Do d6, néu c 1a nghiém ctia bai toan xap xi binh phuong bé nhat thi Ac = y,,.
Tl d6 suy ra,
ATAc=ATy. (4.38)

Néu AT A 1a kha nghich thi ¢ dudc xac dinh duy nhat theo phuong trinh
@.38). Cuthéla
c=(ATA) " ATy. (4.39)

bay la cong thic dang dong cho nghiém ctia bai toan binh phudng bé
nhat.

Nhiing lap luan trén ciing diing néu A 13 ma tran c6 n x k va ¢ 1a vecto
c6 k thanh phan, v6i n>1va k > 1 tlly . Cic ma tran A nhu vay nay sinh
trong bai toan binh phuong bé nhét khi cic mdi quan hé ta can tim 6 dang

y=F(x;c,¢,...,Ct),

v6i F 1a ham phu thudc mét cach tuyén tinh vao k tham sé c;, ¢, ..., ¢, va
diéu kién x4p xi ham dudc 14y tai n bo dit kién. Néu A c6 hang bang k, thi
c6 thé chiing minh dugc AT A 12 ma tran kha nghich c6 k x k va khi d6 ¢ xac
dinh duy nhat.
Vi du 4.15. Biét dai lugng y 1a mot tam thiic bac hai ctia x va tai mot sb
gia tri ctia x, ta biét xap xi cac gia tri cia y nhu sau:

x; 05 16 23 31 38 4,2

i 25 1,2 1,1 22 42 6,8

140



4.6. PHUONG PHAP BINH PHUONG BE NHAT

Hay lap cong thiic xp xi biéu dién y qua x bang phuong phap binh phuong
bé nhat.

Giastiy = ¢y+c; x+ ¢, x%2. Datc=(cy, ¢1, ¢,)T vaxét ma trdn A c6 5 x 3 nhu
sau:

[1 x, x?] [1 05 025]

1 x xf 1 1,6 2,56

Ao |l X x2| _ |1 23 529

|1 ox oxi| |1 31 961

1 x5 x? 1 3,8 14,44

|1 X xg_ 1 42 17,64}

Khi dé,

6 15,5 49,79
ATA~| 155 49,79 175,139 |.

49,79 175,139 646,6355

Goiy =, ¥)" thi
18
b=ATy=[57,04].
18

Theo [@.38), cac gia tri ¢ = (¢, ¢, ;)7 can tim la nghiém ctia hé phuong
trinh Cramer ctia 3 an:

AT Ac=h,
co nghiala
6 15,5 49,79 a 18
15,5 49,79 175,139 | | ¢, | = |57,04].
49,79 175,139 646,6355| | c3 18

Giai hé phuong trinh trén, chiing ta thu dugc nghiém xap xi (lam tron t6i 4
chii s6 thap phan) 1a ¢ = (4,2641; —3,7247; 1,0072). Céng thiic xap xi y biéu
dién qua x la

y =4,2641—3,7247 x +4,2641 x*. (4.40)

Trong CAS sau day, chiing ta sé thuc hanh tinh toan cho Vi du
trong R, van dung thuat toan qr.solve() co san.

CAS 4.11. C4c tinh toan trong Vi du dudc tinh tu dong bang R nhu
sau:
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# Tao ma tran A vdi cdc cét 1, z, =2 bang cbind()
A <- cbind(1, x, x~2)

# Vécto b =y A
b <-y %*%h A

# Tim nghiém vdt chudn bé nhét cia hé dudi zdac dinh Ay = b,
# lam tron tdi 4 chii s6 thdp phan.
model <- round(qr.solve(A, y), 4)

# In ra két qud
print (model)

## X
##t 4,2641 -3,7247 1,0072

Két qua clia print (model) 12 cdc hé s6 can tim. Doan ma lénh R tiép
sau day, ta vé do thi clia dit liéu va dudng xap xi dé c6 mot minh hoa truc
quan ve 1oi giai.

# Vé hinh minh hoa cdc diém mdu (z, y)
plot(y = x, xlim = c(0, 4.5), ylim = c(0.5, 7))

# Dinh nghia ham sé f(z) thu dudc tu doan md phia trén
f <- function(x) {

model[3] * x~2 + model[2] * x + model[1]
}

# Vé 456 thi ham f(z)
curve(f, from = 0, to = 5, col = "blue", 1ty = 1, add = TRUE)
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2 3 4 5 6 7
I

4.6.3 Xdp xi bing cic ham luy thiia

Nam 1924, khi nghién ctiu tuong quan giita khéi lugng clia cang 16n clia
mot loai cua, Huxley®|nhan thay ring, néu y 1a khéi lugng ctia cang 16n
clia mot cé thé cua, w 1a khéi lugng clia toan bd ca thé d6, vax =w—y 1a
khéi lugng clia phan co thé con lai khong bao gdm cang cua, thi mbi quan
hé gitta x va y 1a mot médi quan hé phi tuyén.

Tuy nhién, khi biéu dién cac dit liéu do dac dugc trén thang log-log,
tiic 1a thang véi truc hoanh biéu dién In(x) va truc tung biéu dién In(y),
Huxley nhan thdy méi quan hé gitta In(x) va In(y) “khé gan” véi mot quan
hé tuyén tinh. Tit d6, bang cach 4p dung phuong phap 6 muc truéc cho
cac dai lugng In(y) va In(x), ta c6 thé tim dudc méi lién hé dang

In(y)=kIn(x)+In(B), k>1, B<1. (4.41)
Mbi lién hé c6 thé viét lai dudi dang ham liy thita

y = Bxk. (4.42)

IBHUXLEY, J. Constant Differential Growth-Ratios and their Significance. Nature 114, 895-896
(1924).
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Trong thuc té, mbi quan hé gitta x va y nhu trong (@42) xuit hién phé
bién trong sinh hoc, thudng dudc goi 1a tuong quan sinh trudng (allometric
relation) hoac ludt mii (power law) Nhiing mbi quan hé tuong tu nhu
vay ciing xuat hién trong nhiing nganh khoa hoc khac nhu trong Kinh té
hoc (nhu ham san xuat Cobb-Douglas Y = AL? K®) hay trong Vat li, v.v.

Vidu 4.16. Ap suét P (kgcm2) clia mot khbi chét khi tuong ting véi thé
tich V (cm®) ctia né dugc do dac va ghi chép lai nhu sau:

vV 50 60 70 90 100
P 64,7 51,3 4055 259 7,8

Dinh luat khi li tuéng néi rang PV’ = C, trong d6, y va C 1a hang s6. Hay
udc tinh tu du liéu trén cac gid triy va C.

Loi giai

Mbi quan hé PV = C c6 thé viét lai duéi dang In(P)=—yIn(V)+In(C). Do
dé, dé udc tinh y va C, chiing ta stt dung phuong phéap xap xi tuyén tinh
trén thang log-log.

CAS 4.12. Hay viét chuong trinh R dé thuc hién céc tinh toan trong Vi
du}4.16

P <- c(50, 60, 70, 90, 100)

V <- c(64.7, 51.3, 40.5, 25.9, 7.8)
P_log <- log(P)

V_log <- log(V)

model <- Im(P_log ~ V_log)

print (model)

##

## Call:

## lm(formula = P_log ~ V_log)
##

## Coefficients:

## (Intercept) V_log
#Hi# 5,324181 -0,307357

Tiép theo, chiing ta biéu dién cac dii liéu vé db thi clia dudng cong xap
xi nhu sau:

14Shingleton, A. (2010) Allometry: The Study of Biological Scaling. Nature Education Knowledge
3(10):2
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plot(P ~ V)
f <- function(x) {
exp(model$coefficients[1]) * x~(model$coefficients([2])
}
curve(f, from = 7.7, to = 64.8, col = "blue", add = TRUE)

50 60 70 80 90 100

— ®)
I I I I I I

10 20 30 40 50 60

Vv

Nhan xét 4.1. Mic du hai mbi quan hé @41) va @.42) la tuong duong,
nhung khi 4p dung phuong phap binh phuong bé nhat cho hai méi quan
hé nay thi ta thu dudc hai bai toan khong tuong duong. D6i véi quan hé
trén thang log-log, ta di tim cuc tiéu clia

n

1
Sog(k 1):= 5 > {logly) — kloglx)— 17
v6i t =log(b) va n 1a sb cac diém dit liéu. D6 la ham béc hai do6ivéi k va t.
Khi ap dung phuong phap binh phuong bé nhat cho quan hé (4.42), ta di
tim cuic tiéu cia ham
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S(k, b)1a mot ham sb “siéu viét” clia k va b. C6 thé thiy hai ham trén dat
cuc tiéu tai cac gia tri khac nhau clia k va r =log(b).

4.6.4 Xép xibdng ham s6 mi

Mbt s6 dai lugng trong khoa hoc ki thuat, kinh té, sinh hoc, khoa hoc xa hoi
c6 mdi quan hé c6 thé dugc mo hinh ho béi cac ham sb dang y = Be®~.
Tit d6, nay sinh van dé tim cac gid tri @ va B sao cho md hinh y = Be“* phu
hdp v6i mot di liéu do dac cho truédc.

Ham 16i khong c6 trong

Trong phuong phap nay (gia stt B > 0 cho don gian), chiing ta lay logarith
hai vé,
In(y)=In(B)+ax=b+ax,
trong d6 b :=In(B). Bai toan dua vé bai toan xap xi tuyén tinh céc gia tri a
va b =1In(B) theo cac dt liéu (x;,In(y;)). Luu y, phuong phap nay c6 mot dic
diém 1a gia tri cia @ va B phu thudc nhiéu vao cac gia tri y; gan 0 so v6i cac
gia tri y; 16n hon.
Hay xem mot vi du thuc té sau.

CAS 4.13. Diiliéu tit mét nghién ctiu véi 2 871 tai nan xe hoi gom nguy co
tuong doi y va nong do con trong mau x ctia ngudi lai xe nhu sau:

x 0 o001 003 005 007 009 011 013 0,15 0,17 0,19 0,21
y 1 1,03 106 1,38 2,09 354 641 126 22,1 39,05 6532 99,78

Hay xay dung mo hinh y = Be“* cho dtt liéu trén.

Phuong phap 6 day la tim x4p xi tuyén tinh bang binh phuong bé nhat
déi véi dit liéu (x;, In(y;)). D€ nhanh chéng, chiing ta diing ham c6 san 1m()
caaR.

x <= c(0, seq(0.01, 0.21, by = 0.02))

y <- c(1, 1.03, 1.06, 1.38, 2.09, 3.54, 6.41, 12.6, 22.1,
39.05, 65.32, 99.78)

y_log <- log(y)
model <- 1m(y_log ~ x)
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print (model$coefficients)

## (Intercept) X
## -0,539485261 23,817576640

Két qua thu dudc tit doan ma trén nhu sau:
In(y)=-0,5395+23,8176 x

Biéu do phan tan (scatter plot) clia dit liéu cling v6i do thi cia mo hinh
ham mil dugdc thé hién trong Hinh (duong mau do). Chu y quan sat
thay duong cong mau do di kha xa so véi cac dit liéu khi y; 16n.

Ham 16i c6 trong
Thay vi xét ham muc tiéu S(a, b) nhu trén, chiing ta xét ham muc tiéu c6
“trong” sau:

S,(a,b): Z yi(In(y;)— b —ax;). (4.43)

Diém khéc biét so véi phuong phap 6 muc truée 1a nhan i y; dugc thém

vao trudc binh phuong ctia gid tri “16i” tai x;. Diéu nay lam ting dnh huéng

ctia 16i khi cac gia tri y; 16n va gidm nhe dnh huéng ctia 16i khi y; bé.
Diém tdi han clia ham S, (a, b) 1a nghiém ctia hé phuong trinh

0Su(a,b) _3S,(a,b) _
da b

(4.44)

trong do, cac dao ham riéng nay la

uld, b) Zx yz+bleyz szyllog ¥i) (4.45)

uld, b)—aleyﬁbel Zyllogy, (4.46)

Thay vao [@44), chiing ta thu dugc hé phuong trinh tuyén tinh khéng
suy bién doi véi hai bién a va b. Luu y, do y; > 0 nén cung theo BDT
Buniakovski-Cauchy-Schwarz, ching ta c6 dinh thiic cia ma tran hé so la

() (S0 (S 2o
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trong khi dau bang chi xay ra khi c4c gié tri x; nhu nhau. Tit d6, cong thtic
Cramer cho chung ta

Khi da tinh dugc a, chiing ta c6 thé thay vao phudng trinh thi hai dé tinh

b= {(i:yiln(yi))—“(ix’%)} /(an:y)

Tinh toan cu thé (CAS}4.14) chiing ta thu dudc cac hé sb a va b. Db thi clia
ham so y =exp(b +ax) la dudng mau xanh trong Hinh

CAS 4.14. Chiing ta viét chuong trinh R vé& hinh minh hoa céc dii liéu va
duong xap xi bang ham mi trong hai trudng hop cé trong va khong cé
trong. Ket qua thu dudc la cac hé so

a=25,69034, b=-0,758393,

cung v6i Hinh

Nhan xét 4.2. Trong Hinh hai dudng d6 thi thé hién hai mé hinh kha
gan nhau khi cac gid tri y nho. Hai dudng db thi rdi xa nhau véi y 16n hon,
dudng mau xanh di sat cic diém dit liéu hon. Két qua nay phi hop véi cach
xay dung “ham 16i” (ham S,,(a, b) trong ([@.43)) dit trong nhiéu hon vao céc
sai s6 khi y 16n.

4.7 Cau hoiva bai tap

1. Gid sttham sb y = f(x) c6 gia tri tai mot s6 diém cho béi bang sau:

x -1 0 1 2
y —1 4 15 50

Hay xay dung da thiic néi suy Lagrange P(x) clia f(x) va tinh gan diing
gia tri £(1,2) bang cach lay f(1,2)~ P(1,2).
[Tra loi: P(x)=4+5x +3x%+3x3, f(1,2)~ P(1,2) ~ 19,504]

2. Giasttham sb y = f(x) c6 gid tri tai mot s6 diém cho béi bang sau:

x 0 2 4 5
y —2 8 115 150
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3.

(a) Hay xay dung da thiic ndi suy Lagrange P(x) clia f(x) va tinh gan
diing gia tri (1) bang cach lay f(1)~ P(1).

(b) Gid st ta biét rang ham f(x) c6 dao ham cap bon bi chan béi 10,
tic la | f®(x)| < 10 trén doan [0,5]. U6c lugng sai so clia phép xap xi
f(1)bai P(1).

Hay xay dung da thiic néi suy Newton tién P;(x) tai 4 ntit noi suy x, =
—2,x,=—1,x%=0,va x3 =1 clia ham sb y = f(x)=2*. Tt d6 tinh xap xi
gia tri v2 bang P(0,5).

Thém nit ndi suy x, = 2. Hay xay dung da thiic noi suy Newton tién
Py(x) bac 4 tuong ting. Tt d6 xap xi gia tri /8 bang Py(1,5).

Giastil;, i =0,1,...,n 1a cic da thiic ndi suy cd ban ctia cac diém noi
suy Xy, Xy, ..., X, cho b&i Dinh li4.3| Chitng minh rang

ifi(x)=
i=0

v6i moi x.

. Trong mot thi nghiém do d cting clia 16 xo, ngudi ta thu dugc bang sb

liéu vé do 16n chia luc dan hoi va do bién dang ctia 16 xo nhu sau:
E(IN) 049 098 147 19 2,45
s; (cm) 1,5 3,1 4,6 6,3 7,9

Gia thiét ring do 16n ctia luc dan héi i 1é thuan véi d6 bién dang ctia 1o
x0, F = ks (dinh luat Hooke). Hay xac dinh gia tri cia k (don vi N/m) tit
bang s6 liéu trén theo phuong phap binh phuong bé nhét. Viét két qua
v6i 4 chit s6 chic.

Tra loi: k ~0,3126 (N/cm).

. Thu thap dit liéu thuc té, ngudi ta thay ring chiéu cao trung binh ¢ clia

tré em theo tiing Itia tudi ¢ dudc cho béi bang sau:

c 75 92 108 121 130 142 155
t 1 3 5 7 9 11 13

Hay x4y dung cong thiic biéu dién ¢ qua ¢ dang tuyén tinh biang phucng
phép xap xi binh phuong bé nhit.
Trd 10i: Néu ¢ = at + b 1a ham xap xi binh phuong tbi thiéu di liéu trén

| I ARE

Tt d6 giai dugc b ~ 72,3 va a ~ 6,46.

149



CHUONG 4. DA THUC NOI SUY VA XAP XI PA THUC

plot(y ~ x)
f <- function(x) {
exp(model$coefficients[1] + model$coefficients[2] * x)
+
curve(f, from = 0, to = 2.1, col = "red", add = TRUE)
ylny <- y * log(y)
a <- (sum(x * ylny) * sum(y) - sum(ylny) * sum(x * y)) /
(sum(x * x * y) * sum(y) - (sum(x * y))~2)
b <- (sum(ylny) - a * sum(x * y)) / sum(y)

g <- function(x) exp(b + a * x)
curve(g, from = 0, to = 2.1, col = "blue", add = TRUE)

40 60 80 100
I I

20
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X

Hinh 4.4: D@ liéu va mé hinh trong CAS[4.13|
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Chuong

Tinh gan ding dao ham va tich
phan xac dinh

Trong chuong nay, chiing ta tim hiéu mot sé6 phuong phap dao ham va tinh
gan diing tich phan x4c dinh, bao gom phuong phép tinh dao ham bing
khai trién Taylor, cong thiic quy tac hinh thang, quy tac Simpson, va céng
thiic cau phuong Gauss.
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5.1 Tinh gan diing tich phan xdc dinh

Trong muc nay, ching ta tim hiéu mot sé6 phuong phap tinh gan diing tich
phan xac dinh, bao gom cong thiic hinh thang, cong thiic Simpson, cong
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thiic cau phuong Gauss. Tai liéu tham khdao: T. V. Dinh [6} §5.2], P. K. Anh
[2, §V.2], Kreyszig [9} §19.5].
Chiing ta hay bat dau véi mot tich phan xac dinh

b
I:f f(x)dx. (5.1

Néu f(x)kha tich Riemann trén [a, b] va F(x) 12 mot nguyén ham clia f(x)
trén (a, b), lién tuc trén [a, b] thi, theo dinh li cd ban cua giai tich (con goi
1a cong thiic Newton-Leibniz), ta c6

b
sz f(x)dx =F(b)—F(a).

Tuy nhién, trong thuc tién, c6 rat nhiéu tich phan xac dinh dang (5.I) ma
nguyén ham ctia ham dudi dau tich phan f(x) khong c6 céng thiic don
gian va tuong minh. Mot trong nhiing tich phan nhu véy la tich phan Gauss

1
f e dx, (5.2)
0

xuat hién rat nhiéu trong cac bai toan thong ké lién quan dén phan phéi
xé4c suat chun tic (normal distribution). Trong nhiing trudng hgp nhu
vay, ngudi ta khong thé diing cong thiic Newton-Leibniz dé tinh 1. Tit day,
ndy sinh vin dé tinh gan diing céc tich phan xac dinh.

Trong cac muc tiép theo clia chuong nay, ching ta tim hiéu mot s6
phuong phap tinh gan ding tich phan xac dinh va cach thiét lap ching
trong may tinh.

5.1.1 Quy tdc hinh thang

Xét mot tich phan xac dinh

b
sz f(x)dx,

v6i a < b va f(x)la ham lién tuc trén [a, b]. Chung ta chia doan [a, b] thanh
n doan c6 do dai bang nhau béi n + 1 diém chia

a=xy<x<--<X,_1<Xx,=Dhb.

Khi dé, ta c6 mdi doan c6 do dai
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con céc diém chia dugc cho béi
x;=a+ih, i=0,1,2,...,n

Néu v6imbi i €{1,2,...n}, ta chon mét diém c; €[x,_;, x;] va thiét 1ap tong

o(h,{c;)): Zf ci)h

thio(h,{c;})lamot tong Riemann ctia tich phan I. Néu f kha tich Riemann
thi tong Riemann o (h, {c;}) hoi tu t6i I khi h — oo ma khong phu thudc
vao cach chon cac diém ¢ ;. Dac biét, cac tong Riemann trdi o va tong
Riemann phai o p, cho bdi,

or 3=2f(xi—1)hy Op 3=2f(xi)h

déu hoi tu t6i I khi i — 0. V6i h di nho, trung binh cong clia o va op, goi
la I; la mét xap xi ctia I.

or+op 1
I~ Z:%ZEZ(f(xi—l)'Ff(x
i=1

h
=5 (FO)+2f0a) 4+ 2f (xg) + F(x)).

Nhu vay, chiing ta c6 thé 14y I 12 mét xAp xi cia I. Sai s6 clia phép xap xi
nay c6 thé dudc danh gia thong qua dao ham cép hai f” clia f nhu trong
dinh li sau day:

Pinhli5.1:

Gia st f c6 dao ham cap hai f” trén [a, b] va
s0) trén [a, b]. Khi d6,

f(x)| <M (M lahang

M
|1 —1Ir| < Ehz(h—a). (5.3)

Chiing minh. Goi L;(x)1a ham tuyén tinh ndi suy ham f(x) tai hai ntt x;
va x;,,. Khi dé, dé dang théy rang
Xi+1 1
f Li(x)dx = > (f(x)+ f(xi41))
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(Trong trudng hgp f >0, dang thiic trén chinh 14 cong thtic tinh dién tich
hinh thang vuéng giGi ban bdi truc hoanh, cac dudng x = x;, x = x;,;, va
do thi ctia L;.) Tl d6 suy ra

Mit khdc, theo cong thiic danh gia sai s6 noi suy:

_ f//(c)

) (x—x)(x —Xi11)

J(x)—Li(x)
V6i ¢ €[x;, x;,1]. Tl d6, stt dung gia thiét |f”(x)| < M, ta suy ra
M

M
| £ ()= Li()] S — 10— x,)(x = X11) = o (% — %,)(Xp41 — X).
2 2

LAy tich phan hai vé,

i+1 i+1
f {f(x)—Li(x)}st (% — 2;)(x; 41 — x)dx

2
Xj
_th
2 0

t(h—t)dx
_M(ht t3)h
22 3)|,
MR
12

O trén, ta da déi bién x = x; + ¢, h = x;;, — x;. Tit d6 suy ra

Xi+1

f(x)dx—f B Li(x)dx f m(f(X)—Li(x))dx

Xi

sf | | f(x)—Li(x)| dx

Mh?
< .
12
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Tt d6 suy ra

b n—1 Xit1
I —Ip|= f(x)dx—Zj Li(x)dx
a i=0 J x;
n—1 Xiq1 n—1 Xit1
= f(x)dx—Zf Li(x)dx
i=0 J x; i=0 J x;
n—1 Xiq1 n—1 Xit1
< f(x)dx— f L;(x)dx
i=0 X; i=0 J x;
B "Z‘f Mh®
i=0 12
Mh? N
=1 (b—a), boivin="h/(b—a).
Ta dugdc danh gia can chiing minh. O

Vi du 5.1. Bing quy tc hinh thang vé6i 3 diém chia, tinh gan ding tich
phéan
' 4dx
I= .
o 1+ x2

Véin=2,tacé h=(b—a)/2=1/2, chiing talay cac diém chia x, =0, x; = 1/2,
Vé Xo = 1. Khi dé

Loi giai

1 1 16 31
Ir= Z(f(0)+2f(1/2)+f(1))= 1(4”(?)*2): o

Chu y rang,
1

=TI
0

' adx
1= =4 arctan(x)
o 1+x2

Do do, v6i m ~ 3,1415926, ta thu dudc
| —Ip|=m—3,1<0,0416.

Mit khdc, ta c6 thé dung danh gid sai sb6 trong Dinh li[5.1|nhu sau. Véi
F(x)=4/1+x?), ta c6

_ 32x? 8
S (1+x2p (1+x2p

f(x)
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Ta chon M =813 hing s6 duong bé nhat sao cho |f”(x)| < M trén[0,1]. Dinh
li d6 cho ta danh gia sai so

M 8 \/1)?
|[—Ir| < —(b—a)h*= (—)(—) =0.17.
12 12)\2

Trong Vi du ta cling c6 thé tinh tich phan da cho bing cach lay
nguyén ham va dé dang so sanh hai phuong phap va danh gia sai so. Cac
phuong phap tinh gan ding sé hitu ich hon trong tinh huéng ma tich phan
khong tinh dugc bing nguyén ham, nhu trong vi du sau day:

1
Vi du 5.2. Tinh gan ding tich phan J e~ dx bing quy tic hinh thang

sy 0
vO1 n =10.

Loi giai

Ta c6 khoang lay tich phan 1a [a, b]=[0,1]. Vi n =10, ta c6 h =0,1. Do s6
diém chia kha 16n, dé thuan tién ta sé lap bang cac gia tri can tinh. Tl Bang

i X x? e
0 0 0 1,00000
1 0,1 0,01 0,990050
2 0,2 0,04 0,960789
3 0,3 0,09 0,913931
4 0,4 0,16 0,852144
5 0,5 0,25 0,778801
6 0,6 0,36 0,697676
7 0,7 0,49 0,612626
8 0,8 0,64 0,527292
9 0,9 0,81 0,444858
10 1,0 1,00 0,367879

Téng 1,367879 6,778167

Bang 5.1: Tinh todn trong Vi du[5.2]

tacod .
,1
Iy ~ =~ (1,367879 +2(6,778167)) = 0,746211.

CAS 5.1. Do cudng do dong dién I(r) qua mot mach dién tai cac thdi diém
cach nhau 1s trong 6s, ngudi ta thu dugc cac ket qua ghi trong bang sau:

t 0 1 2 3 4 5 6
I(tr) 80,00 92,61 106,48 121,67 138,24 156,25 175,76
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Biét rang dién lugng Q chuyén qua doan mach trong khoang thdi gian tit
t, dén 1, cho béi

Q(tlitz)=j I(r)dz.

Sau day la mét chuong trinh R dé tinh gan ding Q(0;6) theo quy tac hinh
thang. Luu ¥, v6i nhiing thong tin c6 dudc, khéng thé c6 danh gia sai sb
ctia ket qua nay.

trapz = function(y, h) {
n <- length(y)
1= (y[11 + y[l) / 2
s2 = sum(y[2:(n - 1])
return(h * (sl + s2))

y <- c(80, 92.61, 106.48, 121.67, 138.24, 156.25, 175.76)
h<-1
trapz(y, h)

## [1] 743,13

Bang phuong phép nay, chiing ta thu dudc xap xi Q(0;6) ~ 743,13.

5.1.2 Quy tic Simpson

Noi dung clia muc nay la quy tac Slmpsorl (con goi 1a quy tac parabol)
tinh gan ding mot tich phan xac dinh.

Gia stt [a, b] dudc chia thanh 21 doan c6 dd dai bangparabol nhau béi
céac diém chia x;, i =0,1,...2n, v6i

a=x0<x1<---<x2n_1<x2n=b.

V6i mdi i, goi Q; 1a da thiic bac hai ndi suy ham f(x) tai cac nlt x,;, xp41,

1QuytacSlmpsondetlnhgandungcactlchphanxacdmhduoeThomasSnnpsoncongbolan
d4u tién vao nam 1743. Mic di1 dugc dit theo tén ctia 6ng, Thomas Simpson khong thuc sula
ngudl dAu tién phat hién ra né. Bonaventura Cavalieri da phat hién ra phién ban ban dau clia quy
tic nay vao nim 1639 va James Gregory da cong bd bién thé nay vao nim 1668 ciing véi mot sb
phuong phép sb khac dé tinh gin diing c4c tich phan xac dinh.
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VA Xp;4,. Truéc hét, ta xét

X242

Ii ::f Qi(x)dx,
X2i
va xem né 12 mot xap xi clia tich phan ctia f(x) trén doan [xy;, Xpi42]:
X2i+2
f(x)dx ~I;.
X2i

Bay gio, ta tinh I;. Theo cong thiic ndi suy Lagrange, ta co

Qi(x) = f(x2)lo(x)+ f(X2141)01 (%) + f(X2142)l(x),

V6i £,(x), £1(x), va £,(x) 1a cac da thiic noi suy Lagrange cd ban. Cu thé hon,
taco

(X — Xpj41)(X — Xp42)
(%21 = X2441)(X; — Xpi42)

lo(x)=

V6i phép doi bién x = x,; + ht, dx = hdt, ta dé dang tinh dudc

Xoiso 2

2i+2 h h

J Ko(x)dxz—f (t=1)(t—=2)dt = —.
Xoi 2 0 3

Tuong tu nhu vay, véi

(x = X:)(X — X2442)
(%2141 — X2i)(X2i41 — X2i42)

(x)=

taco

Cubi cung, v6i
(X — X2;)(x — Xp41)
M
(X2i42 = X2 )(Xi42 — Xpi41)

ta tinh dugc
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Tong hop céc tinh todn trén, ta thu dudc hé qua

X242
I; :f Qi(x)dx
X;

2i
X2i+2

zf(xzi)f Ko(x)dx+f(x2,-+1)f {,(x)dx

X2i+2

+f(XZi+2)f ly(x)dx

h i
= 3 (FCe) + 41 Gz + f (x2112))-

Dé xap xi tich phan clia f trén toan bd doan [a, b), ta lay tong céc I; va goi
nola I:

h

n—1
Iy=> 1= g(f(xo)+4f(xl)+2f(x2)+4f(x3)+---
i=0

--~+2f(x2n_z)+4f(x2n_1)+f(x2n)). (5.4)

Khi d6 I 1a mot x4p xi clia 1. Sau day, chiing ta can danh gia sai s6 clia
phép xap xi I béi .
Pinh 1i 5.2: Sai s toan cuc
Gia st f ¢6 dao ham cap bon f@ trén [a, b], |[f®(x)| < M (M 1a hing
s0) trén [a, b]. Khi do

M
I—I;|<—h*b—a). 5.5
| S|_180 (b—a) (5.5)

Dé chiing minh dinh li nay, ta can bé dé sau day vé danh gia sai s6 dia
phuong clia phuong phap Simpson, ttic 1a danh gia sai so trén moi doan
nho.

Pinh Ii 5.3: Sai s6 dia phuong

Gia st f c6 dao ham cap 4. Khi do6,

Xi+1 h h5 @
fE)dx = [f(xi) +4f () + ()] =55 f M), (6.6)

Xi-1

VOi ¢ €[ Xy, Xi41]-
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Chiing minh. V6iméi t, ta goi phan du R(¢) cho béi
X+t ;
R(t)zf F)dx =2 [fxi= ) +4f () + f(xi+ 1))
xi—t

Ta can chting minh
h5
R —_" r@® ,
(h) =5 /(c)

vGi ¢ €[x;_1, Xi;1]. That vay, béi cong thiic dao ham tich phan phu thudc
tham so, ta c6

d X+t
EJ f(x)dx = f(x;—t)+ f(x; + 1)
Xi—t
Tu d6, ta tiép tuc tinh

R(1)= S0 (6= 00+ (4 01— 5 £ () = 5= (6= 0+ 0+ 1)

Noéi riéng,
R'(0)=0.
Tiép tuc lay dao ham, ta c6
V4 2 /7 / ]' / /
R (t)=§[—f (xi_t)+f(xi+t)]_§[_f (x;—t)+ f(x; +1)]
1w — 1)+ i+ )]
1
= LG 0+ o+ O] 21w — 1)+ i+ 1)
Noéi riéng, ta c6
R”(0)=0.

Tiép tuc lay dao ham hai vé, ta c6
t
R"(t)= 5[—f/"(xi — 1)+ f"(x; + 1))

Xét ham phu sau:
o(t):= R(t)—t°R(h)/(h°).

Tii tinh toan & trén, ta dé dang théy rang

Hon nua,
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Ap dung dinh li Rolle cho ham ¢ trén doan [0, /], ta nhan dugc mot gia tri
¢, €[0, h] sao cho

80/(01) =0.
Tiép theo, 4p dung dinh 1i Rolle cho ham ¢’(¢) trén doan [0, ¢, ], ta c6 mot

gia tri ¢, sao cho ¢”(c,) = 0. Tiép tuc 4p dung dinh li Rolle, ta suy ra ton tai
¢ €(0, ¢,) sao cho

¢”(c3)=0.

Theo dinh nghia cta ¢, ta cé
0=¢"(c3)=R"(c;)—60c;R(h)/(h°).
Tu day suy ra,

" % " " 262
60 R(R)/(h°)=R"(e3) = 2 [=f""(xi = es) + f"'(xi + ea)] = =2 f*c),
vli ¢ €(x; —c3, X; + C3). O budc cubi cung, ta da 4p dung dinh li Rolle mot
lan nita cho ham f”. Tit day, ta dé dang suy ra

h
R(h)=—— .
(h) 30 [(e)

D6 1a diéu phai chiing minh. O
Chiing minh Pinh li[5.3 V6i méi i, goi R;(h) 1a sai s6 dia phuong trong b6
dé trén. Khi dé,

|R;(h)| < h>M /90.
LAy tong v6i i chay qua cac s6 1é tit 1 dén 2n — 1, ta c6 ngay

2n—1

[I=Isl< > IRi(h)

i=1,ilé
2n—1

< Z h°M /90

i=1,i 18
=nh®M/90
=Mh*(b—a)/180.
D6 1a diéu phai chiing minh. O

Nhan xét 5.1. Tu Dinh li ta thdy rang néu f(x)1a mot ham da thtc véi
béc bang 3 hoic bé hon thi quy tic Simpson cho mét gi4 tri diing vi dao
ham cép 4 clia f dong nhat bang 0.
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Trong vi du sau day, ta dung phuong phap Slmpson dé tinh gan dung
gla tri cua mét ham siéu viét bang cac phép tinh s6 hoc théng qua viéc viét
gia tri can tinh duéi dang mot tich phan xac dinh.

Vidu 5.3. Dling quy tac Simpson dé tinh gan ding In(2) vé6i 4 chit s6 chéc
theo nghia rong.

Loi giai

Tit kién thiic co ban clia giai tich, chiing ta c6 thé viét In(2) dudi dang mot
tich phan. Cu thé nhu sau:

1_ J 1 dx

0o Jo 1tx

Vay, bai toan quy ve tinh gan diing tich phan trong vé phai clia dang thiic
trén. Bang quy tac Simpson véi n =8, ta co

In(2)=In(1+ x)

1 8 4 8 2 8 4 8 1
Ig=—(1+4- =42 —+4-—+2- 244 — 42— +4- — + —
24 9 "5 11 "3 13 77 715 2

Tinh va quy tron I t6i 6 chit sd chic (theo nghia hep) ta thu dudc

1498711
Io= 1 50,693155,
2162160
Vv6i sai s6 quy tron kh()ng vugt qua 0,5-10~%. Mit khac, ham duéi dau tich
phanla f(x)=(1+x)"' c6 dao ham cap 4 la
24
W(x)= .
Fo)=

Do d6, trén doan [0,1], ta c6 danh gia | f¥(x)| < 24. Vay,

(0,125)*

|In(2)—Is| = | —I5| < 24- ~0,4x107%

Tu d6, ta c6 xép xi In(2) ~0,693155, véi sai s0 khong vugt qud tong ciia sai

s6 quy tron va sai so phddng phap, ttc la khong vugt qua (0,4+0,5) x 1074 <
0,9-107*, thoa man yéu cau dat ra.

1
Vidu 5.4. Tinh gan ding tich phan I = J x* dx bang quy tic Simpson véi
0
n=4.

Loi giai
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V6i n = 4, ta chia doan [0, 1] thanh 4 doan nh6 c6 do dai bang nhau va bang
1. Tinh gi4 tri clia ham f(x) = x* tai cac diém chia nay, ta thu dugc bang
sau:

X; 0

1
4
1
Xj
Yi=X; 1 \/;

O trén, ta da dat f(0):= lir{)1+xx =1démod rong lién tuc f(x)1én[0,1]. Trong

DN | =
N
DN | =
w
N§|
w
[a—

quy tac Simpson, ta ¢6 h = §, nén
=35 (rorar(7)v2r(5)rar(3)+ s 0)

()
(2+3v2+V6v3).

Biéu dién gan diing cac cin thiic bang s6 thap phan, chiing ta c6

1
12

1
f x*dx ~ I3 ~0,7888625.
0

Vidu 5.5. Gia sttham f(x)lién tuc trén [0; 0,4] va c6 c4c gid tri tai mot sb
diém dudc tinh x4p xi nhu sau:
x, 00 01 02 03 04
f(x;) 1,000 0998 0990 0,978 0,860

0,4
Hay sii dung dii kién nay tinh xap xi tich phan I = f f(x)dx bang quy
0
tic Simpson.

Loi giai
Tt du kién da cho, tasuyra n=4, h=0,1. Do do

Is= 03—1 (£(0,0)+4£(0,1)+2£(0,2)+4£(0,3)+ £(0,4)).
Thay céc gid tri clia f tai cac diém da cho tlt bang trén, ta c6

0,1 _
I~ = (1,000 +4(0,998) + 2(0,990) + 4 £(0,978) + 0,860) = 0,39146.
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CAS 5.2. Ham simpson() trong doan chuong trinh R sau day nhan vao
mot day cac gid tri y va do dai khoang chia h va tra ve gia tri xap xi cua tich
phéan theo quy tac Simpson.

simpson <- function(y, h) {
n = length(y)
if m%% 2 !'=1 1 n==1) {
stop("L8i! S& diém chia khéng ding.")

}
s =yl[1] + 4 * y[n - 1] + y[n]
i=2

while (1 < n - 2) {
s=s+4xy[i] + 2 x y[i + 1]
i=1+2

}
approx = s * h / 3
return(approx)

}

y = c(1, 0.998, 0.990, 0.978, 0.860)

h=0.1
simpson(y, h)

## [1] 0,391466667

Két qua thu dugc hoan toan khép véi két qua da tinh bang tay trong Vi
du

5.1.3  Quy tdc hinh thang hiéu chinh bién

Muc nay néi vé quy tac hinh thang hiéu chinh bién (trapezoidal rule with
end-point correction) dé tinh gan duing tich phan. Trong quy tac nay, chiing
ta can biét gia tri clia ham sb tai cac diém luéi va gia tri clia dao ham tai
hai dau muit.

Quy tac nay phat biéu nhu sau:

2

b
h
f f(X)deITJrE(f’(d)—f’(b)), (5.7
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trong d6 Ir 1a xap xi clia tich phan theo cong thiic hinh thang,

n—1
h:%@mnfwﬂzzkm+mg,h=w—mm-
i=1

Mot diéu thi vi 1a chiing ta cé thé thu dugc cong thiic xAp xi nay bang cach
thay ham f(x) dudi dau tich phan bang da thiic ngi suy Hermite bac ba
ctia no.

Pinh li 5.4:
Gia st g(x) 1a mot ham da thic bac khéng vugt qua 3. Khi do,

b b— b—a)
f g(x)dx=—a(g(a)+g(b))+( 120) (g'(a)—g'(b)). (5.8)

Chiing minh. Mot ham da thiic bac khéng vugt qua 3 c6 dang tong quat 1a
g(x)=co+cix + cx*+ ey x>,

trong dé c,, ..., ¢; 1a cac hang sb, tiic 1a mot “t6 hop tuyén tinh” clia cac
don thiic 1, x, x2, x3. Mt khac, hai vé ctia 14 tuyén tinh theo g (tiic
1 cac anh xa tuyén tinh tit khong gian vécto cac da thiic bac khong vugt
qua 3 vao R'. Do d6, chi can chitng minh cho cac don thic 1, x, x2, x3.
Chang han, v6i g(x) = x3, vé trai c6 thé tinh nhu sau:

b b
f g(x)dx =J x3dx

b
1 1
=_x4 =—(b4—a4)
47| 4

1
= (b—a)b*+b*a+ba’ +b°)

Mit khac, vé phai c6 thé bién doi nhu sau:

(b—ay
(s(a)+g(0)+—

_b—a

b—a

> (g'(a)—g'(b))

(b—a)

(@ +b)+ (3a*—3b?)
1
= Z(b—a)(bg +b%a+ba®+bd).

So sanh hai tinh toan trén, chiing ta két luan dudc (5.8) ding khi g(x) = x3.
Cac truong hop con lai don gian hon. Chi tiet danh cho ban doc. O
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Tit ménh dé trén, c6 thé thiy rang céng thiic xip xi hinh thang thu dugc
tlt viéc x4p xi ham s6 duéi dau tich phan bang cac ham ghép tron béac ba
bi kep. Luu ¥, cong thiic hinh thang hiéu chinh con la mét truong hop dac
biét clia cac cong thiic xap xi tich phan Euler-Maclaurin.

CAS 5.3. Hay lap chuong trinh R tinh gan diing tich phan bang cong thtic
hinh thang vé6i hiéu chinh tai cic dau mut, ap dung vao tich phan

' dx m
o 1+x2 4

Két qua thu dugc cho mot xap xi clia 7r/4.

trapezoid_endpoint_correction = function(y, kO, ki1, h) {
n = length(y)
s1 = (y[1] + y[nl) / 2
s2 = sum(y[2: (n - 1)]1)
cor = h *x (k0 - k1) / 12
return(h * (sl + s2 + cor))

f <- function(x) {
1/ 1+ x°2)
}

f_prime <- function(x) {
-2x*xx/ ((1+ x°2)"°2)

}
n <- 10
h<-1/ 10

x <- seq(from = 0, to = 1, length.out = (n + 1))

y <- f(x)
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k0 <- f_prime(0)
k1l <- f_prime(1)

result <- trapezoid_endpoint_correction(y, kO, k1, h)
print(result)

## [1] 0,785398164

Ban doc c6 thé so sanh gia tri tinh dudc va gia tri xap xi clia /4 va tu
rat ra nhan xét cho minh.

5.1.4 Cong thitc cau phiiong Gauss

Céc quy tic hinh thang va quy tic Simpson ta da tim hiéu trong muc truéc
la hai truong hogp riéng cta cong thiic Newton—Cotes dong. Ching c6 dang

b
f fx)dx~cof(x)+ e f(x1)+---+ e f(x),

trong do, cac diém x; cach déu, x,=a, x, = b, con cac hé s6 ¢; dugc tinh
dua trén viéc lay tich phan cac da thiic néi suy Lagrange bac d, n > 1. quy
tac hinh thang tuong ting v6i trudng hdp d = 1, con quy tac Simpson tuong
ing v6i truong hgp d = 2.

Luu y la dbi v6i cdc ham da thiic bac khéng vudt qua 3, cong thiic
Simpson cho gi4 tri diing ctia tich phan ti gid tri cia ham s6 tai 3 nit. Mot
cau hdi tu nhién dat ra la c6 cach chon cac nat x, xi, ..., x, va mot cong
thiic x4p xi sao cho két qua 1 ding d6i véi cac da thiic bac kha 16n?

Lién quan dén cau héi trén, chiing ta gidi thiéu phuong phap cdu
phuong Gauss (Gaussian quadrature rule), mot cong thic tinh gan ding
tich phan, dugc thiét 1ap trong nhiéu g6i phan mém tinh toan hién dai nhu
gaussquad clia phan mém R va Matlab. Trong phuong phép nay, cac diém
nut x;, j €{0,1,...,n}, khong cach déu nhau va dudc chon sao cho cong
thiic xap xi trd thanh coéng thiic diing néu ham duéi dau tich phan la da
thuc c6 bac khong vugt qua 2n+1. Noi riéng, v6i 3 ntit noi suy ( n =2), cong
thiic cau phuong Gauss cho két qua ding néu ham dudi dau tich phan 1a
da thtic c6 bac khong vugt qua 5, tot hon so véi quy tac Simpson (chi diing
khi da thiic d6 c6 bac khong vugt qua 3).

Phuong phap nay dudc xay dung dua trén cac da thiic truc giao Legen-
dr (Legendre orthogonal polynomial) . Chi tiét nhu sau: Goi P, 1a da thtic

2Adrien-Marie Legendre (1752-1833) 1a mot nha toan hoc ngudi Phép.
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Legendre bac k. V6i k =0,1,2, cong thic tuong minh ctia ching la
1
PO(x): 1, Pl(x)z X, PZ(X)Z 5(3x2_1))
Cac da thiic Legendre bac cao hon c6 thé dudc tinh theo cong thiic truy
héi Bonnet]
(n+1)P, 1 (x)=C2n+1)xP,(x)—nP,_;(x), n=1. (5.9)

Vi duy, v6i n =2, thay vao (5.9), ta thu dugc
1
3P(x)=5xP,(x)—2P(x)=5x (E(SXZ — 1)) —2x.
Sau khi rit gon vé phai va chia hai vé cho 3, ta thu dugc
1 3
B(x)= E(Sx —3x).

Do la da thac Legendre bac 3.
Mot tinh chat quan trong clia cdc da thiic Legendre ma chiing ta can dé
xay dung cong thic cau phuong Gauss do la tinh truc giao:

1
f Q(x)P(x)dx =0,
-1
ding véi moi da thiic Q(x) c6 bac bé hon k. Ti tinh chat nay, ta c6 thé
chiing minh két qua sau.

Pinh li 5.5:

Gia sti 1ang x,, X1, Xp,..., X, 12 cac nghiém ctia da thiic Legendre thi
n+1, P,;1(x). Goi £, 1a da thiic ndi suy Lagrange co ban tuong ting
véi cac nat ndi suy xg, xy, ..., X,. Dat

1
Cr :J li(x)dx.

1

Khi d6, v6i moi da thiic P(x) c6 bac khong vuot qua 2n +1,

1
f P(x)dx = cyP(xp)+ 1 P(x1)+---+ ¢, P(x,).
-1

30ssian Bonnet (1819-1892) 1a mét nha todn hoc ngudi Phap c6 nhiéu déng gép cho nganh
hinh hoc vi phan (mot nhanh ctia toan hoc).
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5.1. TINH GAN PUNG TICH PHAN XAC PINH

Chiing minh. Chia da thtc P cho P,,,, ta dugc thuongla Q va dula R. Tic
la
P(x)= Py 41(x)Q(x)+ R(x).

Do béc ctia P khong vugt qua 2n + 1, bac ciia Q khong vugt qua n con béc
cta R khong vugt qua bac caa P, ;. Do tinh truc giao ctia da thic Legendre,
taco

1 1 1 1
J P(x)dx:f Q(x)Pn+1(x)dx+f R(x)dx:f R(x)dx.
-1 -1 -1 -1

Theo cong thiic ndi suy Lagrange

R(x)=R(x0)lo(x)+ R(x1)l1(x) + -+ R(x,)l (x)

va vay thi

-1 -1 -1

1 1 1
f R(x)dx:R(xo)f Eo(x)dx—i—R(xl)f £1(x)dx
1
+---+R(xn)J ¢,(x)dx. (5.10)
-1
Mat khac, do x; la nghiém ctia da thiic Legrendre P, (x)
P(xj)=Pp1(x;)Q(x;)+ R(x;)= R(x;).

Thay R(x;) va cong thic c¢; vao ta thu dugdc diéu phai chiing minh.
O

Pinh nghia 5.1:

Gia st x, x1, X, ..., X, nghiém cuia da thiic Legendre thi n+1, P, (x).
Cong thiic cau phuong Gauss thi n la cong thiic xap xi

1
f(x)dx ~cyf(xo)+ e f(x)+-+c, f(xn) (5.11)

-1

vlic;, j=0,2,...,n, dugc cho trong dinh li

Nhu vy, dé 4p dung cong thiic cau phuong Gauss n diém, ta can tim
cac khong diém ctia da thiic Legendre cip n va xac dinh cac trong sb ¢ I
Du6i day la xac dinh cac gia tri nay trong 2 truong hgp n bé.
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Cau phuong Gauss 2 diém

Cho n =2, cac diém cau phuong Gauss 1a nghiém ctia da thiic Legendre
v6i n =2, tic la nghiém ctia

I
&)
R
<
=
|
=

Da thiic ndi suy Lagrange cd ban tuong Gng vaéi x, 1a £,(x)

Do vay,
§ : 'Vi( V3
=\ {o(x)dx= —|x+—|dx=1.
2 3
-1 -1

Tuong tu, ta cling tinh dudc ¢, = 1. Do d6, cong thuc cau phuong Gauss doi

v6in=2Ila:
ff )dx ~ f ) f( 33). (5.12)

Vi duy, lay f(x)=1/(3 + x) v6i

ff dx—f — =1 3+x)

va ap dung cong thiic cau phuong Gauss 2 diém, ta thu dugc

=In(4)—In(2) =1n(2),
-1

1 1 9
f(x)dx ~ =—~0,6923077...
f 3+v3 13
T3 T3

Gi4 tri gan diing thu dugc chinh x4c t6i 2 chii s6 sau dau thap phan (0,69).

Cau phuong Gauss 3 diém

Cho n =3, cac diém cau phuong Gauss 1a nghiém ctia da thiic Legendre
v6i n =3, tic la nghiém ctia

1
—(5x3—=3x)=0.
2( )

Ta dudc cac diém cau phuong

x—@ x1=0, x,= 3
0— 5» 1—Y% 2= 5-
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5.1. TINH GAN PUNG TICH PHAN XAC PINH

Bay gio, ta can xac dinh cac trong sb ¢, ¢}, ¢, trong cong thiic

[ fose -t (E)aroeer({F).

Céc trong sb tuong ting c6 thé dudc xac dinh théng qua viéc tinh tich phan
cac da thiic ndi suy Lagrange cd ban tuong ting. Tuy nhién, ta sé trinh bay
mot phuong phap so cip hon, sit dung tinh chit cong thiic cau phuong
Gauss n diém sé tré thanh cong thiic diing khi ap dung cho cac ham da
thitc bac <2n (Dinh li[5.5). Néi riéng, véi f(x)=1, ta c6

1
2=f dx=cy+c;+c.

1
V6i f(x)=x,taco

o
Il
| >
=
o,
=
Il
S
ol W
+
o
o
+
Ny
~
ol w

V6i f(x)=x?,taco

1
2 3 3
- = x’dx=cy-=+¢-0+¢ =
37 ] 5 5

Tt hai phuong trinh sau, ta giai dugc
5
G=0= g
Tit day, thay vao phuong trinh dau tién, ta thu dugc
a=g
Nhu vay, ta cé cong thiic cau phuong Gauss 3 diém:

1
f(x)dxmgf(—\lg)+§f(0)+gf( g) (5.13)
-1

Vidu 5.6. Délay vi du, ching ta trd lai van dé xap xi In(2). Liy ham duéi
d4u tich phan 1a f(x)=1/(3+ x). Khi d6, ta c6

1
me)= [
4 3+x

~§( 1 1 )8(1)
N93W3+ﬁ 3+40

25 s, 8 8 131
T 63 27 189
~0,6931217....
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Két qua nay chinh x4c t6i 4 chii s6 sau diu thap phan (0,6931).

Chi y5.1. Mot uu diém clia phuong phap cau phuong Gauss 1a né khong
diing dén gid tri cia ham s6 14y tich phan tai diém dau mit clia doan lay
tich phan. Diéu nay c6 1gi khi tinh c4c tich phan suy rong hoi tu, nhung
ham duéi diu tich phan tién ra vo han tai mot hodc hai dau mut. Chiing ta
hay xét vi du sau:

Vidu 5.7. Tinh gan diing tich phan suy réong sau bang phuong phép cau
phuong Gausg’|

'odx
0 \/sin(x)'
D6ibién t =2x—1hay x=1(¢+1), dx=1d¢,taco
I_fl dx 1[1 dt
o Vsin(x) 2y /sin(L(r+1))
Cong thiic cau phuong Gauss 3 diém:

5. 1({1=406) 8  _
I~ —-sin 2| ——— |+ —sin
9 2 9

rol—
ol—

2 2

(1) 5 . _1(1+\/0,6)
—|+=sin 2| —— |.
9
Tinh toan cu thé, ta c6
5 . 1 8 . 1 5 . 1
Imgsm 2(0,1127)+§sm 2(O,5)+§sm 2(0,8873)~1,8.

Nhan xét 5.2. Trong Vi du chung ta tinh tich phan suy rong (loai 1), do
ham s6 dudi dau tich phan, ham f(x)=1/+/sin(x) tién ra vo han khi x — 0.
Diéu nay cho thay mot uu diém clia cong thiic cau phuong Gauss so véi
cac cong thic hinh thang va cong thiic Simpson khi ching ta khéng phai
tinh gid tri ctia ham sb tai hai dau mut clia doan 1y tich phan.

Mit khac, két qua I ~ 1,8 c¢6 do chinh xac thap. D6 1 vi chiing ta da st
dung cau phuong Gauss véi chi 3 diém. Dé ting do chinh xac, c6 thé xem
xét ap dung cong thiic ciu phuong Gauss véi nhiéu diém hon.

CAS 5.4. Trong phuong phap cau phuong Gauss, chiing ta xAp xi tich phan
du6i dang

1 n

f)dx~ D e f(x))
-1 j=0

4Tinh hdi tu ctia tich phan suy rong nay dé dang dudc suy ra tit danh gia bang nguyén li so
sdnh, dya trén gidi han sin(x)/x — 1 khi x — 0 va tinh hoi tu ctia tich phan suy rong fol xdx=2.
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5.1. TINH GAN PUNG TICH PHAN XAC PINH

trong do, x; la cac diém chia, dugc chon 1a nghiém ctia da thiic Legendre
thtt n+1, con ¢; 1a céc hé sb tuong ting. Vi du, v6i n +1 =4 ching ta c6 cic
diém chia va hé s6 cho béi bang sau:

library(gaussquad)
legendre.quadrature.rules(4) [4]
## [[1]]

#H#t X W
## 1 0,861136312 0,347854845
## 2 0,339981044 0,652145155
## 3 -0,339981044 0,652145155
## 4 -0,861136312 0,347854845

Trong két qua thu dudc, cot x cho cac diém chia va ¢t w cho cac hé s6
tuong ing.

Vi du sau day minh hoa cong thtic cau phuong Gauss b6n diém dé tinh
tich phan ham sé f(x)=1/(3+ x) trén doan [—1,1] v6i két qua 12 In(2):

1
* 1.
13+x

library(gaussquad)

Lq <- legendre.quadrature.rules(4) [[4]]
nodes <- Lg$x

coeffs <- Lq$w

f <- function(x) 1 / (3 + x)

result <- sum(coeffs * f(nodes))

print (result)

## [1] 0,693146417

Ban doc hay so sanh két qua nay véi gid tri In(2) tinh bang cac phuong
phap khac.
5.1.5 Tinh tich phén bang ham cé san trong R

V6i cac phuong phéap sb da dugc cai dit trong may tinh, tich phan Gauss
trén c6 thé tinh dudc gan diing mot cach nhanh chéng. Trong tiéu muc
nay, chiing ta sé tim hiéu hai vi du minh hoa sau.

CAS 5.5. Trong R, chtic ning integrate () clia pracma tinh gan ding tich
phan cia mét ham s6 mot bién. Vi du, doan ma sau cho két qua gan ding
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0,7468241 cua tich phan

library(pracma)

f <- function(x) {
exp(-x * x)

}

integrate(f, 0, 1)

## 0,746824133 with absolute error < 8,3e-15

CAS 5.6. Tich phan boi dugc tinh bang integral2() clia pracma trong R.

Vi du sau tinh
1= ff sin(yz)dA,
D

trongdé D ={(x,y):0< x <1, x < y <1}. Viétlai tich phan kép duéi dang

tich phan lap:
1 1
sz de sin(y?)dy.
0 x

Tit d6, ap dung integral2() vdi cac can clia x 1 0 va 1 con cén clia y gom
ham so p(x)=x va g(x)=1.

library(pracma)

f <- function(x, y) sin(y~2)

a<-0; b<-1

p <- function(x) x; q <- 1

integral2(f, a, b, p, q)

## $Q
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## [1] 0,229848847

##

## $error

## [1] 2,67485514e-10

Két qua thu dugc so véi gid tri chinh xac (1 —cos(1))/2 c6 sai s6 rat nho.

5.2 Tinh gan diing dao ham

Noi dung clia muc nay 1 vé tinh gin ding dao ham ctia ham s6 bing cac
phuong phép khai trién Taylor, céng thiic dao ham 3 diém, 5 diém, tinh
gan ding dao ham bang da thiic noi suy va ham ghép tron. Tai liéu tham
khao: T. V. Dinh [6} §5.1], P K. Anh [2} §V.1], Kreyszig [9} §19.5].

5.2.1 Xay dung cong thiic tinh dao ham bang khai trién Taylor

Nhiéc lai ring mot ham sé f: (a, b) — R 12 kha vi tai x, € (a, b) néu gidi han

¢ =lim f(xo+h)— f(xo)
h—0 h

ton tai va hitu han. Khi dé, dao ham ctia f tai x, dugdc dinh nghia la

10y S (o +h)— f(x)
f(xp)=lim A -

Tit d6, chiing ta thdy mot phuong phap kha don gian dé tinh gin diing dao
ham f’(x,) bang cach tinh ti s6 giita s6 gia ham s6 va s6 gia doi s6 h, khi h
nho.

CAS 5.7. Vi du, chiing ta hay thuc nghiém tinh dao ham ctia ham s6
f(x)=x>cos(x?)log(vx), x>0,

tai x = 1 bang cach tinh gia tri clia f(1) va f(1+ h) v6i h = 1075. Bang R,

ching ta tinh nhu sau:

options(digits = 9)

f <- function(x) {
x~3 * cos(x"2) * log(sqrt(x))
}
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a <-1; h <- 1e-5

(f(a+h) - @) /h

## [1] 0,270149492

Dé so sanh, luu y rang bang nhiing quy tic tinh dao ham quen thudc
trong giai tich toan hoc, ching ta cé

cos(1)

= >

~0,270151.

So sanh hai két qua 6 dong 4 va 6 chiing ta thay su sai khac bé hon 2 x 1076,

Chiiy 5.2. Khi k> 0, chiing ta goi cong thiic 6 dong 3 1a “dao ham tién”
(forward derivative). Ngudc lai, khi i < 0, chiing ta goi la dao ham Iui
(backward derivative).

Sai so

Bay gld dé UGC tinh sai so cua phLIdng phap tinh gan dung trén, chiing ta
SE can mot s6 gia thiét vé dao ham cap hai ctia f. Diéu nay kha tu nhién, vi
dao ham cap 2 cho biét toc do bién doi tiic thoi cia dao ham cap mot theo
dbi s6.

Gia stt f(x) kha vi t6i cap hai. Khi d6, khai trién Taylor clia n6 c6 dang

[0+ )= f () + )+ 52 (c)

v6i ¢ nam gitta x, va x,+ h. Do dé, néu dao ham cap hai ctia f bi chan béi

mot hang sO nao do, | f”(x)] < M, thi c6 danh gia sai sO:
, f(xo+h)—f(x) 1., Mh
— = |- < —.
f(x) A 2hf (c)| < 5
No6i cach khac,

f(xo+ h)— f(xo)

N )
v6i sai sb tuyét déi khong vugt qua M h/2. Véi uée lugng sai s6 nay, chiing
ta can tinh toan véi | | kha nhé. Nhung khi 4y sai s6 tinh toan tré nén 16n
hon khi trong phép tinh chiing ta chia cho i. Do d6, chiing ta mudn cac
cong thtic gan ding véi danh gia sai s6 dang M h?, véi a > 1.

f/(xo) R~
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Cong thivc 3 diém, cong thiic 5 diém
Mbt y tudng kha don gian dé thiét 1ap mot cong thiic véi sai s6 c6 bac cao

hon k2 khi i — 0 nhu sau: Gia stt ham s6 f kha vi téi cap ba. Khai trién
Taylor tai x, cho chung ta

[+ )= FOo)+ [ o)+ f /4 < [, (5.14)

v6i ¢ 12 mot diém phu thudc h nao d6 trong khoang dang xét. Tiép theo,
thay h bang —h, chiing ta thu dugc:

[0 =)= FG)+ [ )R+ 5 [ )R+ f@hF, (5.15)

véi ¢ phu thudc —h. Tiép theo, trt hai dzgmg thic (6.14) va (5.15) trén theo
ve, ching ta thu dugc

1
f(xo+h)—f(xo—h)=2f"(xo)h + E(f’"(C) + (€N,
Tl d6, chiang ta co

f(xo+h)—f(xo—h)
2h

_f/(xo) — %(f”’((:)+f”/(€‘)))h2.

Nhu vay, néu dao ham céap ba ctia f bi chin: [f”/(x)] < M v6i moi x €
(xo— h, xo+ h) thi c6 phép xap xi

f(xo+h)—f(xo—h)

: 1
2h (.16

I (x0)~
v6i sai s6 tuyét doi khong vuot qua M h2/6. Cong thiic goi la cong
thiic xap xi dao ham 3 diém.

CAS 5.8. Chiing ta sé tién thanh thuc nghiém trong R vé6i bai toan tinh gan
ding dao ham ctia ham s6 dua theo cong thic (5.16). Tuong tu nhu CAS
ma lénh chi tiet nhu sau:

f <- function(x) x~3 * cos(x~2) * log(sqrt(x))
a <- 1; h <- 1e-5
(f(a+h) - f(a-h)) / (2 *x h)

## [1] 0,270151153

RO rang, cling véi h = 1075, két qua thu dudc & day tét hon két qua thu
dugc dua trén cong thiic dao ham tien.
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O trén, chiing ta da 4p dung cong thic khai trién Taylor cho céc gid tri
khac nhau ctia & nham khii cic s6 hang c6 bac thap clia i trong cong thtic
danh gia sai s6. Y tudng nay c6 thé mé rong dé cé dudc cac cong thiic xap
xi dao ham khac nhu cong thiic 5 diém. Vi du, cong thiic Taylor c6 thé viét

1 1
fxo+2h)= f(x0)+ f(x0)(2h) + Ef”(xo)(zh)2 + éf”’(é)(Zh)S. (5.17)

Két hop (5.17) v6i (5.14), chiing ta c6 thé khii s6 hang clia #2. Cu thé nhu
sau: Nhan hai ve caa (5.14) vGi —4 roi cong vao (6.17), ching ta thu dugc

—4f(xo+ 1)+ f(xo+2h)=—3(x0) —2f (o)
2 " 4 " a 3
S ORI (5.18)
Tt day, chiang ta thu dugc
Flxo) _3f(x0)+4f(x02‘£ h)—f(xo+2h)’ (5.19)

v6i sai s6 tuyét doi khong vuot qua Mh? néu |f”/(x)] < M v6i moi x €
(xO, Xo+ Zh).

CAS 5.9. Thuc nghiém trén mdy tinh véi h = 1074, chiing ta thu dugc két
qua sau:

f <- function(x) x~3 * cos(x~2) * log(sqrt(x))

a <- 1; h <- le-4
(-3 x f(a) + 4 *x f(a+h) - f(a+ 2 * h)) / (2 * h)

## [1] 0,270151204

Bang cac tinh toan tuong tu, chiing ta ciing c6 thé thu dudc cong thiic
nhiéu diém hon nhu coéng thiic 5 diém
, f(xo—2h)—8f(xg—h)+8f(xo+ h)— f(xy+2h)
[ (x0)~ ,
12h
v6i sai s6 khong vugt qua mot hang s6 nhan véi chin trén clia dao ham
cap 5 cua f. Chi tiet danh cho ban doc.

(5.20)

CAS 5.10. Thuc nghiém cong thiic 5 diém trén phan mém théng ké R nhu
sau:

f <- function(x) x~3 * cos(x"2) * log(sqrt(x))
a <- 1; h <- le-2
(f(a-2*h) -8 f(a-h) +8x* f(a+h) - f(a+2=*h)) / (12 * h)
## [1] 0,270151195

Dbi v6i cong thiic 5 diém, ching ta khong can chon h qua bé: Véi
h =0,01, két qua thu dudgc chinh x4c t6i 7 chit so dang tin.
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5.2.2 Tinh gan diing dao ham bang da thitc ndi suy

Chung ta van xét bai toan tinh gan dung f(x ( )V6i f:[a, b]— R 1amot h?am
SO gla tri thuc trong tinh hudng gid tri ctia né chi dugc biét ta1 mot s6
diém xy, xy, ..., x, €[a, b]. MOt ¥ tudng tu nhién 1a chiing ta sé x4p xi dao
ham f’(x) béi P/(x), trong d6 P,(x) la da thiic ndi suy ctia f trén céc diém
Xy X1y-ver Xy

Nhic lai rang da thiic ndi suy ctia f(x) tai cic moc xy, xy,..., X, 12

=" flxelx)
k=0

trong dé, £,(x)1a cac da thiic Lagrange co ban tuong ting v6i cic moc noi
suy da cho. Tit d6, ching ta c6

=" F)(x)
k=0

RG rang, ¢/,(x) hoan toan dugc xac dinh khi biét cac diém noi suy x;.
Van dé ndy sinh bay gio 1a danh gia sai s6
e(x)= f'(x)—P;(x). (5.21)

Dinh 1i 5.6:

Goi P,(x) 1a da thiic ndi suy ctia ham f(x) tai n + 1 diém néi suy
{Xo» X1,..., X} C(a, b). Gia st f(x) c6 dao ham dén cap n +1 bi chin:
| FI(x)| < M v6i moi x € (a, b). Khi d6, f'(x;) ~ P'(x;), v6i sai sd
tuyét doi thoa man

|e(xj)|$%1;[{xj—xk{. (5.22)
J

Trong dinh Ii trén, c6 mot diéu thi vi 1a mic du ta danh gid sai s6 (5.21)
trong tinh todn dao ham cap mot cia ham so nhung lai dat gia thiet 1én
dao ham cap n+1 ctia né.

Vidu 5.8. Xét ham sb f(x)= v x8. Dé dang théy rang f kha vi lién tuc dén
cap hai:

- 2\3/|x|5 sign(x),  f"(x)= %\/ﬁ

Trong khi dao ham cap 3 cliané la
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V6i x #0, trong khi d6 dao ham c4p ba khong ton tai tai x =0.
Xét h > 0 va cac diém x,=—h, x; =0, x, = h. Khi d6, da thiic noi suy clia
f(x) trén tap nodi suy nay la

Py(x)=x*v h2.
Do dé, ta cé
Py (0)=f'(0)=0.
Tuy nhién, do f khong kha vi dén cap 3, ta khong thé 4p dung dé danh
gié sai sb trong phép xap xi £/(0) ~ P;(0).

Trong ménh dé sau day, ching ta sé udc lugng sai s6 (5.21) chi véi diéu
kién ve dao ham cap hai cta f, cing v6i mét dieu kién bi chan ctia mot
ham phu khéc. Tit két qua nay c6 thé dé dang suy ra dudc dinh 1i

Meénh dé5.1:

Cho f(x)1a2 mot ham kha vi hai 1an v6i dao ham cap hai f”(x) bi
chan trén [a, b] b6i —K va K:

|f(x)| <K, a<x<b.

Goi P,(x) la da thiic ndi suy clia f(x) tai cac diém noi suy phan
biét {xo, x1,..., X,} € (a,b), r,(x) = f(x)— P,(x), va s(x),x € [a,b]\
{x0, X1,...,%,}, 1a ham so xac dinh béi

n

ra(x) = s(0) [ J(x—x0). (5.23)

k=0

Gia st |s(x)| < L v6i moi x €[a, b]\ {xy, X1, ..., X, }. Khi do,

| e —x)

k]

|f/(x)—P(x))| <L : (5.24)

Chuing minh. Tru6c hét, nhan xét réng vi f(x) kha vi téi cép hai con P,(x)
la mot da thiic nén r,,(x) kha vi téi cép hai. Hon nita, (5.29) c6 thé dudc viét
laila

s Ja—x) x gt x)

rn(X)= =0 : (5.25)

0 xe{xg,..., X}
An dinh j €{0,1,2,...,n} tuy y va khai trién Taylor ham r,(x) trong 1an can
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cua x;, chung ta c6

/ r,(c) 2
r(x)=r,(x;)+r,(x;)(x —x;)+ o1 (x—x;), (5.26)

v6i ¢ 1a mot diém phu thudc x va ndm gitia x; va x. Luu ¥ rang r,(x;) =0
neén, cung cac déng thic (6.25) va (5.26), chang ta suy ra
" n

ry(c)

(X)) (x —x;)+ "2—'(x—xj)2 = s(x)l_[(x—xk), X &{xp, X1,-.., X }.
: k=0

Chia hai vé cho x — x; # 0 va chuyén mot s6 hang sang vé phai, ching ta
thu dugc

r’(c)

)= = (=) + s Jexr—x). (5.27)
' K4

Theo gia thiét, f”(x) bi chan trén [a, b] nén r/(x)= f”(x)—P,(x) cung bi
chan trén [a, b]: V6i moi x €[a, b],

Ir’(x)| < K.
Tit d6, cling véi bat dang thiic tam gidc, chiing ta thu dugc
, K
|rn(x])} < E|x_xj|+[‘l_[|x_xk|! X ¢{x0)x1)~'~)xn}'
k#j

Cho x — x; valay gi6i han hai vé, ching ta thu dugc

e < L] [1x—xel. (5.28)
¥y

Chting ta két thiic chting minh. O

Chiing minh Pinh li[5.6, Néu f c6 dao ham dén cap n +1 thi chiing ta c6
cong thic sai so dang

n

f(x)=P,(x)+ s(x)l_[(x—xk). (5.29)
k=0
Trong do,
_ fUIE(x))
s(x)= W’ (5.30)

trong d6 &(x) ton tai va phu thudc vao x.
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Tit gia thiét vé dao ham cAp n + 1 clia f, chiing ta suy ra

M
(n+1)

[s(x)| <

va tlt d6 suy ra két luan ctia dinh li bang cach 4p dung ménh dé|5.1|véi
L=M/(n+1). 0
Chiiy 5.3. Mot s6 sach dua ra nhiing cach chitng minh ngan hon cho cho
dinh 1i/5.6} nhung mot so 1ap luan trong ching khong chat ché. Vi duy, trong
[4], hai tac gia Burden va Faires 14y dao ham hai vé ctia dé thu dugc

n

f’(xj)=P,£(x,-)+f("“)(5(xjn( — 11 (xj—xk)).

(n+1)! k=0, (4]

Tuy nhién, day 1a mot phuong trinh v6 nghia, do (x;) khong xac dinh!
CAS 5.11. Nguodi ta tha mot vat roi trong khong khi tt mot d cao 20m va
do khoéng céch tl vat do tdi vi tri ban dau sau moi khodng thai gian 1s.
Ket qua dugc ghi trong bang sau:
Thoi gian (s) 0 1 2 3 4
Quang duong(m) 0 1,811 6,254 12,293 19,301

Diing phuong phéap ndi suy hay tinh gan diing véin toc clia vat tai thoi diém
t =2s (c6 thé st dung may tinh).

Goi Py(t)1a da thiic ndi suy clia bo dit liéu trén. Ching ta c6 thé coi P/(2)
1a mot gia tri xap xi clia van toc tai £ = 2. Thuc hanh trén may tinh nhu sau:

library(polynom)

t <- c(0, 1, 2, 3, 4)
s <- c(0, 1.811, 6.254, 12.293, 19.301)

p <- poly.calc(t, s)

p_prime <- deriv(p)
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p_prime_func <- as.function(p_prime)
print(p_prime_func(2))

## [1] 5,37958333

Trong chuong trinh R phia trén, chiing ta tinh dao ham ctia da thic noi
suy tai ¢ =2 va thu dudc v(2)~5,379583 (m/s), 1a gid tri xap xi ctia van tbc
ctia vat roi tai ¢ =2 gidy.

Nhan xét 5.3. Trong vi du trén, vat roi do tac dung cta trong luc va chiu
luc can ctia khong khi. Quang dudng di dudc clia vat, tinh tii vi tri ban dau,
dudc cho bdi mot cong thiic dang

s(t)=sp+ Tt + %(exp(—kt)— 1),

trong dé, 7 12 van téc pha cudi (terminal velocity), va k = b/m, v6i b 1a hé
s6 Iuc can khong khi (phu thudc vao kich thuéc ctia vat va khong khi) va m
12 khoi lugng ctia vat.

Tit bang trén, ngudi ta c6 thé xac dinh dudc cac hé sb s,, 7, va k. Cac gia
tri ctia tham s6 cu thé 1a s, = 0,7 =8,5 va k = 0,5. Nhu vay,

s(t)=8,5t +17(exp(—0,5¢)—1).
Do d6, vén toc clia né cho béi
v(t)=28,5(1—exp(—0,5t)).

Tit cong thiic cudi cling, chiing ta tinh dugc v(2) ~ 5,373025. Ban doc hay so
sanh hai ket qua va rit ra nhan xét.

5.3 Cau hoiva bai tap

1. Mot vat bat dau chuyén dong thing véi van toc thay doi theo thoi gian

dudc tinh b6i cong thic v(t)=1/(5+ /1) (m/s).

(a) St dung quy tac hinh thang véi s6 khoang chia bang 4, tinh gan
ding quang dudng vat di dudc trong khoang thdi gian tit ¢ = 1 dén
t =5 giay.

(b) Sit dung quy tic Simpson v6i s6 khoang chia bang 4, tinh gan ding
dén 3 chii s6 sau dau thap phan quang dudng vat di dugc trong
khoang thoi gian tit £ = 1 dén ¢ =5 giay [Trd [5i: 0,599 (m).]

2. Tinh gan ding céc tich phan sau day bang quy tac hinh thang va quy
tac Simpson véi va danh gid sai so ctia cac ket qua gan ding thu dugc.
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1

2
(b) J x2dx, (d) J v/ 4—sin?(x) dx.
1 1

2 5 dx
() f x*dx, © [ —,
1 X

3. Tinh gan dung tich phan

f cos(x) dx
1+x
0

v6i 4 chit s6 dang tin.
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6.1 Baitoan gia tri ban dau

Trong muc nay, chiing ta bit diu véi bai toan co ban ciia li thuyét phuong
trinh vi phan, dé 12 bai toan gi tri ban dau, hay con goi 1a bai toan Cauchy.
Trong c4c muc tiép theo, chiing ta tim hiéu mét sé6 phuong phap tinh gan
diing nghiém ctia phuong trinh vi phan ctia bai toan gia tri ban dau.

Bai toan tim ham y = y(x) trén doan [a, b] sao cho

{y’=f(x,y), x €la, b], 6.1)

ya)=aq,

v6i a 12 mot gid tri cho trudc, goi la bai todn gid tri ban dau (initial value
problem-IVP) clia phuong trinh vi phan y’ = f(x, y). Diéu kién y(a) =«
thuong dudgc goi la diéu kién gia tri ban dau (hay diéu kién Cauchy).

Bai toan gia tri ban dau c6 thé c6 nghiém duy nhéat, vo nghiém, hoic
c6 nhiéu nghiém. Hon nita, nghiém ctia bai toan gia tri ban dau c6 thé chi
ton tai trong mot khoang nao dé ctia diém ban dau.

Vidu 6.1. Xét bai toan gia tri ban dau
{y/ =V7
y(0)=0.

Dung phuong phap tach bién da biét trong méon giai tich, chiing ta dua
phuong trinh vé dang

d
& dx.
vy
LAy tich phan hai vé,
d
J ad :f dx=x+C.
VY
Tl do, ta suy ra
(x +C)
y(x)= 1

V6i C =0, ching ta thu dudgc nghiém y = x?/4 th6a man bai toan Cauchy.
Mait khéc, y =0 cang théa man bai toan dé. Nhu vay, bai toan gia tri ban
dau trén c6 nhieu hon mot nghiém.
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Vi du 6.2. Xét bai toan gid tri ban dau

{y’=y2»
y(0)=1.

Diing phuong phap tach bién, chiing ta c6 thé giai dudc

—1
x+C’

y(x)=
Thay x =0, y =1, ta thu dugc phuong trinh cta C:

1=—,
C

vado do, C =—1,nén
1

1—x°

y:

Nhu vay, nghiém clia bai toan khong xac dinh tai diém x =1.

Trong cac phuong phép s6 dé gidi cac bai toan gia tri ban dau, chiing ta
yéu cau cac bai toan d6 1a cé nghiém va nghiém 1a duy nhdt. Dé c6 dudc
hai dieu nay, ve li thuyet, ching ta c6 thé dua vao dinh li sau:

Pinhli6.1:

Gia st f(x, y)12 mot ham hai bién x4c dinh va lién tuc trén hinh chit
nhéat R=[xy—a, xy+alx[a—p,a+p],a>0,5>0,sao cho f(x,y)va
dao hamriéng f, (x, y)1a bi chdn trén R: V6i cdc hang s6 K > 0,M >0
nao do,
Ife, <K, |Ify(x,y)ISM, (x,y)€R. (6.2)
Khi do6, bai toan gia tri ban dau
V' =f(xy) ylx)=a (6.3)

c6 nghiém duy nhat y(x) trén mot khodng x, — e < x < xo + €, V6i
e>0nao do.

6.2 Phuong phap Euler

Chung ta bat dau véi phuong phép co ban nhét dé giai gan dung phuong
trinh vi phén, do la phltdng phap Eulell 'l Mdc du phuong phép nay khong
phai 1a phuong phép cho két qua chinh x4c nhat, nhung né lai rit don gian

1Leonhard Euler (1707 — 1783) 1a mdt nha todn hoc ngudi Thuy Sy.
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va c6 thé dé dang mé rong cho céc tinh hubng phtic tap hon, nhu viéc giai
cac phuong trinh vi phan bac cao, cac hé phuong trinh 16n, hay phuong
trinh vi phan ngau nghién, v.v. Tai liéu tham khdo: T. V. Dinh [6} §6.1].

6.2.1 Mo ta phwong phap Euler

Trong phuong phdp Euler (con goi 1a phuong phap Euler-Cauchy) gidi gan
ding phuong trinh (6.1), chiing ta bit dau bang viéc chia doan [a, b] thanh
n doan nho béi cac diém chia

a=xy<x,<--<x,=b

va tinh gan dlng cac gid tri cia nghiém duy nhét y(x) tai cac diém nay, ttic
la ching ta s€ xap cac gia tri y(x;), i =0,1,2,..., n. Nhu vay, ching ta sé xay
dung day wug, uy, ..., u;,... sao cho u; xap xi y(x;):

RO rang, v6i i =0, chiing ta ¢6 y(x,) = a, theo diéu kién ban dau nén can
chon
Ug=d«.

Gia sti ta xay dung dudc u; xap xi gia tri (ding) y(x;), khai trién Taylor clia
y tai x; c6 dang
y’(ci)

2 (x— xi)2

y(x)=y(x)+y (x)(x —x;)+

v6i c; 1a mot diém nam giita x va x;. Vi y 1a nghiém clia phuong trinh vi
phan (6.1I) nén

¥'(x)= f(xi, y(x7)).
Thay gi4 tri nay vao khai trién Taylor & trén, ching ta thu dugc

Y ()= Y0+ £y —x) + L,

(6.4)
Hai s6 hang dau tién 6 vé phai hoan da biét, néu chiing ta da xac dinh dugc
y(x;). S6 hang cubi cling rat bé khi x ~ x;, c6 thé bé qua trong phép tinh
gan dung.

Dac biét, néu cac diém chia x;, j=0,2,...,n 1a cach déu,

Xj=Xo+jh,
thi v6i x = x;,, ching ta c6

y"(c;)

5 he. (6.5)

Y(xip) =y () + f(xi, y(xi))h +
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v6i ¢; phu thudc h. Tu day, ta xac dinh
Ujr1 == U; +f(x,-, u,)h (6.6)

Cong thiic nay cho phép chiing ta xac dinh theo quy nap diy u; khi biét
uy = a. Phuong phap tinh u; theo cong thic truy hoi goi la phuong
phdp Euler.

6.2.2 Su hoi tu va sai so ciia phwong phép Euler

Sai sb clia phuong phap Euler 14 sai s6 thuc su clia cac xap xi y(x;) b6i u;.
Chung ta goi cac sai so nayla ¢;:

€;:=y(x;)—u;. (6.7)
Dinh li duéi day cho mét udc lugng cua sai sO trong phuong phap nay.
Dinh 11 6.2:
Gia st ham f(x, y) trong phuong trinh (6.I) thoa man

0
‘—f <L, (6.8)
dy
va nghiém ctia n6 théa man
ly"| <k, 6.9)

trong d6 K va L 1a cac hiang s6 duong. Khi d6

K
le;] < Eh(e”x"_’“’)—l)jtIeoleL(xi_"O). (6.10)
Nhu vy, néu sai s6 ban dau bang 0, e, =0, thi sai s6 tai diém x; hoi
tuve 0 khi h — 0.

Chiing minh. Tu cac phuong trinh va (6.6) ta thu dugc
€ip1 = Uiy — Y (Xi1)
= (it £ ”i)h)—(y(xi)+f(x,-,y(x,-))h + @m)
2

z(ui_y(xi))+h(f(xirui)_f(xiry(xi)))_ h?
y"(c;)
2

=€i+h(f(xirui)_f(xir.)/(xi)))_ h.
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Tt cong thic Lagrange, ta c6

0
£ ) — f (i y () = %(xi, d) i — ()

Két hop véi diéu kién |0 f /3 y| < L, ta thu dugc
| f Gty wi)— £ (i, y (x))| < Llesl.
Vay
le;11]1 <le;|(1+ Lh)+ K h?/2.

Bat ding thiic nay ding véi i = 0,1,2,... v6i cac hing s6 K, L, va h khong
phu thudc i. Bang quy nap, ta dé dang suy ra tit d6 bat dang thiic

= .
el <+ Lh)legl +—— > (1+Lh)
i=0
Mat khac, ta c6 (v6i Lh > 0)
k—1
- (1+Lh)f-1 (Q+Lh)F 1 1 n
]. th: = _—— < — _1.
2 (1+Lh) (+Lh)—1 Th T IhSIne )

i=0

O trén, ta da 4p dung bAt ding thic 1+ Lh < e!" (B4t ding thiic nay
c6 thé dudc chiing minh nhu sau: Khai trién Taylor hAm mii tai 0, ta c6
e =1+ Lh+%e(Lh)*>1+Lh, 6 diy c 1a mot gia tri ndm gitia 0 va Lh). Ta
thu dugc

IeklsEh(e”“h—l)+e“h|eol. O
2L
Trong cong thiic danh gia sai sb trong dinh li trén, can gia thiét rang
trong moi phép tinh trung gian, cac két qua trung gian thu dudc 1a hoan
toan chinh xac. Gia thiét nay khong con phii hop véi thuc té, dic biét 1a khi
chiing ta can chon k& nhé, béi vi khi dé s6 cac phép tinh ting Ién va anh
hudng ctia sai s6 tinh toan dén két qua cudi cling la dang ké.
Cu thé hon, néu #; 1a xap xi clia u;, vdi sai s6 tuyét d6i khong vugt qua
& > 0 thi ta c6 thé chiing minh dudc

1/hK o
IeklsZ(T+E)h(eLkh—l)—keLkhleol. (6.11)

Do d6, budc di k “t6t nhat” 1a budce di sao cho hTK + % bé nhit. Vi K va é la
cac s6 duong nén cé6 danh gia

hK 6 __,|hK o
_ —_> —_— = .
2 +h_2 > 7 V2Ko
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Dau bang xay ra khi va chi khi
hK
_

9)
h’

hay

h=+v256/K.
D6 1a ngudng ma khi ldy buéc di k bé hon né thi sai s6 tinh toan sé anh
hudng 16n hon sai so li thuyét. Vi vy, trong thuc hanh, ngudi ta thutng lay

h>+/26/K.

Vi du 6.3. S{t dung phuong phap Euler dé giai gan diing bai toan gi4 tri
ban dau sau day
{y’zxezx—Zy, 0<x<1,
J’(O) =0,

Loi giai

Phuong phép Euler véi / = 1 cho phép tinh gan diing gié tri clia nghiém tai
cédc nut xo =0, x; = 3, va x, = 1. Goi cdc gid tri gan dung nay 1a g, u,, va u,.
Khi do, véi f(x,y)=xe?*—2y,tacod

uOZy(O):O)

1
u1=u0+hf(x0,u0)=0+§x(OerXO—ZXO)zo,

1 1 2x 1
u2:u1+hf(x1,u1):0+§>< SxeTr—2x0)=

No6i riéng y(1)~ e/4. Trong 16i giai trén, chiing ta da chon & =0,5 d€ minh
hoa phuong phap Euler. Khi d6, két qua cho sai so kha 16n. That vay, bai
toan gia tri ban dau trong Vi du trén c6 thé giai theo cong thiic

y= %(eZX(4x—1)+e*ZX). (6.12)
Tit d6, tinh gan diing dudc y(1)~ 1,393906.

Dé c6 cac xap xi tot hon, ching ta thudng phai chon 4 bé hon va s6
budc lap nhiéu hon. Tuy nhién, luu ¥ rang khi buéc di # nho6 hon thi qua
trinh tinh toan phtic tap hon va sai s6 tinh toan tré nén 16n hon. Tuy nhién,
v6i su trg gitip clia may tinh, ching ta cé thé thuc hién phuong phap Euler
vGi hang triéu budc di.

CAS 6.1. Chuong trinh R sau day sé€ thuc hién cac phép tinh trong phuong
phap Euler cho phuong trinh trong Vi dul6.3} v6i khoang hai triéu budc di
va cho két qua chinh x4c t6i phan triéu.
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euler_method <- function(f, a, b, n, alpha) {
h<-(-a /n
X <- a
y <- alpha

for (i in 1:n) {
y <-y+h*x f(x, y)
x <-x +h

}

return(y)

f <- function(x, y) x * exp(2 * x) - 2 * y
result <- euler_method(f, 0, 1, 1e6, 0)
print(result)

## [1] 1,39390508

Liic d6, véi buéc di 1 = 1078, tiic 1 s6 budc di 10, ching ta cling c6 thé
thu dudc y(1) ~ 1,39390508. Lutu y rang néu tinh gid tri cia nghiém theo
cong thtic giai tich (6.12) bang R, chiing ta ciing thu dugc két qua nhu vay.

Duéi day, ching ta xay dung céng thiic gan ding dé danh gia sai s6
trong phuong phap Euler mot cach thiét thuc hon. Co s6 né la cong thiic
khai trién tiém cdn ciia sai so, dudc phat biéu trong dinh li sau day:

DPinh 11 6.3:

Goi y(x, h) la nghiém gan diing dugc tinh béi phuong phap Euler
doi v6i bai toan Cauchy v6i buée nhay 4 > 0. Khi do,

y(x, )= y(x)+ e (x)h + co(x)h*
+-++ ¢, (x)h” + O(hPH), (6.13)

v0i c;(x)la cac he s6 khong phu thudc h.
Chiing minh cta Dinh li nam ngoai khuon khé clia tai liéu nay. Ban
doc c6 thé tham khao Hans Stetter [11].
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No6i riéng, v6i p =1 thi (6.13) tré thanh
y(xi, B) = y(x;)+ cy(x)h + O(h?), (6.14)

h h
y(x,-,g):y(x,-)+ cl(x)§+0(h2). (6.15)

Diing dé khit s6 hang tuyén tinh d6i véi h 6 vé phai clia (6.14), ta thu
dugc

Y ) —2y (x,-,g):—y(xin o(h?). 6.16)

Phuong trinh nay c6 thé viét lai nhu sau

e(x,-, g) =y(x;)—y (x,-, g) =y (xl-, g)—y(xi, h)+ O(h?). (6.17)

Trong vé phai clia phuong trinh (6.17), s6 hang O(h2) bé so véi h khi h bé.
Hai s6 hang con lai c6 thé tinh dugc cu thé. Tit dé, chiing ta thu dugc danh
gid gan dung sai so ciia nghiém ctia lugc do Euler v6i budc di k/2 nhu sau:

h h
e(xi,g)my(xi,a)—y(xi,h). (6.18)
Nhéan xét 6.1. Chuong trinh R trong CAS[6.1]khong luu lai céc gia tri trung
gian ma chi gift lai gia tri cudi ciing, 12 mot xap xi clia y(1). Chiing ta c6 thé
dé dang stia doi chuong trinh trén dé két qua tra vé 13 mot day cac gia tri
cla y; tai cac gia tri x; = xo + i h.

CAS 6.2. Xét bai toan Cauchy

’_ 2
{i(mi;x ! (6.19)

Chuong trinh R sau day tinh gan ding gia tri clia nghiém trén cac diém
lu6i véi buée di = 0,1 va biéu dién ching trén mét phang toa do.

euler_method <- function(f, a, b, n, alpha) {
h<-(-2a) /n
x <- seq(a, b, by = h)
y <- numeric(n + 1)
y[1] <- alpha
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for (i in 1:n) {
yli + 1] <- y[i] + h * £(x[i], y[iD)
}

return(data.frame(x = x, y = y))

Tiép theo, chiing ta plot cac gia tri tinh bang phuong phép Euler ciing
v6i d6 thi clia nghiém gii tich. Két qua thu dugc nhu sau 1a Hinh[6.1} trong
d6, dudng do thi nét lién biéu dién ham sb

y=—243e"—2x—x?

1a cong thiic gidi tich ctia nghiém clia bai todn Cauchy (6.19), va cac cham
tron biéu dién cac diém (x;, y;) v6i y; ~ y(x;) dugc tinh tit phuong phéap
Euler.

6.2.3 Phuwong phap Euler ngugc

Phuong phap Euler ngugc (backward Euler method) 1a mét phuong phap
gidi s6 dugc sit dung dé giai phuong trinh vi phan thudng (ODE), dic biét
hitu ich khi can ddm bdo tinh 6n dinh clia nghiém trong cac buéc thai gian
dai. bay 1a phuong phdp 4n, c6 nghia 1a 6 méi budc thdi gian, chiing ta can
gidi mot phuong trinh dé tim gid tri tiép theo.
Dbi v6i bai toan Cauchy
% =f(x,y), y(x)=q, (6.20)
day x4p xi ctia nghiém doc theo cac diém x; = xo+ih, i =1,2,... dudc xac
dinh theo cong thuc
Uipr = Ui+ [(Xip1, Uir), (6.21)

v6i gid tri ban dau u, = . Nhu da néi, chiing ta can giai (6.21) dé thu dudc
cong thiic truy hoi cho day u;.

Vidu 6.4. Xét bai toan gia tri ban dau

dy
L ==2 , y0)=1.
ax y+x, y(0)

Chting ta sé sit dung phuong phap Euler ngugc v6i budc di 1 =0,1 dé xap
xi nghiém ctia phudng trinh nay.
St dung cong thic (6.21) trong d6, ham f(x, y)=—2y + x, vi vy

Ui =Uith- (20 + Xi41)
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f <- function(x, y) y + x°2

solution <- euler_method(f, 0, 1, 10, 1)
plot(solution$y ~ solution$x, xlab = "x", ylab = "y")
exact_soln <- function(x) -2 + 3 * exp(x) - 2 * x - x~2
curve(exact_soln, from = 0, to = 1, add = TRUE)

Hinh 6.1: D6 thi clia nghiém giai tich va cac gia tri clia nghiém tinh bang
phuong phap Euler
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Tit d6 ta c6 cong thic truy hoi la

u+hxi,

i == (6.22)

Tt diéu kién ban dau, ta c6 Xp =0, h=0,1, va u, = 1. Viéc tinh toan u; c6 thé
dugc thuc hién mot cach tuan tu.
Vidu, v6ii=0, taco

_Upthx; 1+0,1x(0+0,1)

u = = ~0,8417,
1+2h 1+2x0,1

_uy+hx, 0,8417+0,1x(0+2x0,1)

Uy = ~0,7181,
1+2h 1+2x0,1

Cac gia tri tiép theo dugc tinh tuong tu.

CAS 6.3. Trong CAS nay, chiing ta tinh cac gia tri tiép theo ctia u; dbi véi
bai toan trong Vi du Vé biéu dién trén mat phang cling vé6i do thi ctia
nghiém giai tich ctia no la

y(x)=—0,25+0,5x +1,25¢**.

Chi tiét nhu sau:

backward_euler_method <- function(x0, yO, h, n) {
x <- seq(x0, x0 + n * h, by = h)
y <- numeric(n + 1)
y[1] <= y0
for (i in 1:n) {
yl[i + 1] <= (y[i] + h * x[i+1]) / (1 + 2 * h)

}
return(data.frame(x = x, y = y))
+
soln <- backward_euler_method(0, 1, 0.1, 10)
print(soln)
## X y
## 1 0,0 1,000000000
## 2 0,1 0,841666667
## 3 0,2 0,718055556
## 4 0,3 0,623379630
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##* 5 0,4 0,552816358
## 6 0,5 0,502346965
## 7 0,6 0,468622471
## 8 0,7 0,448852059
## 9 0,8 0,440710049
## 10 0,9 0,442258374
## 11 1,0 0,451881979

plot(soln$y ~ soln$x, ylim = c(0.4, 1), xlab = "x", ylab = "y")

exact_soln <- function(x) (-1 + 5 * exp(-2 * x) + 2 * x) / 4
curve(exact_soln, from = 0, to = 1, col = "blue", add = TRUE)

1,0

0,4
I

Két qua thu dugc 12 ddy cac gid tri u; thé hién 6 két qua clia print (soln)
trong khi dé két qua ctia ham plot() va curve() dudc thé hién 6 hinh trén.

Chuy6.1. Véiham f(x,y)=-2y + x nhu trong Vi du phuong trinh 4n
(6.21) giai dudc rat dé dang. Trong nhiing tinh hudng tong quat hon, viéc
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gidira u;,, tit (6.2I) c6 thé khong don gian. Trong trudng hop 4y, ngudi ta
c6 thé két hgp v6i phuong phap Newton-Raphson dé giai nghiém.

6.3 Phuong phap Runge-Kutta va cac phuwong phap khac

Trong muc nay ta gidi thiéu mot s6 phuong phap cai tién ting do chinh xac
clia phuong phép Euler, bao gom phuong phap sai s6 tiém can, phuong
phép hinh thang, phuong phap Heun (du b4o va diéu chinh), va cudi cling
la phuong phap Runge-Kutta bac 4. Tai liéu tham khao: T. V. Binh [6} §6.5].

6.3.1 Mot s6 khdi niém

Dé noi chi tiét hon vé “dd chinh xac” clia mot phuong phap, ta can khai
niém vo cung bé (infinitesimal). Xét cac dai lugng ¢ (k) phu thudc h va
¢(h)— 0khi h — 0. N6i cach khac, ¢(h) la mot vé cung bé khi h — 0. Neu
ton tai M > 0 va k sao cho

lp(h)l < MR,
thi ta viét ¢ (h) = O(h*), v6i O viét hoa. Ta ciing néi ¢(h) la mot vo cling bé
c6 c¢d O(h*).

Neu

lim —— =0,

7o hk
thi ta viét ¢(h) = o(h¥) (v6i chit o viét thudng, va cling néi ¢(h)1a vo cling
bé c6 bac 16n hon k*. Hai cach viét quy uéc nay dudc diing rat pho bién
trong toan hoc. Luu ¥, can than trong dé tranh nham 1an cac ki hiéu O 16n
vaonho. . .

Nhac lai rang trong viéc giai gan ding bai toan gia tri ban dau (6.1),
chiing ta ki hiéu u; 1a gi4 tri gan ding clia nghiém y tinh tai diém x; va sai
s0 ctiia n6 dugc ki hiéu la

€ =y(x;)—u;.
Néu, trong mdt phuong phap giai gan ding, chiing ta c6 danh gid sai s6
le;]=0(h"), k>0, (6.23)
khi h — 0, thi chting ta néi rang phuong phap cé do chinh xac cap k. Vi du,

phuong phap Euler c6 do chinh xac k = 1, nhu da biét 6 muc trudc. Néu
k >2, ching ta n6i phuong phéap do6 c¢6 do chinh xac cao.

2 A . X
6.3.2 Khai trién tiém can cua sai so

Tt Dinh 1i chting ta c6 thé xay dung mot phuong phap c6 do chinh
xac cap hai. Y tudng & day, goi ¥ béi phuong phap ngoai suy Richardson, la
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dung hai buéc di, h va h/2, dé khfI s6 hang bac nhét ctia h trong khai trién
tiém can sai s6 trong Dinh Ii

Gia st phucng phép Euler le buéc i cho xap xi u; clia y(x;), viét mot
cach chi tiét 13 u(x;; h) dé chi rd6 budc nhay nao dudc dung dé tinh u;.
Tuong tu nhu vy, bu6e di i = % ching ta thu dugc xap xi u(x;; h/2). Cubi
cung, dat

h
v(xi;h)::Zu(xi;E)—u(xi;h). (6.24)
Khi dé, tlt (6.16), chiing ta thay day v(x;; h) xAp xi gia tri y(x;) v6i sai s6
|v(xi;h) =y ()| = O(h?). (6.25)

Phuong phap mo ta 6 trén 13 mot cai tién clia phuong phép Euler véi do
chinh xac cap hai.

Vidu 6.5. Xét bai toan Cauchy trong Vi du[6.3] Hay dung phuong phép
Euler gidi gan ding bai toan v6i h = 1.
Loi giai

Vi bude di h = 1, ta c6 cac ndt xp=0,%, = 1,% = 3,%3 = 3, va x4 = 1. VGi
f(x,y)=xe?*—2y, ching taco

UOZO,
Uy = uy+ hf(xo, ug) =0,
1(1 Je
=u +hf(x,u)=0+- “i_2x0|=L,
Up=1U flx, ) 4(4 X) 16
e \/_
=u,+h , =— 4+ —
Uz = Uy [, up)= 8 32’
3e e e
= +h , — +_+__
Uy =1us fxs, u3) 16 16 64
Vay,
y(1)~ uy ~1,03597.
Két hop véi Vi du taco
o[1:3)=2u(1ig) - (13)
2u
2
3e e e
=2 1/__f___|_£ - _
16 6 64 4
_3e/e e e
8 8 64
~1,39237.
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Mait khac, tit nghiém ding ctia phuong trinh vi phén, ta co

3 1
y(1)= —e?+ 1—6e*2 ~ 1,393906.

Ta thay sai s6 clia v (1;3) bé hon 0,0016. Nhu vay, trong vi du nay phuong
phdp dang xét c6 do chinh xéc cao hon phuong phép Euler v6i h = ;.

6.3.3 Phuong phap hinh thang

Phuong phap hinh thang 1a mét ci tién ctia phuong phap Euler dua trén
mot y tuéng tuong tu nhu phuong phap hinh thang trong bai toan tinh
tich phan xac dinh d6 ngudi ta xay dung day u; nhu sau:

Up=a, (6.26)
h
Ujp1 = Ui + 5 [ i ui)+ f (i, Uisn)]- (6.27)

C6 thé chiing minh dudc rang phuong phap hinh thang la mot phuong
phap c6 do chinh xac cap 2.

Mot nhudc diém clia phuong phap hinh thang xuat phat tit dic diém
U;,1 Xuat hién 6 ca hai vé clia (6.27). Do dé, khi tinh u;,,, ta phai giai mot
phuong trinh clia u;,,. Qua trinh gidi sé can kha nhiéu nang luc tinh toan
néu phuong trinh can giai 1a phi tuyén.

Dé tranh viéc phai giai nghiém ctia (6.27), ngudi ta cé thé cai tién
phuong phap nay bing cach thém vio mét qud trinh lip. Trudc hét, ching
ta xét vi du sau trong d6 phuong trinh can giai la tuyén tinh

Vidu 6.6. Xét bai toan Cauchy
{ y'=y+x,
y(1)=o.

Tinh xap xi gid tri y(1,2) bang phuong phap hinh thang véi budc di h =0,2.
So sanh véi gia tri tinh bdi nghiém dung y(x)=2e*!—x—1.
Loi giai
V6i buéc di h = 0,2, chiing ta chi tinh 1 buéc dé xap xi y(1,2), cu thé:
f(x,y)=y+ x, uy=0. Theo cong thiic hinh thang,

Uy =up+0,1(f(1,0)+ £(1,2;u1))=0,1(1+ u; +1,2)
béy la mot phuong trinh ctia u,. Giai phuong trinh (trong truéng hgp nay,
no la mot phuong trinh bac nhat), ta thu dugc

0,22
h=—r 0,24
0,9
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So sanh v6i cong thiic nghiém giai tich y(x)=2e* ! —x—1,
y(1,2) ~ 0,242806,

Chiing ta thay rang xap xi u; = 0,24 c6 2 chii s6 dang tin.

6.3.4 Phuongphap Heun

Trong tiéu muc nay, ta néi vé Phuong phap Heu con goi la phuong
phap “du bao va diéu chinh” (predictor—corrector method) hodc phuong
phéap “hinh thang hién”.

Bét dau véi u, = a, dé tinh gid tri u,,, tit u;, ta tinh mot gid tri phu, goi

~

la gia tri “du bao” (predictor):

uy = up+hf(x,u)

Tiép theo, gid tri du bao nay dudc duing dé tinh gia tri tiép theo, goi 1a gia
tri “diéu chinh” (corrector),

h
Uiy = U; + ) [f(xi’ u)+ f(xip, u:-ll)]

=t D[l ud+ i wthf )] (628)

Day {u;} dudc dung dé xp xi gia tri clia nghiém y(x) clia phuong trinh tai
cac diém x;.

Luu y, phuong phap Heun ciing c6 do chinh xac cap 2, con dugc goi la
phuong phap Euler cai tién, hodc Runge—Kutta 2.

Bai tap 6.1. Giai bai toan Cauchy

(e

bang phuong phap Heun véi buéc di = 0,1 va N = 6 va phuong phap
Euler. So sanh sai s6 clia hai phuong phép.

CAS 6.4. Phuong phap Heun c6 san trong géi pracma ctia phan mém R.
Trong CAS nay, ta stt dung chtic ning c6 san dé giai vi du trén.

options(digits = 4)

2Karl Heun (1859-1929) 1a mot nha toan hoc ngudi Pc.
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library(pracma)
f <- function(t, y) t +y

euler_heun(f, 1, 2, 0, 6, improved = TRUE)

## $t

## [1] 1,000 1,167 1,333 1,500 1,667 1,833 2,000

##

##t Sy

## [1] 0,0000 0,1944 0,4541 0,7907 1,2182 1,7530 2,4144

Két qua la day cac gid tri #; va cac gia tri xap xi clia y(z,).

6.3.5 Phuong phap Runge-Kutta

Trong tiéu muc nay, ta néi vé mot phuong phap rat manh mé, dugc hai
nha todn hoc ngudi Dic la Carl Rungef| va Wilhelm Kuttd| xay dung va
phét trién trong nhitng nidm 1900. Ngay nay, n6 dudc goi 1a phuwong phap
Runge-Kuta 4 (RK4).

Phuong phap nay thuc hién nhu sau: Dat

uo=a lagia tri ban dau.

Gia st ta da tinh dudc u;, tinh u;,; qua cac budc phu nhu sau:

ky=nf(x;, u;),
h k
k2=hf(xi+5,ui+?1),
h k
kgzhf(xi+5,ui+§),

ky=hf(x;+hu+ks).

Gia tri u;,, dugc tinh qua cdc gia tri 6 trén nhu sau:
1
Ui = ul+g(k1+2k2+2k3+k4) (6.30)

Phuong phap nay c6 do chinh xac bac 4.

3C. Runge, Uber die numerische Auflosung von Differentialgleichungen. Math. Ann., 46(2):167—
178, 1895.

4W. Kutta. Beitrag zur naherungsweisen Integration totaler Differentialgleichungen. Z. Math.
Phys., 46:435-453, 1901.
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Vidu 6.7. Gidi gan dting bai toan gia tri ban dau
y'=x—-2y+3, y(0)=1, (6.31)

bing phuong phap Runge-Kutta bac 4 dé tinh xap xi y(0,2) va y(0,4), v6i
buéc di h=0,2.

Loi giai
Goi f(x,y)=x—2y +3. Ta bat dau véi
xO == 0, uO =1

1a c4c gid tri ban dau. Tiép theo,

kl = hf(xO, uo) = 0,2 X f(O, ,].) = 0,2,

h k
k,=hf (x0+ 2o to+ ?1) =0,2x f(0,1, 1,1)=0,18,

h k
k3=hf(x0+E,u0+32)=0,2><f(0,1, 1,09)=0,184,
k4=hf(x0+h, Ll()+k3):0,2><f(0,2, 1,184)20,1664

Thay vao cong thiic Runge-Kutta 4, ta c6

1
u, = UQ+g(k1+2k2+2k3+k4)

1
=1+ 8(0,2+2 x0,1842x0,184+0,1664)
=1,1824.

Vay, nghiém x4p xi y(0,2)~1,1824. Gia tri u, dudc tinh tuong tu.

Nhan xét 6.2. Cong thtic gidi tich clia nghiém clia bai toan gia tri ban dau

(6.31) 1a
1
y= Z(5+2x—e*2x)

Tt day c6 thé tinh xap xi gia tri y(0,2) ~ 1,18242. So sanh véi gia tri tinh béi
phuong phap Runge-Kutta, ching ta thay sai so0 ciia phuong phap RK4,
trong truong hgp nay, khong vugt qua 0,3 x 1074,

CAS 6.5. Trong gobi pracma clia R, phuong phap Runge-Kutta 4 nam trong
rk4 (), cach stt dung nhu trong vi du sau:
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library(pracma)
f <- function(x, y) x - 2 * y + 3

rk4(f, 0, 0.4, 1, 2)

##H $x

## [1] 0,0 0,2 0,4

#it

##t Sy

## [1] 1,000 1,182 1,338

6.3.6 Sit dung deSolve ciia R gidi gan diing phuwong trinh vi phan
Trong muc nay, chiing ta tim hiéu g6i deSolveP|c6 sin trong R dé gidi sb

bai toan Cauchy:
dy
{ = f(5,y),

y(0)=a.
0 day, ¢ 1a bién doc lap. Tai liéu tham khao: Bloomfield [3, Chapter 8].

CAS 6.6. Viét chuong trinh R, stt dung chtic ning ode () c6 san trong goéi
deSolve dé giai sb bai toan gid tri ban dau

dy

— =1 2t)—py,

3 = fexp(2t)=py

trong trudng hop p =1 va p =2, trén doan ¢ €[0, 1], v6i diéu kién ban dau

y(O) - 0./ 3 N 2z Z 2
Ta bat dau bang viéc dua vao R ham so G ve phai ctia phuong trinh. O

day chi c6 1 phuong trinh, nén ve phai sé la mdt danh sach (list) chi gom 1

muc.

library(deSolve)

func <- function(t, y, p){
return(list(c(t * exp(2 * t) - p * y)))
+

5deSolve: Solvers for Initial Value Problems of Differential Equations (ODE’, 'DAE’, "DDE’).
DOI:https://doi.org/10.32614/CRAN. package .deSolve
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Tiép theo, dua vio R diéu kién ban dau y, va day cac diém ¢; ma ta cin
tinh gid tri y(;). D6 1a 11 diém trén doan [0,1] cach déu vé6i khoang cach
gifta hai diém lién tiép 12 h =0,1.

initial_value <- c(y_0 = 0)

t_values <- seq(0, 1, 0.1)

Gia tri clia tham s6 p = 2.

p <-2

Bu6c cudi ciing, goi ham ode () clia thu vién deSolve theo miu sau:

result <- ode(initial_value, t_values, func, p)

Tong hop cac budc dude mé ta nhu trén, chiing ta thu dugc chuong
trinh R nhu sau:

library(deSolve)
f <- function(t,y,p){
return(list(c(t * exp(2 * t) - p * y)))
}
initial_value <- c(y_values = 0)
t_values <- seq(0, 1, 0.1)

p <- 2

result <- ode(initial_value, t_values, f, p)
print(result)

Hit time y_values
## 1 0,0 0,000000
## 2 0,1 0,005369
## 3 0,2 0,023248
# 4 0,3 0,057078
## 5 0,4 0,111542
## 6 0,5 0,192887
##t 7 0,6 0,309336
## 8 0,7 0,471624
#* 9 0,8 0,693662
## 10 0,9 0,993401
## 11 1,0 1,393908
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Két qua la 11 gia tri gan ding y(z,) tai cac diém 7; clia nghiém y(t) clia
bai toan Cauchy trong trudng hgp tham sé p =2. Vi du, c6 thé doc tit dau
ra clia chuong trinh két qua y(0,6) ~ 0,309336.

Dé giai gan diing cho cdc phuong trinh vi phan khac, chiing ta chi cin
stta d6i ma lénh trén cho phi1 hop.

6.4 Phuong trinh vi phan bac cao va hé phuong trinh

Duéi day, chiing ta tim hiéu mot s6 mé rong ctia phuong phap Euler dé
giai gan ding hé phuong trinh vi phin va phuong trinh vi phan bac cao.
Tai liéu tham khao: T. V. Dinh [6, §6.6, 6.7].
6.4.1 Hé phuong trinh vi phan
Xét mot hé phuong trinh vi phan

dy

— =F(x,Y),
I (x,Y)

v6i F =(fi, f»-.., f,) 12 ham gi4 tri vectd véi n thanh phan clia n + 1 bién
va Y(x)=(y(x), y»(x),..., y.(x). Trong bai toan Cauchy, ching ta thém vao
mot diéu kién dang

Y(x))=aeR",

trong dé a va mot vecto cho trudc.
V6i xap xi dau tién, ta chon

Uy=a.
V6i budc di h, ta viét
Xj=Xo+ jh.
Trong phuong phap Euler, U; dugc tinh theo cong thiic truy hoi
Ujpr = U;+hE(x;,U)).
Vidu 6.8. Giai x4p xi phuong trinh

/.

yl x+J’1J’2,
¥, =x"—yl

v6i diéu kién ban dau

n(0)
1,(0)

)

1
0,

biang phuong phap Euler v6i budc di h =0,1.
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Loi giai

Chung ta xap xi nghiém Y =(y,, ) tai cac gié tri x; =0+ jh=0,1 j bdi cac
vectd U; = (u, j, U, ;), tinh theo phuong phap Euler v6i cac tham s6 nhu
sau:

h=0,1, Uy = (141, o) =(1,0) (diéu kién ban dau),

{ul,]ur] = uLj + h(x] + ul,j u2,j),
— 2 2
Up j+1 = U, j + h(x] — ul'j).

Tu d6, tinh cu thé ta dugc
U, =1+0,1(0+1x0)=1,
Uy, =0+0,1(0*—1%)=—0,1.
C4c gia tri tiép theo dudc tinh hoan toan tuong tu.

CAS 6.7. Viét code R, stt dung ode() ctia deSolve, dé gii x4p xi hé phuong
trinh

Y e pitx
ar ? Y
dy 2 2
— =" —x°,
dr *

trén doan [0, 1], v6i diéu kién ban dau

v6i buéc di h=0,1, va tham s6 p = 2.
Tuong tu nhu vi du trudc, chi tiét chuong trinh ctia chiing ta nhu sau:

library(deSolve)

f <- function(t, y, p){
return(list(c(p * t + y[1] * y[2], t~2 - y[1]~2)))
}

initial_value <- c(x_values = 1, y_values = 0)

t_values <- seq(0,1,0.1)
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p <-2

result <- ode(initial_value, t_values, f, p)

print (result)

## time x_values y_values
# 1 0,0 1,000 0,0000
# 2 0,1 1,005 -0,1000
# 3 0,2 1,020 -0,2000
# 4 0,3 1,044 -0,3000
# 5 0,4 1,077 -0,4000
# 6 0,5 1,118 -0,4999
# 7 0,6 1,165 -0,5997
# 8 0,7 1,217 -0,6992
# 9 0,8 1,274 -0,7980
## 10 0,9 1,334 -0,8956
## 11 1,0 1,395 -0,9914

H

6.4.2 Phuong trinh vi phén cap cao

Mot phuong trinh vi phan cp cao c6 thé dua vé hé phuong trinh vi phan
cAp mot bang cach dit cac dao ham bac thap la cac bién méi. Tit d6, chiing
ta c6 thé ap dung cac phuong phép giai hé phuong trinh vi phan cap mot
dé giai.
CAS 6.8. Xét phuong trinh ndi tiéng ctia van der Poff|sau day,

2" —u(1—z%)z' +z=0.

Phuong trinh nay c6 thé dugc dua vé hé phuong trinh vi phan cap mot
bing cach dit y = z’ and x = z). Khi dé,

/ "
y =<,

vavay thi ('=d/dr)

x'=y,
Y’ =p(l-x?)y—x=0.
Gia sti chiing ta can giai phuong trinh nay véi diéu kién ban dau

x(0)=2, y(0)=0.

6B. van der Pol and J. van der Mark. Frequency de multiplication. Nature, 120:363-364, 1927.
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Hé phuong trinh c6 thé dugc giai bang R nhu sau:

library(deSolve)

vdpol <- function(t, y, mu){
return(list(c(y[2], mu * (1 - y[1]1~2) * y[2] - y[11)))
}

initial_value <- c(x_values = 2, y_values = 0)
t_values <- seq(0, 1, 0.1)

mu <- 1000

result <- ode(initial_value, t_values, vdpol, mu)
print(result)

## time x_values y_values
#* 1 0,0 2,000 0,0000000
# 2 0,1 2,000 -0,0006667
## 3 0,2 2,000 -0,0006667
# 4 0,3 2,000 -0,0006668
#* 5 0,4 2,000 -0,0006668
# 6 0,5 2,000 -0,0006669
## 7 0,6 2,000 -0,0006669
## 8 0,7 2,000 -0,0006669
# 9 0,8 1,999 -0,0006670
## 10 0,9 1,999 -0,0006670
## 11 1,0 1,999 -0,0006670

-

6.5 So ludc vé bai todn bién

Nhiing bai toan trong dé diéu kién cho nghiém ctia mot phuong trinh vi
phan phai thod man dudc dit ra tai ca hai dau mit ctia mot doan [a, b]
dugc goi 1a bai todn bién (boundary-value problem). Nhitng vin dé nhu
vay thuong phiic tap hon van dé gia tri ban dadu ma ching ta da néi dén
trong cac muc trudc.
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Chiing ta hay bat dau véi bai toan tuyén tinh
¥’ +P(x)y'+Q(x)y=F(x), a<x<b (6.32)

v6i cac diéu kién bién y(a)= A, y(b)= B. Su ton tai va duy nhat nghiém ctia
bai todn bién la nhiing van de li thuyet kha phtic tap, ngay ca véi truong
hgp phuong trinh tuyen tinh (6.32). Vi dy, xét phuong trinh “dao dong dieu
hoa”

Y'+2y=0, A>0, (6.33)

trén khoang (0, ) v6i “diéu kién bién Dirichlet”
y(0)=y(m)=0. (6.34)
Nghiém téng quat ctia phuong trinh (6.33) 1a
y(x)=C sin(ﬁx) +C, cos(ﬁ ).
Thay diéu kién bién, chiing ta c6 cac rang budc déi véi ¢, va G, nhu sau:
C,=0, G Sin(ﬁﬂ) +C, cos(ﬁrc) =0.
Xay ra hai truong hgp sau:

e Néu sin(v2Am)=0, hay v 1a mot s6 nguyén[’} thi C; c6 thé chon tuy ¥.
Nghiém ctia bai todn bién c6 dang

y(x)=C;sin(kx), k*=A.

* Néu sin(vA1)#0 thi C; bat budc phai bing 0; nghiém duy nhét clia
bai toan bién la y(x)=0.

O vi du tiép theo, ching ta xét
Y/ +Ay=f(x), A>0, (6.35)

Khi dé, néu v khong phai 1a s6 nguyén thi (6.35) c6 khong nhiéu hon
mot nghiém. Trong truong hdp con lai, v 1a mot so nguyén va neu y,(x)
1a mot nghiém ctia (6.35) thi (6.35) c6 vo s6 nghiém, dang

y(x)=C sin(\/zx)—k Vp(X).

Mat khéc, cling dé dang chi ra mét s6 trudng hop nghiém khong ton tai.
Mot diéu kién can dé (6.35) c6 nghiém d6 1a vé phai f(x) phai “truc giao”

7Cac gia tri A= k? chinh 12 cac gid tri riéng clia toan tit Laplace mét chiéu trén [0, ] v6i diéu
kién bién Dirichlet
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v6i khong gian nghiém ctia phuong trinh thuan nhét (©.33). Cu thé, gia st
ton tai mot nghiém y, cta (6.35),

f(x)=y) () + Ay (x).
Truéc hét, chiing ta 4p dung coéng thiic tich phan tiing phan

0
—\/_f Jcos(v/ A x)dx

—Af Ypl(x)sin(v/2 x) dx
0 0

= —)Lj yp(x)sin(ﬂx) dx.
0

= yp(x)COS(\/_ )

T do,
f F(x)sin(v A x) dx
0

s

:f y;’(x)sin(ﬁx)dx+lf yp(x)sin(ﬁx)dsz. (6.36)
0

0
biéu kién (6.36) 1a diéu kién can dé bai toan bién c6 nghiém.
Tr6 lai véi phuong trinh (6.32). Y tuéng 6 day la tim nghiém ctia n6é dudi

dang

y(x)=u(x)+cw(x),
trong d6 u(x)1a nghiém ctia phuong trinh (6.32) véi gia tri ban dau

ula)=A4, u'(a)=0,
trong khi d6 v(x)1a nghiém ctia phuong trinh thuan nhat

z”+P(x)z' +Q(x)z =0.

Hing s6 ¢ sé dugc xac dinh sao cho u(b)+ cw(b)= B.

Dé tim u, ta dat v = u’ va dua phuong trinh ban dau vé hé hai phuong
trinh

u =v.

{v —P(x)v—Q(x)u+ F(x),

v6i diéu kién ban dau (u(a), v(a))=(4,0). )
Tuong tu, z(x) dugc xac dinh qua hé phuong trinh vi phan cap 1

zZ =W
w' =—P(x)w—Q(x)z,
v6i diéu kién ban dau (z(a), w(a))=(0,1).
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6.6 Cau hoiva bai tap

1.

Stt dung phuong phap Euler véi budc di k = 0,1 dé giai gan ding cac bai
toan Cauchy sau:

@ y'+05y=0,0<x<1, y(0)=2.

(b) 2y'—xy=0,0<x<1, y(0)=1.

(© y'=x2+y%0<x<1, y(0)=1.

(d) y'=(y+x) 0<x<1, y(0)=0.

Stt dung phuong phap Heun (du bao va diéu chinh) véi buéc di h=0,1
dé giai gan ding cac bai toan Cauchy sau:

(@ 2y'—xy=0,0<x<1, y(0)=1.

b) y=x%+y% 0<x<1, y(0)=1.

. Dung phuong phap Heun (du b4o va diéu chinh) véi budc di k= 0,1 gidi

gan ding bai toan Cauchy trong mé hinh “dan s6 logistic” sau:

y/:y_yzr y(0)=0,2

. Cho bai toan gia tri ban dau

/_y_x
y Cy+x

y(0)=1.

(a) Bang phuong phap Euler v6i budc di k = 0,1, tim nghiém gan ding
clia bai todn trén tai diém x = 0,4.

(b) Bang phuong phap Runge-Kutta 4 véi buéc di 2 = 0,1, tim nghiém
gan ding ctia bai toan trén tai diém x = 0,4.

. Stt dung phuong phap Runge-Kutta 4 v6i buéc di 1 =0,1, tim gan ding

y(0,5) v6i y la nghiém ctia bai toan Cauchy sau:
@@ y'=xy?% y0)=1.

(b) y'=1+y? y(0)=0.

(c) y'+ ytan(x)=sin(2x), y(0)=1.

(d) y'=4x3y? y(0)=3.
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