KAZDAN-WARNER IDENTITIES FOR Q- AND @Q-CURVATURES ON
THREE-DIMENSIONAL CR MANIFOLDS

DUONG NGOC SON

ABSTRACT. We prove a CR analogue of the Kazdan—Warner identity for the Q-curvature
of strictly pseudoconvex three-dimensional CR manifolds. We also prove a similar iden-
tity for the Q’-curvature introduced by Case-Yang for the case of three-dimensional
locally spherical CR manifolds. Our direct approach to the proofs of our main results
reveals an intriguing fact that identities of Kazdan—Warner type also hold for other
pseudohermitian invariants which have no Riemannian counterparts.

1. INTRODUCTION

The well-known Nirenberg problem asks which smooth functions K on the sphere
S? C R3 can be realized as the Gauss curvature of a metric g conformal to the standard
round metric go. If g = e*gg has the Gauss curvature K, then u must satisfy the
following nonlinear PDE:

K =1— Au. (1.1)

Thus, the Nirenberg problem can be rephrased that for which K this PDE has a solution.
An important finding of Kazdan-Warner in [17] about this equation is that, on S?, a
function K for which (1.1) has a solution must satisfy an identity involving the first
spherical harmonics. This fact was generalized by Bourguignon—Ezin [1] to an identity
involving the scalar curvature and conformal Killing fields on an arbitrary manifold.
Precisely, Bourguignon and Ezin proved that on a Riemannian manifold (M, g) with
scalar curvature Ry,

/ X(Ry)dV, =0, (1.2)
M

holds for each conformal Killing field X on M. Since then, it has been well-understood
that many analogous identities hold for various curvature quantities (such as the Q-
curvatures [8]) on Riemannian manifolds, providing necessary conditions for the corre-
sponding prescribing curvature problems. In [12], Gover and Orsted provided universal
principles for many identities of this type. We refer the readers to this paper and the ref-
erences therein for a detailed discussion of Kazdan—Warner type identities in conformal
and Riemannian geometries as well as for an extensive list of related references.

In CR geometry, Cheng [6] established the first CR analogue of the Kazdan—Warner
identity in the form of Bourguignon—Ezin. Cheng’s result involves the Tanaka—Webster
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scalar curvature and infinitesimal CR automorphisms. He proved that for a pseudoher-
mitian manifold (M, @) and an infinitesimal CR automorphism X, it holds that

/ X(R)O A (dO)" =0, (1.3)
M

where R is the Tanaka—Webster scalar curvature. (Cheng proved this identity under
some additional conditions. The proof in full generality was given by J. Lee shortly
after, see [6].) Cheng’s result gives an obstruction for Tanaka—Webster scalar curvature
prescription problem on compact CR manifolds, which has been studied extensively, see,
e.g., Jerison—Lee [16], Felli-Uguzzoni [10], Gamara—Amri-Guemri [11], and the references
therein.

Another Kazdan—Warner-type identity in CR geometry was proved recently for the
case of the CR sphere by P.-T. Ho. In [15], Ho studied @,—Curvature prescription problem,
i.e., to prescribe the projection of the Q’-curvature onto the space of CR pluriharmonic
functions, and established in [15, Theorem 1.3] a Kazdan—Warner-type identity for @/—
curvature on the CR sphere.

The purpose of this paper is to prove analogues of Kazdan—Warner identity for the Q-
and @Q'-curvatures on three-dimensional CR manifolds. On a three-dimensional strictly
pseudoconvex CR manifold M with a pseudohermitian structure 8, @)-curvature is de-
fined by Hirachi [13] (see also Feffermann-Hirachi [9])

4
Q= 3 (ApR —2Im Ay M), (1.4)

where AlLH is the contraction of a second covariant derivative of the pseudohermitian
torsion and Ay is the nonnegative sub-Laplacian. As proved by Hirachi [13], the Q-
curvature defined as above agrees, up to a multiplicative constant, with the boundary
value of the log term coefficient of the Szeg6 kernel and satisfies interesting covariant
properties.

The first purpose of this paper is to prove the following Kazdan—Warner identity for
the CR Q-curvature.

Theorem 1.1. Let (M,0) be a compact three-dimensional strictly pseudoconver pseu-
dohermitian manifold. If X is an infinitesimal CR automorphism, then

/ X(Q)0AdO=0. (1.5)
M

Theorem 1.1 is analogous to Cheng’s theorem for the Tanaka—Webster scalar curvature
mentioned above and somewhat similar to Ho’s result for the Q’—curvature in the sphere
case. It can also be regarded as a CR counterpart of a result of Delanoé-Robert [8] for the
Q-curvature in the conformal geometry, see also Gover—Qrsted [12]. As suggested by a
referee, we point out that the CR Q-curvature on a CR manifold M can be obtained from
the Q-curvature on the Fefferman’s S'-bundle S! x M, as exhibited in Fefferman-Hirachi
[9]. Precisely, one has Q = m,Qg, where @)y is the Q-curvature on the four dimensional
manifold N := S! x M, g = g[f] is the Fefferman metric, and 7 : S' x M — M is
the projection (note that Qg is St-invariant). This suggests that Theorem 1.1 could be
deduced from the results of Delanoé-Robert [8] and Fefferman—Hirachi [9]. However, we
are not going to further details here.
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Integrating the CR Q-curvature on compact manifolds does not lead to a nontrivial
global invariant as in the conformal counterpart; in three-dimension the total CR Q-
curvature is always zero. Moreover, if 6 is pseudo-Einstein, then @Q-curvature vanishes
identically. In this case, Case-Yang [5] introduced the Q’-curvature, together with a
Paneitz-type operator for CR pluriharmonic functions denoted by P’. The pair (P’, Q")
is a CR analogue of the pair of the Paneitz operator P and the Q-curvature on conformal
4-manifolds. We refer the readers to Case—Yang [5] and Case-Gover [4] for a detailed
discussion of the Q'-curvature and its associated Paneitz-type operator and their analo-
gies to the conformal counterparts. The second purpose of this paper is to prove the
following identity for QQ'-curvature on locally spherical CR manifolds.

Theorem 1.2. Let (M,0) be a compact three-dimensional pseudo-Einstein manifold
which is locally CR spherical. If X is an infinitesimal CR automorphism on M, then

/ X(QHYOANdI = 0. (1.6)
M

As suggested to the author by an anonymous referee (in 2022), it is expected that
this theorem also holds for general pseudo-Einstein manifolds not necessarily being CR
spherical. Unfortunately, the author has to leave the general case as an open question
for the readers. We would like to stress that the vanishing of the Cartan tensor on CR
spherical manifolds is essential to our proof. A direct proof of this theorem in general
case could reveal certain symmtries of pseudohermitian invariants which have not been
known to us so far.

Although Theorem 1.2 is similar to the result of P.-T. Ho mentioned above, we point
out that Theorem 1.3 in Ho [15] is for the projection @, of the @’-curvature onto the
space of CR pluriharmonic functions on the CR sphere and is related to the first spherical
harmonics (given by the complex coordinates and their conjugates), while Theorem 1.2
holds for @’-curvature on arbitrary three-dimensional CR spherical manifolds. On the
other hand, our strategy is very different from that used in Ho [15] (and in conformal
case in Delanoé-Robert [8]), which uses explicit representations of the CR sphere and
a result of Branson—Fontana—Morpurgo [2]. In fact, our proofs are elementary which
use an usual integration-by-part argument and various commutation relations in CR
geometry given in Lee [18].

Our approach to both theorems above reveals that not only the @)-curvature but two
other related quantities also satisfy similar identities. Namely, we found that the sub-
Laplacian applied to the scalar curvature as well as the imaginary part of the double
divergence of the torsion also satisfy similar identities. This is somewhat intriguing as
these two identities, stated explicitly in Lemmas 3.1 and 3.2, seem to have no Riemannian
counterparts.

In view of Gover-Orsted [12], we expect that the identities in Theorems 1.1 and 1.2
follow from certain universal principles in CR geometry. In fact, in [12], Gover—Qrsted
generalized Kazdan—Warner identity for arbitrary scalar invariants that are naturally
conformally variational. Such invariants are not rare, as pointed out Section 4 of that
paper. Gover—Orsted’s result exhibits the fact that various known results regarding
generalizations of the Kazdan—Warner identity come from unique principle. However,
there could be other Kazdan—Warner-type identities which are not special cases of [12].
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For instance, it is interesting to see whether the Riemannian counterpart of Lemma 3.2
holds, i.e., whether one can replace Ry in (1.2) by AR,.

CR analogues of Gover—@rsted’s theorems are definitely interesting and deserve to be
treated thoroughly in a separate paper. In the current paper, which is rather short, we
focus and confine ourself with integration-by-parts argument which has the merit of being
elementary. Moreover, our direct approach reveals somewhat unexpected identities as
in Lemmas 3.1 and 3.2 whose existences may not be predicted from an available general
principle.

2. PRELIMINARIES

In this section, we briefly recall some basic facts of pseudohermitian geometry. For
more details, we refer the readers to Tanaka [19], Webster [20], and Lee [18]. We also
briefly introduce the Q-curvature and @Q’-curvature in CR geometry; for more details,
see Fefferman—Hirachi [9], Hirachi [13, 14], Case-Yang [5], and Case-Gover [4].

Let (M, T“°M) be a Levi-nondegenerate CR manifold of hypersurface type. If we
define H := Re (T LM @ TO M ), then H is a real two-dimensional sub-bundle of the
real tangent bundle TM. If 6 is a real 1-form such that ker = H, then the Levi-
nondegeneracy of H is equivalent to the everywhere nonvanishing of § A df. The char-
acteristic (or Reeb) vector field of 6 is the unique vector field 7" such that

T |do=0, 6(T)=1.

The real 1-form 6 is called a pseudohermitian structure and (M, 6) is called a pseudo-
hermitian manifold by Webster [20].

If Z; is any local complex vector field spanning 710 M locally, the admissible 1-form
dual to Z; is the unique 1-form #' such that the coframe {#*, 6", 6} is dual to the frame
{Z1, 77, T} and

df = ih 70" A 01 (2.1)
for some real function hi7. Here #' := A1 and Z7 := Z; are the complex conjugations
of the respective complex form and vector field. We shall assume that h;7 > 0 and say
that M is strictly pseudoconvex. The Levi form is denoted by

(U V)=hiU'VY for U=U"2,,V=VZ. (2.2)

Tanaka [19] and Webster [20] independently introduced a canonical linear connection on
the pseudohermitian manifold (M, T1M, ). Tt is the connection V on CTM given in
terms of a local holomorphic frame Z; by

VZi=wi'®Z1, VZi=wi'®Z;, VT =0, (2.3)
where the connection form w;' is the complex 1-form uniquely determined by
A0t = 0" Awy ' + ATTOA 0L, wit +wil = dlog by (2.4)

Here, Aj! is the coefficient of the Webster torsion, defined by
Tor(T, Zy) == VrZy — VT — [T, Z1] = A1* Z.
The structure equation for the Tanaka—Webster connection is [20]
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where R is the (real-valued) Webster curvature.

A three-dimensional CR manifold M is locally CR spherical if it is locally CR equiva-
lent to the sphere S? in C2. The locally spherity is characterized by the Cartan umbilical
tensor, a relative invariant of the CR structure on M, introduced by Cartan [3]. Fix
a pseudohermitian structure 6, the Cartan umbilical tensor @ can be interpreted as an
endomorphism of the (complexified) holomorphic tangent bundle CH, written locally in
Cheng-Lee [7] as

Q=iQ.'0' ® Z7; —iQ7'0' ® Z,. (2.6)
Then Q is a pseudohermitian invariant which is CR-covariant in the sense that if 6 = e“0
is another pseudohermitian structure, then 0= e~24Q as proved in Cheng-Lee [7]. A
well-known formula [7, Lemma 2.2] expresses Q in terms of the covariant derivatives of
the scalar curvature and torsion as follows:

o B
Qll = éR,ll -+ §RA11 — All’g — gAlljl. (27)

Here, the indices proceeded by a comma indicate covariant derivatives and the 0-index
indicates the derivative along the Reeb direction.

A pseudohermitian structure # on a three-dimensional CR manifold M is said to be
pseudo-Finstein if

Ry —iA;' =0. (2.8)
This definition was given in Case—Yang [5], extending the notion of pseudo-Einstein
CR manifolds defined by Lee [18] to the three-dimensional case, but the condition (2.8)
appeared earlier in Hirachi [13]. An equivalent condition for pseudo-Einsteinian is that
the 1-form wy! +iR0 is a closed form. The last condition (after an obvious modification)
can be used to define the pseudo-Einsteinian in any dimension > 3 (Lee [18]).

By Hirachi [13], when 6 is pseudo-Einstein, the Q-curvature vanishes identically. In
this case, Case—Yang [5] defined the @Q'-curvature. The total Q'-curvature is a secondary
invariant, in the sense that it does not change under the change of pseudo-Einstein
structures. This curvature quantity, together with its associated operator P’, has been
studied extensively in recent years, cf. Case-Gover [4] and the references therein. In this
paper, we only need the following explicit formula for the Q’-curvature: On a pseudo-
Einstein manifold (M, #), the Q’-curvature is given by

1 1
Q' = 5MR— [Anf + R, (2.9)

where R is the Webster scalar curvature, |A;1|> = A11 A is the squared-norm of the
torsion, and Ay is the nonnegative sub-Laplacian.

An infinitesimal CR automorphism of M is a real vector field that generates local CR
diffeomorphisms. In particular, it is a contact vector field with respect to the contact
structure given by the holomorphic tangent space H(M) := Re(T*°M + T%'M). Such
a vector field X has the form

X =if'Z; —if'Z, — [T, (2.10)

where f = —0(X). It is well-known that the condition that the flow of X preserves the
CR structure is equivalent to

fuu+ifAn =0. (2.11)
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See Lee [18]. Notice that the last equation is invariant with respect to the conformal
change of pseudohermitian structure.

3. PROOFS OF THEOREMS 1.1 AND 1.2

Let X be an infinitesimal CR automorphism on M, given in terms of a local holomor-
phic frame Z; as

X =iflz; —if'Z, — fT. (3.1)
For any function ¢ on M, integration-by-parts yields

/X(SD)_/if1$01—if1<P1—f<Po
M M
z—/iﬂﬁf—wﬂ—f%

M
==2/ fepo
M

= 2/ foe, (3.2)
M
since goLi — 1.1 = —ipg [18, Eq. (2.14)]. We shall use (3.2) in what follows.

Lemma 3.1. If X is an infinitesimal CR automorphism, then
/‘XﬂmAH}UOAdQZO. (3.3)
M
Proof. In this proof, we shall use various identities in Lee [18]. First, using the identity
for = fio + Aqif', we compute
ort = (fo + A1if) 1
= fror + A St + Annfl1
For the first term on the right hand side, we write
fior = fiio + A fi' = A i
we deduce that
foit = fito — (Dpf) A1 — A1 fi + Ariif!
= (if A1) o — (Ao f) At — Aii f1 + Ariif!
= ifAqio+ifoAir — (Apf) A — A fi + Aniaf (3.4)
Here, we used fi7 = ifA17 which is a consequence of the fact that X is an infinitesimal

CR automorphism. Multiplying both sides with A;; and taking imaginary parts of both
sides, we obtain

- 1
Im/ (A" for1) = 2/ f\An\?oJr/ folAn
M M M
- Im/ (fiAr P AT — frAg 1AM, (3.5)
M
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On the other hand, using the integration-by-part formula (Tanaka [19, section 3.3], Lee
[18, Eq. (2.18)]) and the identity f;7 — fi1 = ifo, we get

_ ;/M Al (A= 1)
_ _;/M A2 fo. (3.6)

Substituting (3.6) into (3.5) and applying integration-by-parts, we deduce

/ X (ImAlLH) = 2/ foIm (AH,H)
M M

= 2Im/ Allfo,ll
M
= / (flA1)0
M
=0. (3.7)
We complete the proof of the lemma. O
Lemma 3.2. If X s a infinitesimal CR automorphism, then
/ X(ApR) O N db = 0. (3.8)
M

Proof. From f11 +ifA1; = 0 as above, we have
A" = —if| Ay ?
and thus, as f is of real-valued,
fiAY + f11AM1 = 2Re (f114M) = 0.

On the other hand, using the commutation relations fo; = fig + A1 f! and fio1 =
fi1o + fu1 Ay + A1, f1 [18, equations (2.14) and (2.15)], we express fo;7 as follows

Jori = (fio + Allfl)j
= fio1 + A11,if1 + A11f1,i
= fino+ A i+ Al i+ Ao ft + Anfl
= fiio +2Re (fiAﬁ,l) .
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Therefore,
Re/Rfm,1 :Re/Rfl}o+2Re/Rf1Aﬂi
= —Re/Rpfl,l +2Re/Rf1AH}. (3.9)
Since R = Ay 1t + Ailii [18, equation (2.13)], we have
Re/ Rof1! —Re/ At +Re/ A AL (3.10)
M M M

The first integral on the right-hand side of (3.10) can be transformed as follows:

Re/ Aptpt= —Re/ Attt
M M
. 1
= —Re/ At (fi,l +if0)
M
= —Re/ All,lfli1 —Re/ iAn, fo,!
M M
= —Re/ At —|—Re/ iAnfo 't (use (3.7))
M M

= —Re/ At (3.11)
M
Using [18, equation (2.15)], we compute
fini=fintifio— Rf
= (tA11f) 1 +ifor —iA1Lf1 — Rf
=iAi.f +ifo1 — Rfi-
Multiplying both sides with Ay, 1, integrating, and taking the real parts, we obtain

Re/ z‘lll,lfi,l1 :Re/ iAn, fo,! —Re/ RAy M f!
M M

M
= —Re/ Z‘AH,HfO — Re/ RflAlLl.
M M

The first term on the right-hand side vanishes, by Lemma 3.1. Combine this with (3.11),
we have

Re/ A11’11f171 = —Re/ An,lflll :Re/ RflAn,l.
M M M

On the other hand, we compute
Re/ A h) = Re/ A M (fi,i + Z'fo)
M M

— Re / A1t 4+ Re / iz fo
M M
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The last term vanishes as proved above. Thus, together with (3.10), we deduce that

/ Rofi} :2Re/ Rf'Ap L
M M
From this, (3.9), and (3.2), we obtain

/MX(AbR) - 2/(A5R)fo = 4Re/1~2f01,1 =0, (3.12)

which completes the proof of Lemma 3.2. g

Proof of Theorem 1.1. Since the ()-curvature is given by a linear combination of ApR
and Im (AlLll), Theorem 1.1 follows directly from Lemmas 3.1 and 3.2. U

Now, we move onto proof of Theorem 1.2. We need the following theorem which also
gives another pseudohermitian invariant satisfying a Kazdan—Warner identity.

Lemma 3.3. Put ® = %RQ —|AJ2. Suppose that 0 is pseudo-Einstein and M is locally
CR spherical. Then

/ X(®)OAdo=0.
M
Proof. If 8 is pseudo-Einstein, then (2.8) holds, that is R ; = iAlLl. Differentiating this

identity, we find that
Ry =iAn 1. (3.13)

Substituting this into the formula for the Cartan tensor )11, which vanishes identically
since M is assumed to be locally CR spherical, we find that

0=Qu1 = —%R,n + %RAH — Aq10-
Hence, .
A1 = % (RA1 — A1) (3.14)
On the other hand, applying integration-by-parts twice yields

=Re [ Ar(fR)"
M

— Re /M At (fﬁR +ofiR! 4+ fRH) . (3.15)

Therefore, substituting the pseudo-Einstein condition (2.8), its consequence (3.13), and
the equation of CR infinitesimal automorphisms (2.11) into (3.15), we obtain

1 _ _ __
/M (4}22) f=2Re /M iA'y PApft 4 Re /M iAM Y A f
,0

:Re/ iAY YA f (3.16)
M
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Furthermore, from (3.14), we use integration-by-part to get (as R and f are real-valued)

/ |A11|,20f ZQRG/ AN Aviof
M M
= Re/ iAllf (RA11 — A11711)
M
= —Re/ ifAY ALY
M

:Re/ Z'flAnAlLl. (3.17)
M

Putting (3.16) and (3.17) together, we find that

/M <iR2 — |A11|2> f=o0. (3.18)
0

)

This complete the proof of the lemma, in view of (3.2). O

Proof of Theorem 1.2. Since the @’-curvature is a linear combination of AyR and @,
Theorem 1.2 follows directly from Lemmas 3.2 and 3.3. O

As in Kazdan—Warner [17], our identities give obstructions for the existence of pseudo-
Hermitian structure having prescribed Q-curvature or @'-curvature. In the example
below, we give detailed computations on the sphere giving explicit functions that can
not be Q'-curvature of a pseudo-Einstein structure.

Example 1. Consider the sphere S* C C? defined by the equation
p(z1,22) = |z1]* + |22 =1 =0. (3.19)

We equip S? with its “standard” pseudo-Hermitian structure 6 = ¢*(9p), where ¢ is the
inclusion. We put
0 0
=21— — 3.20
5 “ (921 + 2 822 ( )
and observe, by direct calculations, that T := (¢ — £) is the Reeb vector field (when
being restricted to S?). Moreover, we put
0 0
A 3.21
1 2 0z1 A1 0%9 ( )
and see that Z; forms a frame for T(O:VS?, In this frame, the Levi “matrix” is hq = 1.
Further calculations yield

wil = —2i0. (3.22)
From this, we can compute various pseudo-Hermitian invariants. In particular, we obtain
R=2 A1 =0, (3.23)

and therefore,

Q=0 Q=1 (3.24)
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Take f = Re(z1) and g = —Im(z1), which are eigenfunctions corresponding to the
first positive eigenvalue A\ = 1 of A, on (S3,0), as can be easily checked. By direct
calculations using (3.20), (3.21), and (3.22), we find that

fi=sm hu=0, T(f)=g. g1=2% aad T()=F. (3.25)

2 2
Put uc =1+ €g (e € R) and consider the vector field
X=X =iflz; —if'z, — (T,
which is an infinitesimal CR automorphism since fi; = 0 and A1y = 0. Using (3.25), we
find that

X(uc) = eX(g) = €if g1 —if'q1 — fT(9))

1 1
€ (2 Re (iflgi> + f2) =€ <2|22\2 + (Re(zl))2> .
Thus, if € > 0, then X (u¢) > 0 almost everywhere and consequently

/ X(u)dAdo>0
M

for all pseudo-Hermitian structure 6. From this, it follows that wu. is the Q’-curvature of
some pseudo-Einstein structure on S? if and only if € = 0.

For the Q-curvature, we observe that by a similar argument the function v, := €g can
not be the Q-curvature of any pseudo-Hermitian structure on S unless € = 0.
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