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Eigenvalues of the Kohn Laplacian

and deformations of pseudohermitian structures

on CR manifolds

Amine Aribi and Duong Ngoc Son

Abstract. We study the eigenvalues of the Kohn Laplacian on a closed embedded strictly
pseudoconvex CR manifold as functionals on the set of positive oriented pseudohermitian struc-
tures PC. We show that the functionals are continuous with respect to a natural topology
on PC. Using an adaptation of the standard Kato–Rellich perturbation theory, we prove that
the functionals are (one-sided) differentiable along 1-parameter analytic deformations. We use
this differentiability to define the notion of critical pseudohermitian structures, in a general-
ized sense, for them. We give a necessary (also sufficient in some situations) condition for a
pseudohermitian structure to be critical. Finally, we present explicit examples of critical pseu-
dohermitian structures on both homogeneous and non-homogeneous CR manifolds.

1. Introduction

Let .M 2nC1; �/ be a compact strictly pseudoconvex pseudohermitian manifold,
N@b the tangential Cauchy–Riemann operator, and N@�

b
the adjoint with respect to the vol-

ume form dvol� WD � ^ .d�/n. The Kohn Laplacian acting on functions is defined by
�b D N@�

b
N@b . It is well known that �b is nonnegative and self-adjoint with noncompact

resolvent on the Hilbert spaceL2.M;dvol� / of the complex-valued square-integrable
functions on M . Here, the inner product on L2.M; dvol� / is defined by h�;  i WD
R

M
� x dvol� . This operator plays an important role in many problems in several

complex variables and CR geometry, see, e.g. [9] and [10]. In particular, its spec-
trum contains rich geometric information about the underlying CR manifolds (see,
e.g. [8, 18] and the references therein).

The spectral theory for the Kohn Laplacian in the strictly pseudoconvex case is
well understood. It is proved by Beals and Greiner [6] for the case n � 2 and Burns
and Epstein [8] for the case n D 1 that the spectrum of �b in .0;1/ consists of
point eigenvalues of finite multiplicities (the case n � 2 is even simpler, thanks to
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Kohn’s Hodge theory, see, e.g., [9, 18]). Moreover, by Kohn [12], M is embeddable
if and only if zero is an isolated eigenvalue of �b . Thus, if M is embeddable, then
spec.�b/ \ .0;C1/ consists of countably many eigenvalues of finite multiplicities,
0 < �1 � �2 � � � �, with �j ! 1 as j ! 1. Moreover, for j � 1, the corresponding
eigenfunctions are smooth. By the work of Boutet de Monvel [7], the embeddability
holds for compact strictly pseudoconvex CR manifolds if n � 2.

In recent years, there is much effort devoted to the study of the first positive eigen-
value �1 of the Kohn Laplacian. In particular, estimates for �1 have been studied
extensively, see [16–18] and the references therein. In the present paper, we consider,
for each k � 1, the k-th eigenvalue �k.�/ D �k.�

�
b
/ as a functional on the space of

positive pseudohermitian structures PC WD ¹eu� Wu 2 C1.M/º and study its behav-
ior under deformations of the pseudohermitian structures. This study is motivated
by previous work about spectral theory in Riemannian and CR geometries; see e.g.,
[3, 4, 11].

The first result of this paper establishes the continuity of eigenvalue functionals
with respect to deformations of the contact forms. Precisely, fix a reference structure
�0 on PC and consider the C 1-distance on PC given by

d0.�; �
0/ D sup

M

ju � u0j C sup
M

jN@bu � N@bu
0j�0
;

where � D eu�0 and � 0 D eu0

�0. The continuity of the �k-functionals is stated as
follows.

Theorem 1.1. Let M 2nC1 be a compact strictly pseudoconvex embeddable CR man-
ifold. Suppose that � and O� D eu� are two pseudohermitian structures on M . For
ı > 0 and ı0 > 0, if supM juj < ı and supM jN@buj� < ı0, then

e�.n�1=2/ı
p

�k.�/� nı0enı �
q

�k. O�/ � e.n�1=2/ı
p

�k.�/C nı0e.n�1=2/ı : (1.1)

In particular, the map � 7! �k.�/ is locally Lipschitz continuous on .PC; d0/.

The proof is based on an analogue of the “Max-mini principle” for the eigenval-
ues of the Kohn Laplacian (see [3, 5] for the (sub-)Laplacian counterparts). A new
difficulty that arises in our situation is the fact that the kernel ker.�b/ is nontrivial. In
fact, ker.�b/ consists of CR functions and has infinite dimension. We overcome this
difficulty by restricting �b to the orthogonal complement of its kernel. We point out,
however, that the orthogonality also depends on the pseudohermitian structure.

An immediate application of Theorem 1.1 is the semi-continuity of the multi-
plicities of the eigenvalues. Precisely, let mk.�/ be the multiplicity of the eigenvalue
�k.�/, i.e.,

mk.�/ WD #¹` j �`.�/ D �k.�/º:
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Adapting the proof of [23, Corollary 2.12], we obtain from Theorem 1.1 the following
corollary.

Corollary 1.2. Let .M; �/ be an embeddable strictly pseudoconvex pseudohermitian
manifold. Then there exists ı > 0 such that whenever O� 2 PC with d0. O�; �/ < ı, then

mk. O�/ � mk.�/:

Subsequent results of this paper establish the one-sided differentiability of
�k-functionals and the criticality of pseudohermitian structures with respect to
1-parameter (smooth or analytic) deformations. Namely, let eut � be an analytic defor-
mation of the pseudohermitian structure. For each k � 1, the function t 7! �k.�t / is
differentiable at almost every t , but it may fail to be differentiable at certain points.
However, by an adaptation of the perturbation theory for unbounded self-adjoint oper-
ators with compact resolvent of Rellich–Alekseevsky–Kriegl–Losik–Michor, see
F. Rellich [19], D. Alekseevski, A. Kriegl, M. Losik, and P. W. Michor [1], and
A. Kriegl and P. W. Michor [14], we prove that the function t 7! �k.�t/ admits
left-sided and right-sided derivatives at t D 0. The left and right derivatives can be
expressed in terms of the eigenvalues of the Hermitian form defined as follows. Let

L. ; �/ D .nC 1/ N��b � nhN@b ; @b N�i; (1.2)

and

Qf . ; �/ D �
Z

M

fL. ; �/dvol� :

Then the restrictionLjEk
to each eigenspaceEk is Hermitian, i.e.,L. ;�/DL.�;  /

for �;  2 Ek . Moreover, if f is real-valued, then Qf is also Hermitian. Therefore,
Qf jEk

has m WD dimEk real eigenvalues, counting multiplicities. Our next result is
as follows.

Theorem 1.3. Let .M; �/ be an embeddable strictly pseudoconvex pseudohermitian
manifold and �.t/ D eut �; t 2 .�"; "/; an analytic deformation, �.0/ D � . For each
k � 1, let �k.�.t// be the k-th eigenvalue of �b;t . Then

(i) the function t 7! �k.�.t// has left and right derivatives at t D 0;

(ii) the one-side derivatives d
dt
�k.�.t//

ˇ

ˇ

tD0� and d
dt
�k.�.t//

ˇ

ˇ

tD0C are eigen-
values of the Hermitian form Qf jEk

, where f D @ut=@t jtD0;

(iii) if k D 1 or �k.�/ > �k�1.�/, then d
dt
�k.�.t//

ˇ

ˇ

tD0� and d
dt
�k.�.t//

ˇ

ˇ

tD0C

are the greatest and the least eigenvalues of Qf jEk
, respectively;

(iv) if �k.�/ < �kC1.�/ then d
dt
�k.�.t//

ˇ

ˇ

tD0� and d
dt
�k.�.t//

ˇ

ˇ

tD0C are the
smallest and the greatest eigenvalue ofQf jEk

, respectively.



A. Aribi and D. N. Son 322

This theorem should be compared to similar results for Laplacian [11] and sub-
Laplacian on CR manifolds [4]. In view of this theorem, we define the notion of
critical pseudohermitian structures for the �k-functional as follows. We first denote by
P

0
C the space of strictly pseudoconvex pseudohermitian structures with unit volume,

i.e.,

P
0
C D

²

� 2 PC.M/W
Z

M

dvol� D 1

³

:

We say that a pseudohermitian structure � is critical for the �k-functional restricted
to P

0
C if for any analytic deformation ¹�.t/ D eut �º � P

0
C with �.0/ D � , we have

d

dt
�k.�.t//

ˇ

ˇ

ˇ

tD0�
� d

dt
�k.�.t//

ˇ

ˇ

ˇ

tD0C
� 0:

If � is critical for the �k-functional, then for any analytic deformation of unit volume
t ! �.t/ (i.e., �.t/ 2 P

0
C for all t), either

�k.�.t// � �k.�/C o.t/ as t ! 0;

or
�k.�.t// � �k.�/C o.t/ as t ! 0:

Observe that if k D 1 then only the first possibility can occur.
In the next result, we give a characterization of the criticality for the �k-functional.

Theorem 1.4. Let M be an embeddable strictly pseudoconvex CR manifold and � 2
P

0
C. If � is critical for the �k-functional restricted to P

0
C, then there exists a finite

family  1; : : : ;  d of eigenfunctions corresponding to �k such that

d
X

j D1

L. j / D
d

X

j D1

..nC 1/�kj j j2 � njN@b j j2/ D constant. (1.3)

Here L is defined by (1.2). If k D 1 or �k�1.�/ < �kC1.�/, then the existence of such
a family of eigenfunctions is also sufficient for � to be critical for the �k-functional.

We should point out that although the characterization (1.3) is similar to the Rie-
mannian case [11] and sub-Riemannian case [4] (see also [2] for a similar result
in Kähler case), our case exhibits an important difference. Precisely, it is proved
in [11] that the criticality of the �k.�/-functional of the Laplacian is characterized
by the existence of a finite collection of �k.�/-eigenfunctions fj such that the sum
of squares f 2

1 C f 2
2 C � � � C f 2

d
is constant on the manifold. In our characterization,

the identity (1.3) contains not only the sum of squared norms of the eigenfunctions,
but also their first-order derivatives. It is natural to ask whether the term involving
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derivatives in (1.3) can be removed? It is worth noting that in the examples of crit-
ical pseudohermitian structures given in Section 6, there always exist collections of
eigenfunctions whose sums of squared norms are constant. However, a difficulty in
our situation comes from the fact that �b is generally a complex operator and hence
the eigenfunctions are not necessarily real-valued. This makes the method treating the
Laplacian [11] and sub-Laplacian [3] cases break down in the Kohn Laplacian case.
Nevertheless, the characterization (1.3) still leads to the following corollary.

Corollary 1.5. Let .M;�/ be a compact embeddable pseudohermitian manifold. Sup-
pose that .M; �/ is homogeneous (i.e., the group of CR diffeomorphisms preserving
� acts transitively). Then � is critical for the �k-functional if either k D 1, or k > 1
and �k�1 < �kC1.

The paper is organized as follows. In Section 2, we study the continuity of eigen-
value functionals and prove Theorem 1.1 and Corollary 1.2. In Section 3, we study
parametrizations of the eigenvalues using the classical perturbation theory that is
adapted to our situation. We study the critical pseudohermitian structures and prove
Theorem 1.4 and Corollary 1.5 in Section 4. In Section 5, we extend some results for
�k-functionals to the case of ratio functionals �kC1

�k
of two consecutive eigenvalues

and give characterizations of critical pseudohermitian structures for them. In Sec-
tion 6, we give several explicit examples of both homogeneous and nonhomogeneous
critical structures.

2. Continuity of the eigenvalue functionals

2.1. The Kohn Laplacian on pseudohermitian manifolds

We briefly recall some basic notions of pseudohermitian geometry and the Kohn
Laplacian on pseudohermitian manifolds. For more details, we refer the readers to
[9,10]. Let .M;�/ be a strictly pseudoconvex pseudohermitian manifold. Let T be the
Reeb field associated to � , i.e., T is the unique real vector field that satisfies T cd� D 0

and �.T / D 1. An admissible coframe on an open subset of M is a collection of n
complex .1; 0/-forms �1; �2; : : : ; �n whose restrictions to T 1;0M form a basis for
.T 1;0M/� and �˛.T / D 0. There exists a holomorphic frame ¹Z˛W ˛ D 1; 2; : : : ; nº
of T 1;0M such that ¹T; Z˛; Z N̨ º is the dual frame for ¹�; �˛; � N̨ º. The Levi form
associated to � is given by the Hermitian matrix h˛ Ň , where

d� D ih˛ Ň�
˛ ^ � Ň

:

Let @b be the Cauchy–Riemann operator. For a smooth function f , it holds that
@bf D f˛�

˛ (summation convention) where f˛ D Z˛f . The formal adjoint of @b on
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functions (with respect to the Levi form and the volume element dvol� WD � ^ .d�/n)
is given by @�

b
D �ıb . Here ıb is the divergence operator taking .1; 0/-forms to func-

tions by ıb.�˛�
˛/ D �˛;

˛. Here, a Greek index preceded by a comma indicates the
covariant derivative with respect to the Tanaka–Webster connection on .M; �/. The
Kohn Laplacian associated to � acting on functions is �b D N@�

b
N@b , where N@b is the

conjugate of @b . In terms of the Tanaka–Webster covariant derivatives (see [10]),

�bf D �f N̨ ;
N̨ :

If M is compact and embeddable, then ker �b consists of the CR functions and is of
infinite dimension. In particular, ker �b does not depend on the choice of the pseu-
dohermitian structure. As already mentioned in the introduction, the basic spectral
theory for the Kohn Laplacian on compact embeddable strictly pseudoconvex pseu-
dohermitian manifolds are well understood, see, e.g., [9].

We shall need a formula relating the Kohn Laplacian operators associated to differ-
ent pseudohermitian structures. Observe that if O� D eu� , then jN@bf j O�

D e�u=2jN@bf j�
and

dvol O�
D O� ^ .d O�/n D e.nC1/udvol� :

Furthermore, the Kohn Laplacian changes as follows:

Proposition 2.1. Let .M; �/ be a pseudohermitian manifold and let O� D eu� . Denote
by �b and O�b the Kohn Laplacian operators that correspond to � and O� , respectively.
Then

eu y�bf D �bf � nh@bu; N@bf i: (2.1)

Proof. We can assume that f is smooth. Choose a local holomorphic frame ¹Z˛º and
its dual coframe ¹�˛º that is admissible for � . If O� D eu� , then we can take yZ˛ D
e�u=2Z˛ and its dual coframe O�˛ D eu=2.�˛ C

p
�1u˛�/. Then the corresponding

Levi matrices satisfy Ohˇ N D hˇ N . Furthermore, the connection forms !ˇ
˛ and y!ˇ

˛

satisfy [15],

y!ˇ
˛ D !ˇ

˛ C .uˇ�
˛ � u˛�ˇ /C 1

2
ı˛

ˇ .u��
� � u���/

C
p

�1
2

.u˛
ˇ C uˇ

˛ C 2uˇu
˛ C 2ı˛

ˇu�u
�/�: (2.2)

Denote yrˇ D yr yZˇ
, rˇ D rZˇ

the Tanaka–Webster covariant differentiation with

respect to y� and � in the corresponding frames yZˇ and Zˇ . Then, by (2.2),

yrˇ
yr Nf D yZˇ

yZ Nf � y!
˛. yZ Ň/ yZ N̨f D e�urˇ r Nf C e�uu N̨f N̨hˇ N :

Taking the trace with respect to Ohˇ N , we obtain (2.1). The proof is complete.
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2.2. The Max-mini principle

In this section, we prove an analogue for the Kohn Laplacian of the well-known Max-
mini principle for eigenvalues of the (sub-)Laplacian in [3, 5]. This is an important
ingredient for our proof of Theorem 1.1. Precisely, for each k-dimensional complex
subspace Lk � C1.M;C/ that satisfies Lk \ ker �b D ¹0º, we put

ƒ� .Lk/ D sup

²k�bf k2

kN@bf k2
W f 2 Lk ; f ¤ 0

³

:

Lemma 2.2 (Max-mini Principle). Let .M; �/ be a compact embeddable strictly
pseudoconvex pseudohermitian manifold. Then

�k.�/ D inf
Lk

ƒ� .Lk/;

where the infimum is taken over all subspaces Lk � C1.M;C/ of complex dimen-
sion k that satisfies Lk \ ker �b D ¹0º.

Proof. Let ¹ej º1
j D1 be a complete orthonormal system of (smooth) eigenfunctions of

.ker �b/
?, with �bej D �j ej . For arbitrary f 2 L2.M; dvol� /, we expand

f D f0 C
1

X

j D1

aj .f /ej ;

where f0 is CR holomorphic, aj .f / 2 C, and the series is convergent in L2.M;

dvol� /. LetL0
k

be the subspace of C1.M;C/ spanned by e1; : : : ; ek . If f 2 L0
k

, then

f D
k

X

j D1

aj .f /ej :

Thus, �bf D
Pk

j D1 aj .f /�j ej , and hence,

k�bf k2 D
k

X

j D1

jaj .f /j2�2
j

�
k

X

j D1

jaj .f /j2�j�k

D �kkN@bf k2:

Consequently,
ƒ� .L

0
k/ � �k.�/:

Here we have used an argument that is somewhat similar to those in [3, 5].
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To prove the reverse inequality, we shall also adapt the usual argument as appeared
[3, 5]. First observe that the case k D 1 is immediate and well known (see, e.g.,
[16, Corollary 3.2]). Thus, suppose that k � 2 and assume, for a contradiction, that
there exists a subspace Lk of complex dimension k in C1.M;C/ that satisfies Lk \
ker �b D ¹0º and

ƒ� .Lk/ < �k:

For each f 2 Lk ,

ƒ� .Lk/

1
X

j D0

jaj .f /j2�j D ƒ� .Lk/ � .f;�bf /L2

� k�bf k2

D
1

X

j D0

�2
j jaj .f /j2:

Thus, for any m � 1,

m
X

j D1

jaj .f /j2�j .ƒ� .Lk/ � �j / �
1

X

j DmC1

jaj .f /j2�j .�j �ƒ� .Lk//: (2.3)

In particular, choosemD max¹j � 0W�j .�/�ƒ� .Lk/º. Observe that 0�m� k � 1
since �k > ƒ� .Lk/. Let ˆWLk ! C1.M;C/ be the linear map given by

ˆ.f / D
m

X

j D1

aj .f /ej :

Let Qf 2 kerˆ, then aj . Qf / D 0 for all j D 1; 2; : : : ; m. Applying (2.3) to Qf yields

1
X

j DmC1

jaj . Qf /j2�j .�j �ƒ� .Lk// � 0:

Since �j � ƒ� .Lk/ > 0 for all j � mC 1 we deduce that aj .f0/ D 0 for all j D
1;2; : : :. Thus, kerˆD ¹0º, i.e.,ˆ is injective. This contradicts the fact that the image
ˆ.Lk/ has dimension at mostm < k D dimLk . The proof is complete.

2.3. Proof of Theorem 1.1 and Corollary 1.2

Proof of Theorem 1.1. Let Lk be a k-dimensional subspace of L2.M; �/ such that
Lk \ ker �b D ¹0º. For each f 2 Lk , f ¤ 0, we define two quotients Q and yQ as
follows.

Q D
k�bf k2

�

kN@bf k2
�

and yQ D
k y�bf k2

O�

kN@bf k2
O�

:
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By (2.1), we have

j y�bf j2 D e�2uj�bf � nh@bu; N@bf ij2

D e�2uŒj�bf j2 C n2jh@bu; N@bf ij2 � 2n<..�bf /h@bu; N@bf i/�:

We deduce, since dvol O�
D e.nC1/udvol� , that

k y�bf k2
O�

D
Z

M

e.n�1/uŒj�bf j2 C n2jh@bu; N@bf ij2

� 2n<..�bf /h@bu; N@bf i/�dvol�

� e.n�1/ı.k�bf k2
� C n2ı02kN@bf k2 C 2nı0k�bf k � kN@bf k/:

We have used juj < ı, j@buj� � ı0 onM , and the Cauchy–Schwarz inequality. On the
other hand,

kN@bf k2
O�

D
Z

M

jN@bf j2�enudvol� � e�nıkN@bf k2
� :

We then deduce that

yQ � e.2n�1/ı.
p

Q C nı0/2:

From the Max-mini principle, we deduce that

�k. O�/ � e.2n�1/ı.
p

�k.�/C nı0/2:

This is the second inequality in (1.1). To prove the first inequality, we exchange the
roles of � and O� . Observe that O� D e�u� and jN@buj O�

D eu=2jN@buj� < eı=2ı0: From the
argument above,

p

�k.�/ � e.n�1=2/ı
�

q

�k. O�/C neı=2ı0
�

;

which clearly implies the first inequality in (1.1). The proof is complete.

Proof of Corollary 1.2. We put �D �k.�/ andmDmk.�/. We first consider the case
�k.�/ D �1.�/. Thus, 1 � k � m and

�1.�/ D � � � D �m.�/ < �mC1.�/ � � � � :

Put " WD .1=2/.�mC1.�/� �/ > 0 and choose ı > 0 and ı0 > 0 such that

�mC1 � " � .e�.n�1=2/ı
p

�mC1.�/� nı0enı /2:
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Using Theorem 1.1, we deduce that for j � mC 1 and O� WD eu� ,

�C " D �mC1.�/� " � .e�.n�1=2/ı
p

�mC1.�/� nı0enı/2

� .e�.n�1=2/ı
q

�j .�/� nı0enı/2

� �j . O�/;

provided that juj < ı and j@buj� < ı0 onM . Consequently,mk. O�/ � mk.�/ for all O�
that is “closed enough” to � , as desired.

Next, we consider the case �k.�/ > �1.�/. Then for some ` with 1 � ` < k �
`Cm,

�`.�/ < �`C1.�/ D � � � D �k.�/ D � � � D �`Cm.�/ < �`CmC1 � � � � :

Arguing similarly as above, we can find " > 0; ı > 0, and ı0 > 0 such that whenever
O� D eu� with juj < ı and j@buj� < ı0 on M , it holds that

�C " � �j . O�/; j � `CmC 1;

and
�j . O�/ � �� "; j D 1; 2; : : : ; `:

Hence,mk. O�/ � mk.�/. The proof is complete.

Corollary 2.3. Let t 7! ut be a C 1;˛ curve of smooth functions on M , with ˛ > 0,
and �.t/ D eut � . Then the curve t 7! �k.�.t// is differentiable almost everywhere.

Proof. Observe that t 7! �k.�.t// is locally Lipschitz by Theorem 1.1, the conclusion
then follows from the well-known Rademacher’s theorem; see [20, Theorem 7.20].

3. Derivatives of the eigenvalue functionals

We make use of a perturbation result which is an adaptation of the well-known gen-
eral theory due to Rellich [19] and Alekseevsky, Kriegl, Losik, and Michor [1] for
unbounded self-adjoint operators with compact resolvents. The literature regarding
the perturbation theory for self-adjoint operators is vast and we cannot describe it
in detail here. We refer the readers to, e.g., [14, 19] and the references therein for a
detailed account.

Proposition 3.1. Let t 7! A.t/ be an analytic curve of (possibly unbounded) closed
operators on a Hilbert space H , with a common domain of definition and with com-
pact resolvents. Suppose that, for each t , the spectrum of A.t/ is a discrete set of
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positive real eigenvalues with finite multiplicities. Suppose further that the eigenvec-
tors of A.t/ form a basis for H and that the global resolvent set ¹.t; z/W A.t/ �
z is invertibleº is open. Then the eigenvalues and the eigenvectors of A.t/ may be
parametrized real analytically in t , locally.

An well-known argument in the literature (see, e.g., [1, Theorem 7.8] or [14])
reduces the parametrizations of the eigenvalues of a family of self-adjoint operators
to those of the real roots of hyperbolic polynomials. The proof sketched below uses
an argument that is almost the same: the only difference is that instead of assuming
the self-adjointness, we assume the operators A.t/ have “nice” spectra, namely, the
eigenvalues of A.t/ are real and they have “enough” eigenvectors. These assumptions
guarantee that the finite family of the eigenvalues that are enclosed by a certain curve
in the global resolvent set are the real roots of an analytically parametrized hyper-
bolic polynomial. Moreover, the direct sum of the corresponding eigenspaces admits
an analytic framing. This implies that the eigenvectors are parametrized analytically,
locally in t .

Precisely, let V be the common domain of definition of A.t/ for all t . As in [1],
put

kuk2
t WD kuk2 C kA.t/uk2:

Then, for each t , .V;k � kt / is a Hilbert space andA.t/WV !H is bounded. Moreover,
the norms are locally uniformly equivalent in t [1]. We equip V with one of the norms,
say k � kt0 . The map .t; z/ 7! .A.t/� z/�1 is analytic for .t; z/ in the global resolvent
set (which is assumed to be open) since the inversion is analytic in the spaceL.V;H/.

Fix a parameter s and choose a smooth and closed curve  in the resolvent set of
A.s/ such that for all t that is close to s, there is no eigenvalue of A.t/ lie on  . This
is possible under the assumption that the global resolvent set is open. The curve

t 7! P.t; / WD � 1

2i

Z



.A.t/� z/�1dz

is a smooth curve of projections (onto the direct sums of the eigenspaces that corre-
spond to the eigenvalues of A.t/ interior to  ) with finite and constant rank, say N .
This family of N -dimensional complex vector spaces t 7! P.t; /.H/ admits a local
analytic frame F .

The operatorsA.t/map P.t; /.H/ into itself. In the local analytic frame F , they
are given by N �N matrices Mt that are parametrized analytically in t . By assump-
tions, for each t , Mt has N real eigenvalues which are precisely the eigenvalues of
A.t/ that are interior to  . Moreover, the eigenvalues are the real roots of the (hyper-
bolic) characteristic polynomial Pt ofMt . Consequently, the eigenvalues of A.t/ that
are interior to  are parametrized analytically near s. Since the frame of P.t; /.H/
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can be chosen locally analytically, the corresponding eigenvectors can also be chosen
real analytically, as desired.

Theorem 3.2. Let .M; �/ be a compact embeddable strictly pseudoconvex pseudo-
hermitian manifold. Let �.t/ WD eut � be an analytic deformation of � . Let � > 0 be an
eigenvalue of �b with multiplicitym. Then there exist " > 0, a family ofm real-valued
analytic functions ƒj on .�"; "/, and a family of smooth functions �j .t/ on M such
that

(i) ƒj .0/ D �, 1 � j � m,

(ii) �b;t�j .t/ D ƒj .t/�j .t/.

Proof. Let �b;t be the Kohn Laplacian associated to �.t/. For each t , �b;t is a self-
adjoint operator in L2.M; dvol�.t//. Moreover, ker �b;t D H is the subspace of CR
functions. Note that H does not depend on t and is closed in L2.M; dvol�.t// for
every t . We denote by H

?
t the orthogonal complement of H in L2.M; dvol�.t//:

L2.M; �t / D H ˚ H
?
t :

Note that this orthogonal decomposition depends on t . For each t , the restriction

�b;t jH?
t

W H
?
t ! H

?
t

is an unbounded self-adjoint operator with compact resolvent (see, eg., [18]). The
spectrum of �b;t jH?

t
coincides with the spectrum of �b;t with zero removed.

Consider the analytic family of operators

Ut W H
? ! H

?
t ; Ut .'/ D e�.nC1/ut':

Define Pt W H
?
t ! H

?
t by

Pt D U�1
t ı .�b;t jH?

t
/ ı Ut :

Then Pt is a family of (not necessary self-adjoint) operators with compact resolvents.
Moreover, for each t , the spectrum of Pt coincides with the spectrum of �b;t jH?

t
. In

particular, Pt has a discrete spectrum consisting of real eigenvalues of finite multi-
plicities.

Observe that Pt is analytic in t . Indeed, by Proposition 2.1, we have

eutPt .'/ D �b' C h@but ; N@b'i C .nC 1/h@b'; N@but i
� .nC 1/.�but � .n � 1/j@but j2/';

and the right-hand side depends analytically in t .
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By the continuity of the eigenvalues proved in Theorem 1.1, the global resolvent
set must be open. Therefore, we can apply Proposition 3.1 above to conclude that the
eigenvalues of Pt can be parametrized analytically on t , i.e., (i) holds. The conclu-
sion (ii) also follows at once.

Proof of Theorem 1.3

Let m be the dimension of Ek.�/, the eigenspace of �b with eigenvalue �k.0/. We
apply Theorem 3.2 to obtain m real-analytic functions ƒl .t/ and m analytic families
of smooth functions �l .t/WM ! C, jt j < " such that

�b;t�l.t/ D ƒl .t/�l.t/; l D 1; 2; : : : ; m: (3.1)

By the continuity of the eigenvalues proved in Theorem 1.1, we deduce that there are
two indices p and q such that

�k.�.t// D
´

ƒp.t/; t < 0;

ƒq.t/; t > 0:

From this, the existence of the left and right derivatives of t 7! �k.�.t// follows
immediately.

To prove (ii), we differentiate (3.1) to obtain

�
0
b�l D ��b�

0
l Cƒ0

l .0/�l C �k.�/�
0
l :

By integration by parts, for all  2 Ek.�/,

h�0
b�l ;  iL2.�/ D �

Z

M

x �b�
0
l Cƒ0

l .0/

Z

M

�l
x C �k.0/

Z

M

�0
l
x 

D �
Z

M

�0
l�b Cƒ0

l .0/

Z

M

�l
x C �k.0/

Z

M

�0
l
x 

D hƒ0
l .0/�l ;  iL2.�/:

Therefore, …k ı �
0
b
jEk

is diagonalizable with eigenvalues ¹ƒ0
l
.0/º. Here, …k is the

orthogonal projection onto Ek . We claim that the eigenvalues of …k ı �
0
b
jEk

are
those of Qf jEk

and hence (ii) follows. Indeed, by Proposition 2.1,

�
0
b' WD �f�b' � nh@bf; N@b'i;
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where f D @ut=@t jtD0. On the other hand,
Z

M

x hN@b'; @bf i D
Z

M

f N@�
b.

x N@b'/dvol�

D
Z

M

f x .N@�
b

N@b'/dvol� �
Z

M

f hN@b'; @b
x idvol�

D
Z

M

f . x �b' � hN@b'; @b
x i/dvol� :

Therefore,
Z

M

x �
0
b'dvol� D �

Z

M

f ..nC 1/ x �b' � nhN@b'; @b
x i/dvol� D Qf .';  /:

Hence, the claim and (ii) follow.
To prove (iii), we suppose that �k.�/ > �k�1.�/. Since ƒl .0/D �k.�/ and since

�k.�.t// is continuous in t , it must hold that ƒl .t/ > �k�1.�.t// for t sufficiently
small. This implies that for such t ,

�k.�.t// D min¹ƒ1.t/; ƒ2.t/; : : : ; ƒm.t/º:

Hence
d

dt
�k.�.t//

ˇ

ˇ

ˇ

tD0�
D max¹ƒ0

1.0/;ƒ
0
2.0/; : : : ; ƒ

0
m.0/º

and
d

dt
�k.�.t//

ˇ

ˇ

ˇ

tD0C
D min¹ƒ0

1.0/;ƒ
0
2.0/; : : : ; ƒ

0
m.0/º

which prove (iii).
Part (iv), i.e., the case �k.�/ < �kC1.�/, can be proved similarly. We omit the

details.

4. Proofs of Theorem 1.4 and Corollary 1.5

4.1. Proof of Theorem 1.4

We denote by A0.M; �/ the set of real-valued smooth functions f with zero mean
on M :

A0.M; �/ D
²

f 2 C1.M I R/W
Z

M

f dvol� D 0

³

:

We need the following result.
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Lemma 4.1. Let M be a compact embeddable strictly pseudoconvex CR manifold
and � a pseudohermitian structure on M . Then the following statements hold.

(i) If � is critical for the �k-functional restricted to P
0
C, then for every f 2

A0.M; �/, the restriction Qf jEk.�/WEk.�/ ! C is indefinite.

(ii) Assume that either k D 1 or �k�1.�/ < �kC1.�/. Then � is critical for the
�k-functional restricted to P 0

C if and only if the Hermitian form Qf jEk.�/

is indefinite for every f 2 A0.M; �/.

Proof. (i) Let f 2 A0.M; �/. By direct calculations (cf. [4], page 124), the pseudo-
conformal deformation of � given by

�.t/ D
h vol.�/

vol.etf �/

i
1

nC1

etf � D eut �; t 2 R;

belongs to P
0
C and depends analytically on t with d

dt
�.t/

ˇ

ˇ

tD0
D f � , and

ut D tf � 1

nC 1
ln.vol.etf �//:

Moreover,
d

dt
ut

ˇ

ˇ

ˇ

tD0
D f:

Now, assuming � is critical for �k restricted to P
0
C, using Theorem 1.3, we obtain

thatQf jEk
has both nonnegative and nonpositive eigenvalues and hence (i) follows.

(ii) Let �.t/ D eut � 2 P 0
C be an analytic deformation of � . Since vol.�.t// is

constant with respect to t , the function f D d
dt
ut

ˇ

ˇ

tD0
2 A0.M; �/: Indeed,

d

dt
vol.�.t//

ˇ

ˇ

ˇ

tD0
D d

dt

Z

M

e.nC1/ut vol�
ˇ

ˇ

ˇ

tD0
D .nC 1/

Z

M

f vol� :

Thus, (ii) follows in view of Theorem 1.3.

Lemma 4.2. The Hermitian formQf jEk
is indefinite onEk.�/ for all f 2 A0.M;�/

if and only if there exists a finite family ¹ 1;  2; : : : ;  d º � Ek.�/ such that

d
X

j D1

L. j / D
d

X

j D1

..nC 1/�kj j j2 � njN@b j j2/ D C

for some constant C > 0.
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Proof. We use an argument that is by now standard (cf. [4]). First, assume that (1.3)
holds, then for any f 2 A0.M; �/, it holds that

d
X

j D1

Qf . j ;  j / D �
d

X

j D1

Z

M

fL. j /dvol� D �
Z

M

Cf dvol� D 0:

Therefore,Qf jEk.�/ must be indefinite.
Conversely, assume thatQf jEk

is indefinite on Ek.�/ for all f 2 A0.M; �/. For
each k, let Ck be the convex set of L2.M; dvol� / defined as follows:

Ck WD
°

X

j 2J

L.vj /W vj 2 Ek.�/; J � N; J finite
±

:

Using a standard argument based on the classical separation theorem (cf. [4]), we can
show that the constant 1 belongs to Ck . Indeed, if 1 62 Ck , then we can find a smooth
real-valued function h such that

Z

M

jhj2dvol� > 0

and
Z

M

hwdvol� � 0

for all w 2 Ck . Let f D h � h0, where h0 > 0 is the average of h on M . Then
f 2 A0.M; �/. For all  2 Ek.�/ we have, since L. / 2 Ck ,

Qf . ;  / D �
Z

M

L. /.h� h0/dvol�

D �
Z

M

hL. /dvol� C h0

Z

M

..nC 1/�kj j2 � njN@b j2/dvol�

� h0

Z

M

..nC 1/�kj j2 � njN@b j2/dvol�

D h0.nC 1/

Z

M

x �b dvol� � h0n

Z

M

jN@b j2 dvol�

D h0

Z

M

jN@b j2 dvol� :

This contradicts the assumption that Qf is indefinite on E� since the last integral is
positive. Hence, 1 2 Ck and thus there exists a family of functions ¹ 1;  2; : : : ;  d º
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that satisfies (1.3). Moreover, integrating (1.3) and using integration by parts, we see
that

Cvol.M; �/ D
d

X

j D1

Z

M

jN@b j2 > 0;

and hence C > 0 as desired.

Theorem 1.4 follows immediately from the two lemmas above.

Proof of Corollary 1.5. Let a group G act transitively on M by pseudohermitian dif-
feomorphisms: g�� D � for each g 2 G. Let ¹ 1;  2; : : : ;  d º be an orthonormal
basis for Ek , then, for each g 2 G, ¹g �  j WD  ı g�1º is also an orthonormal basis
and thus

g �  j D
d

X

kD1

ajk k

for some d � d -unitary matrix Œajk�. This implies that

‰ WD
d

X

j D1

j j j2

is G-invariant, and hence constant. By the same reason,
Pd

j D1 jN@b j j2 is also a con-
stant. The proof then follows from Theorem 1.4.

Corollary 4.3. Suppose that � is critical for the �k-functional. Then either �k is a
multiple eigenvalue or there exists a nontrivial eigenfunction  such that L. / is a
constant.

We have to leave open the question whether the latter case in the conclusion of
Corollary 1.5 can happen.

4.2. A refinement

As briefly discussed in the introduction, our characterization of the criticality for pseu-
dohermitian structures (1.3) involves the first-order derivatives of the eigenfunctions.
In this section, we show that under an additional condition, the term involving the
derivatives can be removed. This follows from the lemma below.

Lemma 4.4. Suppose that  1;  2; : : : ;  d 2 Ek.�/ satisfy

d
X

j D1

..nC 1/�kj j j2 � njN@b j j2/ D �k : (4.1)
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Assume that
Z

M

ˇ

ˇ

ˇ

d
X

j D1

x j @b j

ˇ

ˇ

ˇ

2

dvol� �
Z

M

ˇ

ˇ

ˇ

d
X

j D1

x j
N@b j

ˇ

ˇ

ˇ

2

dvol� : (4.2)

then
d

X

j D1

j j j2 D constant:

We point out that condition (4.2) holds if either  j ’s are real-valued for all j , or
the conjugations x j are CR for all j .

Proof. Let ' D Pd
j D1 j j j2. Integrating both sides of (4.1) and using integration by

parts, we have (we drop the volume form to simplify our notations)

�kvol.M/ D .nC 1/�k

Z

M

' � n

d
X

j D1

Z

M

jN@b j j2

D .nC 1/�k

Z

M

' � n

d
X

j D1

Z

M

�k j j j2

D �k

Z

M

':

It follows that
R

M
' D vol.M/. On the other hand, by direct calculations,

�b' D �k' C
d

X

j D1

 j �b
x j �

d
X

j D1

j@b j j2 �
d

X

j D1

jN@b j j2:

This and (4.1) imply that

Z

M

'�b' D �k

n

Z

M

'.1 � '/C
d

X

j D1

Z

M

' j �b
x j �

d
X

j D1

Z

M

'j@b j j2: (4.3)

Using integration by parts, we obtain for every j and `,
Z

M

 j
x j; N̨ `

x `;˛

D �
Z

M

x j . j `
x `;˛/; N̨

D �
Z

M

x j ` j; N̨
x `;˛ �

Z

M

j j j2jN@b `j2 C �k

Z

M

j j j2j `j2:
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Here, the Greek indexes preceded by commas denote the Tanaka–Webster covariant
derivatives with respect to an orthonormal frame of T 1;0M and their conjugates. Tak-
ing the sum over j and `, we obtain

X

j;`

Z

M

 j
x j; N̨ `

x `;˛ D �
Z

M

ˇ

ˇ

ˇ

d
X

j D1

x j
N@b j

ˇ

ˇ

ˇ

2

�
d

X

j D1

Z

M

'jN@b j j2 C �k

Z

M

'2

D �
Z

M

ˇ

ˇ

ˇ

d
X

j D1

x j
N@b j

ˇ

ˇ

ˇ

2

C �k

n

Z

M

'.1 � '/:

We compute

d
X

j D1

Z

M

' j �b
x j �

d
X

j D1

Z

M

'j@b j j2

D
d

X

j D1

Z

M

x j; N̨ .' j /;˛ �
d

X

j D1

Z

M

'j@b j j2

D
d

X

j D1

Z

M

 j
x j; N̨'˛ D

d
X

j;`D1

Z

M

 j
x j; N̨ `

x `;˛ C
Z

M

ˇ

ˇ

ˇ

d
X

j D1

x j @b j

ˇ

ˇ

ˇ

2

D
Z

M

ˇ

ˇ

ˇ

d
X

j D1

x j @b j

ˇ

ˇ

ˇ

2

�
Z

M

ˇ

ˇ

ˇ

d
X

j D1

x j
N@b j

ˇ

ˇ

ˇ

2

C �k

n

Z

M

'.1 � '/:

Plugging this into (4.3), we have that

0 �
Z

M

.�b'/' D 2�k

n

Z

M

'.1 � '/C
Z

M

ˇ

ˇ

ˇ

d
X

j D1

x j @b j

ˇ

ˇ

ˇ

2

�
Z

M

ˇ

ˇ

ˇ

d
X

j D1

x j
N@b j

ˇ

ˇ

ˇ

2

� 0:

In the last inequality, we have used the fact that the average value of ' is 1. Therefore,
' must be a constant. The proof is complete.

More generally, (4.2) holds if  j ’s satisfy the following Beltrami-type equation
for CR quasiconformal mappings (see [13]),

f˛ D �˛
Ň
f Ň ; (4.4)

almost everywhere on M , where � D �˛
Ň is a tensor field whose operator norm

(viewed as a field of complex linear mappings from .T 0;1M/� ! .T 1;0M/�) is less
than one. We thus obtain the following corollary.



A. Aribi and D. N. Son 338

Corollary 4.5. Let .M; �/ be a compact embeddable strictly pseudoconvex pseudo-
hermitian manifold and let �k be an eigenvalue of the Kohn Laplacian. Assume that
k D 1 or �k�1.�/ < �kC1.�/. Assume further that the corresponding eigenfunctions
satisfy the Beltrami-type equation (4.4) with k�k � 1, or has a basis consisting of
real-valued functions. Then the following are equivalent:

(i) � is a critical for the �k-functional;

(ii) there exists a finite family of eigenfunctions ¹ 1;  2; : : : ;  d º such that

j 1j2 C j 2j2 C � � � C j d j2 D 1 on M .

5. Eigenvalue ratio functionals

We consider the scaling invariant eigenvalue ratio functionals � 7! �kC1.�/=�k.�/

for k � 1. If �.t/ is any analytic deformation of a pseudohermitian structure � , then
by Theorem 3.2, t 7! �kC1.�.t//=�k.�.t// admits left and right derivatives at t D 0.
Therefore, we can introduce the following notion (cf. [4, 11]).

Definition 5.1. A pseudohermitian structure � is said to be critical for the ratio
�kC1=�k if for any analytic deformation �.t/ D eut � , the left and right derivatives of
�kC1.�.t//=�k.�.t// at t D 0 have opposite signs or one of them vanishes.

We introduce, for each � 2 PC, the operator

Pk WEk.�/˝EkC1.�/ ! Ek.�/˝ EkC1.�/

defined by

Pk D �kC1.�/.…k ı �
0
b/˝ IEkC1.�/

� �k.�/IEk.�/ ˝ .…kC1 ı �
0
b/;

where…k WL2.M;‰� /!Ek.�/ is the orthogonal projection and I is the identity. The
Hermitian form naturally associated with Pk , denoted by zQf , is defined as follows.
For every v1; w1 2 Ek.�/ and v2; w2 2 EkC1.�/,

zQf .v1 ˝w1; v2 ˝ w2/ D h�bw1; w2iL2.�/Qf .v1; v2/

� h�bv1; v2iL2.�/Qf .w1; w2/:

Theorem 5.1. Let .M; �/ be a compact embeddable strictly pseudoconvex pseu-
dohermitian manifold. Then � is critical for the functional �kC1

�k
if and only if the

Hermitian form zQf is indefinite on Ek.�/˝ EkC1.�/ for every real-valued regular
function f .
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Proof. Firstly, we consider the case �kC1.�/D �k.�/. The ratio functional �kC1=�k

attains a global minimum at � and hence � must be critical for the ratio functional. On
the other hand, since zQf .v1 ˝ v2; v1 ˝ v2/ D 0 for all .v1; v2/ 2 Ek.�/�EkC1.�/,
the Hermitian form zQf is indefinite on Ek.�/˝EkC1.�/, as desired.

Secondly, assume that �kC1.�/ > �k.�/ and let �.t/ be an analytic deformation
of � . From Theorem 1.3, we have

d

dt
�k.�.t//

ˇ

ˇ

ˇ

tD0�
and

d

dt
�k.�.t//

ˇ

ˇ

ˇ

tD0C

are the least and the greatest eigenvalues of .…k ı �
0
b
/ on Ek.�/ respectively, and

similarly for k C 1. Therefore,

�k.�/
2 d

dt

�kC1.�.t//

�k.�.t//

ˇ

ˇ

ˇ

tD0�

D
h

�k.�/
d

dt
�kC1.�.t//

ˇ

ˇ

tD0� � �kC1.�/
d

dt
�k.�.t//

ˇ

ˇ

ˇ

tD0�

i

is the greatest eigenvalue of Pk on Ek.�/˝EkC1.�/, and

�k.�/
2 d

dt

�kC1.�.t//

�k.�.t//

ˇ

ˇ

ˇ

tD0C

D
h

�k.�/
d

dt
�kC1.�.t//

ˇ

ˇ

ˇ

tD0C
� �kC1.�.t//

d

dt
�k.�.t//

ˇ

ˇ

ˇ

tD0C

i

is the least eigenvalue of Pk on Ek.�/˝EkC1.�/. Hence, the criticality of � for the
ratio functional �kC1

�k
is equivalent to the fact thatPk admits eigenvalues of both signs,

which is equivalent to the indefiniteness of zQf on Ek.�/˝ EkC1.�/. The proof is
complete.

Proposition 5.2. Let M be a compact embeddable strictly pseudoconvex CR mani-
fold. For any pseudohermitian structure � on M, the following conditions are equiva-
lent.

(i) For all f 2 A0.M; �/, the Hermitian form zQf is indefinite on Ek.�/ ˝
EkC1.�/.

(ii) There exist finite families ¹ 1; 2; : : : ; d º �Ek.�/ and ¹�1;�2; : : : ;�eº �
EkC1.�/ of eigenfunctions such that

d
X

j D1

L. j / D
e

X

lD1

L.�l /: (5.1)

Here L is defined by (1.2).
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Proof. The proof use similar arguments as in [11] and [4]. For the implication
(i) H) (ii), recall that for each k, the convex cone Ck � L2.M; � I R/ are defined
by

Ck WD
°

X

j 2J

L. j /W j 2 Ek.�/; J � N; J finite
±

:

It suffices to prove that Ck and CkC1 have a nontrivial intersection. Indeed, if oth-
erwise, by the classical separation theorem, there exists a real-valued function h 2
L2.M; � I R/ such that

Z

M

hw1 > 0; w1 2 Ck ;

and
Z

M

hw2 � 0; w2 2 CkC1:

Therefore,Qh.v; v/ > 0 for all v 2 Ek and Qh.w;w/ � 0 for all w 2 EkC1. Hence

zQf .v ˝w; v ˝w/ > 0:

This contradicts the assumption that zQf is indefinite on Ek.�/˝EkC1.�/.
Conversely, if  j and �l are as above such that (5.1) holds, taking integral both

sides and using integration by parts, we have

�k.�/

d
X

j D1

Z

M

j j j2 D �kC1.�/

e
X

lD1

Z

M

j�l j2:

On the other hand, (5.1) also implies that for any smooth function f ,

d
X

j D1

Qf . j ;  j / D
e

X

lD1

Qf .�l ;  l /:

Therefore,
X

j;l

zQf . j ˝ �l ;  j ˝ �l / D 0

and thus zQf is indefinite, as desired.

Combining Theorem 5.1 and Proposition 5.2, we obtain the following corollary.



Eigenvalues of the Kohn Laplacian 341

Corollary 5.3. LetM be a compact embeddable strictly pseudoconvex CR manifold.
Then for k � 1, a pseudohermitian structure � on M is critical for the functional
�kC1=�k if and only if there exist finite families ¹ 1;  2; : : : ;  d º � Ek.�/ and
¹�1; �2; : : : ; �eº � EkC1.�/ of eigenfunctions such that

d
X

j D1

L. j / D
e

X

lD1

L.�l /;

where L is given by (1.2).

6. Examples

In this section, we give explicit examples of critical pseudohermitian structures for
eigenvalue functionals of the Kohn Laplacian. If M � C

nC1 is a compact strictly
pseudoconvex real hypersurface defined by � D 0 with � is strictly plurisubharmonic
and � WD i N@� is a pseudohermitian structure on M , then the Kohn Laplacian is given
by [16]

�bf D .j@�j�2

i@N@�
�k� N| � � N|k/f N|k C nj@�j�2

i@N@�
�

Nkf Nk ; (6.1)

where f is a smooth function on M , extended smoothly to a neighborhood of M
in CnC1. We have used the notations �j D @�=@zj , �j Nk D @2�=@Nzk@zj , �j Nk is the

transpose of the inverse of �j Nk , � N| D � N|k�k (summation convention), and j@�j2
i@N@�

D
� N|k�k� N| . We shall also use the following observation to verify the condition (1.3) in
Theorem 1.4.

Lemma 6.1. Suppose that  1; : : : ;  d are eigenfunctions with eigenvalue �k which
satisfy

' WD
d

X

j D1

j j j2 D constant:

If either  j ’s are real-valued for all j , or the conjugations x j ’s are CR for all j ,
then (1.3) holds.

Proof. By direct calculations, we have that

�b' D �k' C
d

X

j D1

 j �b
x j �

d
X

j D1

j@b j j2 �
d

X

j D1

jN@b j j2: (6.2)

If ' is a constant and j ’s are real-valued, (6.2) implies that
Pd

j D1 jN@b j j2 is constant
and hence (1.3) follows. The argument for the case the conjugations  j ’s are CR is
similar and omitted.
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Example 6.2. On the sphere S
2nC1 with the standard pseudohermitian structure‚ WD

i@kZk2, the restrictions of the anti-holomorphic functions Nzk are the eigenfunctions
for the first positive eigenvalue�1 D n. Clearly, ' WD

PnC1
j D1 j Nzj j2 D 1 on the sphere. It

follows from Lemma 6.1 that condition (1.3) in Theorem 1.4 holds. Thus,‚ is critical
for �1-functional.

Example 6.3 (cf. [17]). Consider the sphere S3 in C2
z;w with the standard pseu-

dohermitian structure. The functions  1 WD Nz2;  2 WD
p
2Nz xw, and  3 WD xw2 are

eigenfunctions of �2 D 2 since �b j D 2 j for j D 1;2;3. On S
3,

P3
j D1 j j j2 D 1 is

a constant. Therefore, by Lemma 6.1 and Theorem 1.4, the standard pseudohermitian
structure on S3 is also critical for �2 D 2.

Alternatively, consider the restrictions of '1 WD
p
2<.z xw/, '2 WD

p
2=.z xw/, and

'3 WD jzj2 � jwj2. Then, for each j D 1; 2; 3, 'j is a real-valued eigenfunction for
�2 D 2. Moreover, by a direct calculation,

P3
j D1 L.'j / D 2 is constant.

Example 6.4. This example generalizes the previous one. Let Hp;q.S
2nC1/ be the

space of the restrictions to the sphere of the harmonic bihomogeneous polynomials
of bidegree .p; q/. Then Hp;q.S

2nC1/ is a subspace of the eigenspace E� that corre-
sponds to the eigenvalue�D q.pC n/. On the other hand, the unitary groupU.n/ acts
transitively on S2nC1 and preserves the standard pseudohermitian structure. Thus, if
¹ j º is an orthonormal basis for this eigenspace, then

X

j

L. j / D constant :

When p D 0, a similar identity holds if we take ¹ z j º to be the orthonormal basis for
H0;q.S

2nC1/, since U.n/ also preserves the space of (anti) CR functions. Arguing
similarly as in the proof of Corollary 1.5, we deduce that

P

j j z j j2 is constant on the
sphere. The last assertion is essentially [21, Theorem 1].

Example 6.5 (cf. [22]). Let Sr be the compact strictly pseudoconvex real hypersur-
face in C

nC1 defined by � D 0, where

� D
nC1
X

j D1

.log jzj j2/2 � r2:

Then Sr is the boundary of the smoothly bounded strictly pseudoconvex Reinhardt
domain ¹� < 0º. It is well known that Sr is locally homogeneous as a CR manifold,
but not globally homogeneous. Thus, Corollary 1.5 does not apply for this case.

Let � D i@�jSr
. Using (6.1), we can easily compute

�b.log jzj j2/ D n

2r2
log jzj j2:
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Therefore, the functions vj WD r�1 log jzj j2, j D 1; 2; : : : ; n C 1, are real-valued
eigenfunctions of �b that correspond to the eigenvalue � D n=.2r2/. Clearly, v2

1 C
v2

2 C � � � C v2
nC1 D 1 on Sr . Thus, by Lemma 4.4 and Theorem 1.4, � is critical for

the eigenvalue � D n=.2r2/ on Sr .
Note in passing that since vj ’s are also eigenfunctions for the sub-Laplacian that

correspond to the eigenvalue �.�b/ D n=r2. By previous result [4], � is also criti-
cal for the eigenvalue of the sub-Laplacian and hence the map .z1; z2; : : : ; znC1/ 7!
.log jz1j2; : : : ; log jznC1j2/ is a pseudoharmonic submersion onto the sphere.
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